
ALITIES

I (inequality) If 4: RROR is a convex function then

9(EX) = Ee(X)

Roof N

g(x) Letax+6 be a tangent to4(x) at20-EX
ax+6 =>f(x) ax+6 Free.

Substitute x=X, takeexpectation ->

-X (x)(ax +6 =ax+1 =4(20) =4/1x).4

strictincs.UW?

EX:1X1:= (EIXDY increase in p

Ito check IX = IXI for Pa9, apply hansen for el=h**)

⑭(inequality) F r.v. X10:

B(X=t3 =E
#ail

Prof x2 t 1sxsth Fu, t 20.
-

- ~

Apply this for X and takeexpectations on both sides:

EX = tP9x273. B. -
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· Pop(cheinequality) Friv. Xwith means, variance:

P(1X -) =t b =E ↓ t>0

Proof P(1x-x12t3 =p4(x-n)=t2)F) IMartei-
-

=wYE2. RED

Ex:With prof 8,88, atmost 3 students gettheir own exams (E(p.31)

TY -

#AlMachorinequality inSeeRossiet! one onlyknows EX HW

only knows EX, VorIX).

1
ExX- NC0,1):Cheb- 1((X)>t) = +2

much weaker thanthe Gaussian tail bound (p.281)
Markov

However, a trick:fix
Xxxo;

I p9Xct3 =phex, extent tenwerkan=e
=exp(-xt +xYz)
↑ Scheck! MaF)
optimize x=t

=exp(-tYz) - Gaussian tailbound!
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ENDENCE

Def Events E, Fare independent(FHF)
if

IP(EnF) =IP (E)P(F)

=Flip a coin twice, E:=(K offlip, E=4non2"flip)

P(EnF) =P([nn)) =5i (E)
=P(F) =I = E1F.

↳(Stility) EHF = EHE, EHF? EHE

⑳of: EHF? Erf EnF
P(E) =P(En F)

+P(EnF
e

PCE) PSE) by assumption E F

=>P(EnFY =P(E) (1 - p(F) =P(E). PCF).
B

Note:E1%, and thus EHR, for any eventE.

Warning:disjointevents are notindependent(unless -- or 2)

edenceof more than I events

Def Events EicEc... are independentif

P(
=
Ei) = (Ei) Ffinite ICN

Warning:pairwise independence (EinE; =4 Xi,j) > independence

Example;2
=14 points], P=unif(r)

I P(E)zP(E) =P(G) =I; Independence is a strong property.
E F

2

4

3 P() ==P(E) P(F) => EAF.
Requires 2" equations to hold

41]
G

Similarly for theother pairs ->Maigiseindep

But ·(EnfnG) =0 F P(E) PCE)PXG) - itep
-
Y
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t Familiesof events En,E2, ... are independent

if events E,E2. ... are independentVEiCE:

Warning:EHF# w(EL HWIE) ⑦
I &
r-algebras generated by E, E

Foreider E:=E,G3, F =4F} in the example p. 34.

r(2) rF)
Then ELFby pairwise independence,

butErG=423 and G =4,3) are disjoint -> EYGA =r(2)(r(E)
&· wsnow:ifeach family Esis closed under finite intersections,

Hem w(Ei) are independent. O (E would be forced tocontain EnG)

This follows fromDyntheorem

Det Afamily of sets P
is called a system

ifit is closed underfinite intersections,
i.e.

E, FEP => EnFzP.

: Grectangles; in 2

Ref A family of sets I is called a system
IfI isclosed under complementsand countable disjoint unions,

i.e. (i) Ez 2 => Et 2

(ii) EpEz,...62 are disjoint , Fitz

· Remark The notion of X-system is strictly weakerthat r-algebra:
-

example All events
in (2,2,1) thatare independentof a given event E,

i.e. 2:=[EEE:EIF3 is a system.waysa ralgebra.

-system? q
(i) EHA -> EHF(stabilityp. 34)

(ii) EiHF disjoint -> E:IF?
2=GE,G) in ex above.

-

P((Ei) nF) =(r(Einf)) =2I(in) =ZP(E:) P(F) I
Example:

=> (zPCE:)) P(F) =P(r Ei) (F) Yes. I
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try(Dyntheorem)
letp be a i-system and I be a x-system. Then

PC1 =>v(p) < 2.

trivial for 5-algebras 1.

#M If E.,E2, ... are independent i-systems,
then 5(E), oE2), ... are independent.

Roof fortwo i-systems: (general case -> HW]
21= f(5) 1r(E)

Enough tocheckthatXFCF:

31 F => f (5) HF

Assume EHF. Consider the familyof all events independentof
F.

2:=4 E -:EHF 3.

ThenI is a system (Ex.p.35), and ECI by assumption.
De

+(2) <2 =>5(2) HF.

Another (classical) use of H-xthm:

In (unesof measures)

If measures M,on Cr,It agree
on all sets thatform a i-systemE

them re,e' agree on 5(4). /↑

-e.g. intervall
⑰2:=(B =t(P):a(B) =u(B) - Borel sets

is a b-system (check easy)
A-x thm

Pc I by assumption. -> U(P) < 1 =>Mpagree on FB= 5(P). B.
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