
RIERANALYSIS BACKGROUND
-

Def The Fourier transform of an integrable function f :-R is

v
=

#(t)=Yet f(x)dn ,
+= R .

If f is integrable, ↑ is founded and continuous .

·

& converging to 0 at - (Riemann-Lebesque Lemma)]I Won't BE

NEEDED

Tei2tr) = 1 = IE()( If(all de

· F(tth)=in f(x)da->E(t) by D . C.T (dominatelya↓-i 2ntx

-E
R

-
= f(t) = e(a) (Gaussian) : f(x) = e

- 2-x+itx /Complete the squareTIC)=-itx = e

*
-z

=je by contour integration : e is entire(-z2 Maxo( =>Gezzo . ButSe dne·O
Check !)

= 1(Gaussian integral J
(6) (Scaling (t)=F-) (bychange of var's) =>

-x2
f(x) = 2 => F(t) = +e -

x

# A
y= - i2+x

(c) f(x) = 1,)() E F(t)=eithe = sinc(t)

- -
- 2(x)

=> F(t)=E(d)e #
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&

MOONEE,
· F

.

T
. of the derivative : as long as I' is integrable
-

-⑮ -
*

- iCatrT f)eitrenf(u)de=ct)els

-* J

/ II
o·I

Justification : him
h= 0

-i2π(t+h)x

2( => /Ratio . f(x)) = 2++xf(x) integrable= > DCT applies
0 12th

&
eita)

· Induction =>

()(t) = (2)" F(t) ae long as fl is integrable ·
-

(**) () (t) = ( :2) f(x) (t) as long as f(x) is integrable.

· Since F
.

T
. of an integrable function is always bounded

,
this yields :

Pp (smoothness decay) - P,q40 , 1
,
2

,
... 3 :

-

(a) f is integrable -> EF(t) is founded.

(8) xf(x) is integrable=>> F is sounded.

i

.e. (a) f is smooth -> F decays fast ; (6) + decays fast -> F is smooth

· Revisit the examples abovee.
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· Combining the 2 heurics : f is both smook & decays fast >f is
,

too
. Formally :

De Schwartspace S= [f:TR : 2*x) is bounded Xp, q = 0
,

1
,
2, ... 3

i

. e. fall derivatives decay fast.

& feS = FeS

(p)

) : = xf(x) = S = g() is integrableP (t) is founded.
(X)

But g(x)=f(u)(t) = ( i2a)
-

"f()(t)E to&(t) isbounced.
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I (Fourierinversionformula) If f ,

Je Schwartz space, then

V
f(x)=gi2nt(t)dt

TWLOG ,
x =0 (by translation) .

f(o)PI(t)dt
-*

· Physiciroof" : -

lldet, Fubini

f(x)(je-it)du = f(0) ,
QED .

&vacGo(z)
-#8th

· Rigoneus proof : "Gaussian mollification": insert & = Golt) here,

So
,
instead of TCtdt , compute the "mollified" version ;

* (SE (t)Glt)dtf()Golt) at deFpointwise
· Sto :L

N

ECE)integr
a =f)- mu

/Ex .

above

eyI(t)de = pat of XoN(o, )Go

(since Xo-No , i)

= Ef(X) -> f(o) by Portmantean Lemma (iv)

=>Edt = f(d)
,
a

. ED I

Remark Fourier inversion formula is valid more generally
- I if both f andE are integrable (see below).
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"theory(optional)

# (Pancherelidentity) f, ge S :

9f(u) guid=Ctt) at i
.
e

.
(f

,g)p = (f, )i
-*

In particular, for gif we get

j()1dn=Pat i

. . 2
.

Ilflly = IF1y

TFourier inversion> g(2)=Teiztglt) det .

Substitute

(a) an=/Pert()dt)dein-it(e)dx)g(t)dt
-

=(t) g) dt J
M

· F.

T
.
:flif is a linear isometry on

ScL?
.
But S is dense in (2 =>

F.To extends (by continuity) to an isometry:-L?

· => Plancherel formula extends & holds in 12.

Recall (lc
.

15) :

volution-> product) integrable f.g :

Egh=fleg-y) dy
**g = 1 . g pointwise.

*

#g()=-dyytydu)dy=Ft
City e- it(x -y Fubini-Tonelli

*

Seitzg(z)dz

#fel
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