
THE CENTRAL LIMIT THEOREM

-

· Consider a simple random walk

Sn = Xe +.. + Xn where X
,
~Rademacher id.

SLLN
So as nex

· But Var(Sn) = n
,

so it makes more sense
to normalize

by the standard deviation of Su,

which is in

?
·I can't be 0 anymore ,

or any constant (Var() = 1)
.

pruf of E

- 112-

https://goodnotes.com/


↳

I

O

& 21 3
-

&
I i

- 113-

https://goodnotes.com/


-

AMYSICSPROOF OF THE CIT

· pruf : f(x , n) : = 1 & Su = 24
.

· f(x,
n+1) = P& Sn+i

= x] = P(Sn = x+ 1
, Xn= - 13 + 1(Sn = x- 1

, Xn= 1)

= P(Sn = c+ 13 · PEXn= -13 + PESn =-1 . iPhXn = 13 (independence)

= f(x+ 1 ,
n) .z + f(x -

, n) -E

· Subtract f(x,n) from both sides
, rearrange the terms =>

f(x,
n+ 1) -f(x , n)=+

-f(x)
- tf(x)

Heuristically SS
SS

(n) - tn) k,
n)& (n)

-=> =t neatChadiffusion P)-

· Solve : the (fundamental) solution is

()
-f(x

,n)exp() = pdf(x) of N(0,m)

=> S=N(o ,) o CLT

· Remarks DA random walk models a deffusion (of I molecule
-

⑭To make this rigorous ,I what does it even mean that Sn-NC, 1) ?&

a . S. *could bet on
Not for - i

different prob- spaces !
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CONVERGENCEIN DISTRIBUTION

& A sequence of rv's Xc
,

Xz
, ... converges in distribution (a .

h
.
a

. "weakly")
to a r. v . X if the cdf's satisfy

Fuln) -> F(u) F continuity point z of F

PEXnEr3 -> PSX =n3
·

Ex such that PSX= x3= 0
E

Denoted XnEoX
.

Allrv's X ,
X

,
Xz
, ...

may be defined on different prob
. spacesRemarks I

.

= ↓
-unlike in a . S. convergence and com. in probability.

most important

2
.

Since F is foundedI monotone
,
the set of discontinuities mode of conv.

in prob. theory
is finite or countable.

Examples (a) let X be Frv .
Then Xn := X+ * X

--

TF(x) = phX+ =x) = p(X(x-=Y = F(x- i) - f(x)

J
if F is continuous at x.

This example shows why only the continuity pots are

considered in the def.

(b) Consider a coin that comes up U with prob . p.

X : = # vin flips until the first H
. (waitingtime for Itsuccess)

P
Geometric distribution~ Geom(p)

PEXR3 = PITTS = G-p>
h

,

k= 1
,
2
, ... Geometricdistributor

as

K

-x

=> PSpXp3x3 = (1 - p)
+

-x e as p - 0.

· Exponential distribution :

-

Hence ,
we proved :

zrExpli) if Pizzahze
Yx > 0

Pop A limit thm for geometric distribution
--

-

ZwExp .If XpwGeom(p) then pXpEZ where

as p + o
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Relation to other modes of convergence ?

PX = X = XX
-

Proof Fix a continuity pt of =>

-- Veto

· Film)= PhXnEn] IX-X1=

23x tion
NA

P2X(x + 23 = F(x+1)

=> limserFu(u)F(a +e) -> F(x) as 260 (Continuity arou .)

=> limsep F
. (x) [F(x) ·

-

u

· Similarly ,
the lowered :

F(x-3) = PEX =-X-X1
PEXn= x] = Fu(x) O

=> liminf Fulk) =F(x-a)
-> F(x) asto (continuity assm

.)
W

=> liminfFu)F). D

Remark The converse is false
,
because Xn may be defined

-

on different prob , spaces .

· A more concrete example :I XuBer(() iid XnEX ,
but XnXa

I TB31Xn-X. 3 = [No)

However :
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ISWorkhod Representation Theorem

Assume Xn-X .

Then Erv's Y
,
%

,

Ye
, ...

defined

on the same probability space,
and such that :

Y EX
,
YnEXn

,
YnEGY

.

The proof uses the same method as we used to Unif Co, i)

generate a rv. from the uniform distribution : XEF(E) (*)
↑

cof of X

& Det the generalized
inverse of a nondecreasing function F:M-R

is F"(2) : = inf &x : F(x) = y3

· If F is one-to-one, #I# is the usual inverse.

em If F is nondecreasing and right-continuous, them

x = F(y) ( F(x)zy

ITE) by def of F

(E) * F(x)(y = xk(x : F(x)=y] -
#P Ex must be on the left of this set

F is right-continuous -> the set is closed

=>x < inf(x : F(x) 2 y3 = ="(2) ↓

#of (*) : PEFCE3 PLUEF(a)) = F(x)
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I (convergenceof inverse functions)

Let #
, Fr ,

Ez
,

...

be nondecreasing right-continuous
.

If Fr(x) -F(x) for all continuity points
a of F

,

then Fr(y) -> F"(y) for
all continuity points y of

%

TVB : Fix a continuity pty of
F

,
230,

xi= F(y +2)
. dense

Fix &8 Sit .
2+5 is a continuity pt of F. (cause sin)

Assm => Fn(x+o) -> F(x+-) y + 5

=> Fulx + o zy for large enough n.

Lem => x + 5 2 Fr (y)

=> Himsup Fi(y) = x+0 = F(y + 2) + 0

Since 2
,
5 so can

be small
,

limmp Fr(y)
#(2)

.

· LB is similar: : F"ly-1) ,
2-0 is a cout , pt of F

-

Asm) Fake-) -> F(x-0) y - a => Fulu-i) <y for large enough

km220-0 <Filly) => liming Fr(y) 12-5= Fly-2)-w Living F"(4) 3 Fi])
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ProfofShorthodRepresentation
a

Set

Y := F"(v)
,
Yn : = F(0) where Un Unif lo,

i)

· We already showed that YEX ,
YnX (p. 117) .

· Xn & X * Fu(x) -> F(x) F continuity pts x of F

l Fr (n) -> F"(u) # cont. pas u of Fl

The set of discontinuities is at most countable =>

t is a continuity pt a . ).

a.
S. def G.

S.

=> FC -> F"(t) => Yn + Y
,

B.

· Remark It is not true that the joint distr's are the same :

(X
,
Xz

,
. . .) (Y

,
12

,
. . . ) (x)

Example : iid Xn-Ber (12) satisfy Xn= X:

& but (*) would imply that YnwBer (4)
are iid

,
and Yu don't C
converge a . S.

· Remark : "As- "everywhere" by redefining F ,
F = 0 at discontinuities)

· Summary of the modes of convergence :

·Sequence
in pros

-In distr
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