HOMEWORK 5
PROBABILITY: A GRADUATE COURSE

1. TOTAL VARIATION METRIC

The total variation distance between the distributions of random variables X and Y is
defined as

dry(X,Y) = sup P{X e B} -P{Y € B}|
€

where the supremum is over all Borel subsets B C R.

(a). Show that dpy(X,Y) is indeed a metric on the set of distributions (i.e. probability
measures on the measurable space (R, B)).

(b). Suppose X and Y are integer—valued random variables. Prove that

drv(X,Y) = Z\P{X—k} P{Y =k} |

k‘EZ

2. CONVERGENCE IN PROBABILITY IS METRIZABLE

(a). Show that
_ (X - Y]
d(X,Y) :=E l1+| 7

defines a metric on the set of random variables (more formally, on the set of equivalence
classes defined by the equivalence relation X =Y a.s.)

(b). Prove that d(X,,X) — 0 if and only if X,, — X in probability.

3. WLLN FOR NON-IDENTICALLY DISTRIBUTED R.V.’S)

Let X1, X5, ... be independent random variables that satisfy
Var(X;)
i
Let S, := X ; +---+ X,,. Prove that
Sy, — E[Sy]
n

— 0 as?— oo.

— 0 in probability.




4. WHEN DO BERNOULLI RANDOM VARIABLES CONVERGE?
Let X1, X5, ... be independent Ber(p,,) random variables.
(a). Show that X,, — 0 in probability if and only if p,, — 0.

(b). Show that X,, — 0 a.s. if and only if >, p,, < 0.

5. CONVERGENCE ON DISCRETE SPACES

Let Xi, Xo, ... be a sequence of random variables on (€2, F,P) where 2 is a countable
set and F = 2% (the power set). Show that X,, — X in probability if and only if
X, — X a.s.

6. SUPPRESSION

Show that for any sequence of random variables X, X5, ... there exists a sequence of
positive real numbers ¢y, cs, ... such that ¢, X,, — 0 a.s.

7. WEAK VS STRONG LLN

Let X5, X3,... be independent random variables such that X, takes value n with
probability 1/(2nlnn), value —n with the same probability, and value 0 with the
remaining probability 1 — 1/(nlnn). Show that this sequence obeys the weak law of
large numbers but fails the strong law of large numbers, in the sense that

1 n
> X; =0
iz

in probability but not a.s.

8. KEEP BREAKING THE STICK

Let Xo = 1 and define X, inductively by choosing X,, ;1 uniformly at random from the
interval [0, X,,]. Prove that
In X,

n

— C a.s.

and find the value of the constant c.




9. FAILURE OF SLLN
Construct a sequence of independent mean zero random variables Xy, X5, ... such that

1 n
— ZXk — 00 a.s.
k=1

Why does not this example contradict the strong law of large numbers?

10. SLLN FOR THE NUMBER OF RECURRENT EVENTS

Suppose disasters occur at random times X; apart from each other. Precisely, k-th
disaster occur at time T}, := X; +---+ X where X, are i.i.d. random variables taking
positive values and with finite mean p. Let
N(t) :==max{n: T, <t}
be the number of disasters that have occurred by time ¢. Prove that
N(t 1
N(t) — oo and —()—>—
t 7
almost surely as t — oc.
(Hint: check that N(t) < n iff T,, > t, and Ty <t < Tnw+1. Use the strong law of
large numbers for T, /n.)
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