HOMEWORK 8
PROBABILITY: A GRADUATE COURSE

1. A SIMPLE RANDOM WALK

In all problems of this homework, we denote by S,, a simple random walk on Z starting
at the origin. Prove that there exists an absolute constant ¢ > 0 such that

cyv/n < E|S,| <+v/n for any n € N.

2. TWO SIMPLE QUESTIONS ABOUT MARTINGALES

True or false? Prove or give a counterexample to each of the following statements.

(a) A sequence of integrable random variables (X,,) is a martingale (with respect to
some filtration) if and only if

E[X,1| Xy, ..., X, =X, forany n € N.

(b) Any sequence of random variables (X,,) satisfying
EX,=0 foranyneN

is a martingale with respect to some filtration.

3. A CUBIC MARTINGALE

In Lecture 31, we used the compensator method to show that S3 — 272} Sy, is a mar-
tingale. Deduce from this fact that

S3 38,
is a martingale.

Hint: In order to replace each term Sy in the sum by S,, prove and use the following
fact: if (R,) is a martingale, A, = Y725 Ry and B,, :=nR,, then E[A,.1 — A,|F,] =
E[Bni1 — BulFul-

4. A CUBIC MARTINGALE, SIMPLIFIED?

Prove or disprove the following statement. There exists a deterministic sequence of
real numbers (c,,) such that

3
S, — ¢y

is a martingale.



5. A QUARTIC MARTINGALE

Let S, be a simple random walk on Z, starting at the origin. Use the compensator
method to find f,, that makes

Sﬁ - fTL(Sl? ) Sn—l)

is a martingale.

6. OPTIONAL SWITCHING THEOREM
Let (X,,) and (Y,) be two martingales with respect to the same filtration (F,). Let T
be a stopping time. Assume that
XT = YT a.s.
Show that

Z, = X, n<T
Y,, n>T

is a martingale.

7. FISHER-WRIGHT MODEL

In Lecture 33, we studied the Fisher-Wright model in population genetics. We showed
that if the population size grows sublinearly (n;/t — 0) then the population eventually
becomes homogeneous a.s. (only one type survives).

Suppose now that the the population size grows superlinearly:
ng/t'Te — 00 ast — oo

for some € > 0. Show that the population remains heterogeneous: at any given time
t, the expected fraction of individuals of type A is at least ¢(pg,€) > 0, and same for
type B.

Hint: following the analysis in Lecture 33, give a lower bound on E h;.

8. MORAN MODEL

Consider the Polya urn model with removal. Start with a population with n individuals,
pon of which are of type A and (1 — py)n are of type B. At each step,

e one person is randomly chosen to reproduce (producing one offspring of the
same type);
e one person is randomly chosen to die.
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Formalize this model and analyze its homogenization, just like we did in Lecture 33
for the Fisher-Wright model.

9. CRITERION OF UNIFORM INTEGRABILITY

In Lecture 34, we proved that a sequence of random variables (X,,) is uniformly inte-
grable if and only if both of the following conditions hold:

(a) sup, B[ X, < o0;
(b) for any € > 0 there exists § > 0 such that for any event satisfying P(F") < ¢, we
have sup,, E UXHHF} <e.

Does (b) imply (a)? Prove or disprove.
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