
MITMEOREMS
OR RANDOM VECTORS

· For random vectors in XI , SLLN holds who change :

Xniid , Exuco
>x Au as n x

TApply SILN for each of thea coordinates)

WHAT ABOUT CIT ?

Dot convergence in distribution for r. vectors in Rd is defined as

= def

*EX(E) Eh(Xn) -> Eh(X) Odd, contin
.

h :-R

Portmanteau Lemma generalizes tor. Vectors (check)

d
· Fourier analysis in R is similar : the F

.
T

. of fiR-R is

- i2n(t
,x)da

,
t= R

+

↑
F(t) :

=Se
- inner product .

↑
· Fourier inversion formula extends to R&

=> so does levg continuity tim
i(t

,
x) FteRY(x)

Xn =X Eeilt,Xu)-> We

!!

Pt) characteristic function

&

⑭ State & Prove CCT in RP
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1D marginall determine the distribution
,

Tum (Cramer-Wolddevice) X
=

f t- Ra
(a) Xn
*X = (Xn

, t] -> (X,
t)

In particular, xEY)(X,)
* (Y

,
+)
EterX

TE) : Xn*X => Eh((Xn,t) + Eh ((X ,t) -Add,
continuous hiRER,

HER

(since x+h((x,2) is Add
,continuous)

E (xn
,
t] f, (X , t)

.

() : (xn
,
t) & (X ,t)teEnt EX)

classical

TW(inRd) Let X-
,

Xz
, . . .

be iid revectors in 19 with

finite mean M = EX
,

and covariance matrix [= E(Xn-M) (Xn-u)T

Then #zN(r,)

Two
m=o

.

#ter
,

· (Xnit) are iidr variables
with mean O and variance

E(Xit)2 = EtXYit = E EIXX)t = t It

and similarly
(E,
t) - N(0

,
Et)

.

· by ID Classical CLT
,

(X ,
t (z

,
t)

[In,t) where En=X
S

· Cramer-Wold - En
*>Z.
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C (Jointlyreal r.Es)

(a) Riv's Xe
, . . ., Xn are jointly normal F linear combination

a, X ,
+ - . + an Xn with fixed coefts & + IR is normal.

(b) The joint normal
distribution is uniquely

determined

↑ by the means and covariances of Xi

promised on p.
65

det

#E) : X = (X,
,

. .

., Xn) is normal-X= affine transf . ofNC, In)

=> a
, X ,

+... + anXn = <X
,
a) = affine transf . of NCO,

In) I

(E) Assume : FatR" : <X
,
a) is a normal rvaliable .

Its mean and variance are :
&

E(X
,
a) = (m ,

a), where M= EX

E-
-Var ((X

,
ab) = E(X-u,

a)= EaT(X-u)(X-u)a = aza where [i= cv(x)

Define YwN(M , 2) E (4,
a) is also a normal r.

v
.
with

E E(y,
a) = (u ,

a)
(by the same argument)

Var((y, a)) = atEa

=> (x, a) and <Y, 2) are both norec rivar's with same mean
,

variance.

=> (X ,a) * (Y,
a) Va , Cramer-Wold => XEYwN(u,2) J
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SKIP

&
B determined · General formul :Levy's continuity them = distr ofX by ch .

f.

/Iversion formula) let
m
be a prob ,

measure on IR,

Y(t) :

=Seite
(d) EYx (t) where X has lawp)

Then Face :

m (a , b) + [m(ha ,6)) =In (t)dt

-

& RUS = limit of
- it(x-6)

↳emeaa
=WI

= integrand is bounded
it---odde o

-. complete the proof

Moreover
,
of S1y(t)ldt < then X has bounded,

R

Continuous density
f(x) = Seithy(t) at ---

R

=>Cor on random harmonic series (Example (8) p. 111)

S

[X
,
+) normal -N(0 , 52)
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· Recall "Stein's ident'sme
Ef(z) = EEf(E) if ZuNlox)

· Stein's identity characterizes N(0
,1) distribution.

Moreover, a stability result
holds :

"if If'(w) -EWfIw) # founded
,

smooth function f:R-R

then N = ZwN(0, e) in distribution
"

↑
measured in Wasserstein metric

Wn(W , z) = sup IEh(w) -Ea(z))
Precisely : Ihlip1-

112'llx = 1

by approximation ,
equivalent to

ein'sLemma" let zwN(o, 1) and let Whe Fr. v .

Then

Wi (W,z) [ sup /Ef'(w)
- EWf(w)(

abs .Constant
feF

where F = Et :Re : IlflyEC, IIf'lloc, If"llo)

&

&roof Fix h with 112'lly =1
.

Consider Stein's differential equation

f'(w) - wf(n) = h(w) - Eh(z)
,

weR

If 7 solution feF (x)
- -

then we can set wi= W and take expectation on both sides. -

1 Ef'(w) - EWf(w) = Eh(w) - Eh(z)

Take 1 : 1 on both sides
,

we complete the proof , modulo (
*)

.

I
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Proof of (*) :

① SOLVING STEIN's D
. E

. by the method of integrating factors :
-

-

-w
=

a Stuilder-win our case
· Multiply both sides by e 2

-wY(h(w) - Eh(z))(ewYf(w) = e

=> ewYf(x) = Ye-x (h(x) -Eh(z))dn + C

-8 ii

=> f(w) = eYe-r](h(a) -Eh(E)) de (x) N(0
,1)

-X -

· Note that the total integral (h(m)-EhE = Eh(X) -Eh(z)=0
.
Thus

,

f(w)= -event (h(n)- Eh(z) on =: Stein (h)(w) (**)

(*) is useful for wo
,

(**) is useful for was.

Unique up to Ce
PROPERTIES OF THE SOLUTION: => unique if we require flu) = o (e)
- as u + 10

- hides an absolute constant factor

② I Stein (2)/lo 112'llx

Twoah(0) =0
,
12'lly = 1 E(h()([() , (h(E))-E1

=> wo : If(wil Per(x+ 1) de E1
.

-
II

Senden
-wiw by Gaussian tail bound

For who
, proceed similarly but use (*) ("Mills ratio" p . 28)S

③ IStein(h)'lo Ih11x Senate Ewo ()

wow / Dw since (USE1 Nu

- 2 => (Eh(z)) = 1
wil

=>w20 : f(r) -wwh(z))dx+ 2 .ehw
1 .1 2

= It'(w)1 < 2 weTenYdm +21 by Gamesian Tail Ed (0).

J
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④ II Stein (2)'lla E11h'lla
↳ ve

IDifferentiate Stein's DE There =solution (**) :

f"(m) - f(w) - wf'(w)= h'(w)
-

=> f"(w) -wf'(w) = f(w) + h'(w) = : U(w)

Use air the method of integrating factors. Multiply by
=>

ag
-wYz

(ewYf(w) = e H(w)

=> ewt)= -Yen(x) on +C

=> f'(w) = -ev)
-nYH(a)an +

ce2
-

In(m)1[(f(w)1 + 19 (w)) < 1 by② assumption

w
- G w + X

t Acto,
Al(w) =Ce

=> I'v)/eac (
= f(w) is unbounded, contradicting)

2 by Mills ratio (p.2)

⑤ I Stein(2)"lly =Ilh'llo

Asing ,
f"(w) -wf'(w) = f(w) + h(m) =: H(w)

.

Substitute w= Z
,

take =

=> El(z) = If"(E) - EZf(z) = 0 by Stein's identity for f.-

=> f"(w) - wf'(w) = H(w) - EH(z)

i
.
e. fl = Stein (H) Stein (2)

- I

=> If"llx = IlStein(u'll Alla Ifll0 +11212
. J

Stein's Lemma is now completely proved.
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· As an application ,

let's strengthen quantitative CLT (lmp.

118 for3 times diffle 2) :

Wasserstein CLT. Let X . .

,
Xu be independent mean zero

-
-

random variables with EIXi1< 0. Then W=X
,
+ . . +Xn satisfies

W. (w, z) <CEX : 1 where zwN(0, Var(w)

absolute const
.

Prof WIOG Var(w) = 1.

By Stein's Comman (p. 1)
,
it is enough to prove that

JEWf(W) -Ef'(w) . / =CB Whenever If "ll
y

= 1

WA(w)= [X f(w) · Xg

W

Taylor approximation
around=Xi = W-X::

f(w) = f(wi) + (w-Wi) f(W:) + (W -Wi) where IAif"llx = /

Multiply both sides by Xc, sum over i
,
take YI ↑

Ye If

EWA(n)=(i)+(i)+(w)+
EX: (WW

independence/ independ . Il

O E(Xi2) If(Wil
-

It'(wi) - f(w)) -
> Iw :

-willt"1x = (i) => Ef'Wil=Ef(w)+ B:
where IBilEXil

=> EWf(W)=)+E

· lWf(w)-Et'(w)lE-EE D

UseThm for Xi=

& If Ye
,
Y
, ... areiid evis with meanu ,

variance 5
,
and EMP=po

,
then

Su=Yi
+...+ In satisfies ~un VneN

.

Berry-EsseenCLT
-6Remark A modification of this argument yields the samefound in Kolmogorov

-
=

metric b (W, z)=SD/PSWE3-PEn3 (use h := smoothing of 170]

I [E .

Bolthausen
,

An estimate of the remainder in a combinatorial CLT /1984]
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IFOR DEPENDENT R
.

V'S
&

Xenauzerandomvariableain 4x
...,

x )
-

Let W =X
,
+ . . +Xn have Var(w) = 1. Then

: Wi (w, z) < [d EX : 13

where ZwN(o, 1).
I

#ormally : consider a graph G = (V
, E) with V= 11 ..... n3 . ("Dependency graph)

VieV
,
let N= [JeN : (ii) t E3 ('dependency neighborhood")

I Assume that:
(a) VieV,

X: 1(X;: JENi3X
⑧

X3 Yo

(D) Max , degree of G is Ed.

#of By Stein's Lemma (p.
13)

,
it is enough to bound

JEWf(W) -Ef'(w) . ) for anyf satisfying If'lly1 ,
If"llx

· EWf(w) = Xi f(w) . X
sh

g
Win: Taylor approximation

about Wi:

-(w) = f(wi) + (W - Wi)f(W:) + IW-Wi) where IA :" = 1

Multiply both sides by XX
,

sum over i
,

takeE M·
-

EWA(W)=ifIWi) +IWWIXWW (*)
2

-

independence/ - ⑰
O ⑰

-37-
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· Q=ZEX). Ef(W

It'(wi) - f(w)) -
> Iw :

-willt"1x = (i) => Ef'Wil=Ef(w)+ B: where IBilEXil

=> I = XiX) ·Ef)+X
-

xix) = E(X)= Var(w) = 1
aba+13 (Young's inequality)

=>I -Ef'(w)) =Inta #
1Xillz: /IXill2. kille EX: 1132 UXjls -IXill+ 11XiN

2d./ =2X .

· DXi(w-will =zEXi
[xi(3+ElX; 13+ EIXuls

-dXi?
3

· Put into (*) = (EWf(W) - Ef'(n)) < 10-Efw)l + 11 [2dZEIXiP.
RED

·Example : W = X, X2 + X2Xz +... + XXn where all X:
we mean O indep

d=3 = W satisfies CIT
.

More generally, time series

HW : W= XiX,
is NOT

always approx.
normal

- 138-
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Application :TrianglesIn Random Grape

·Consider an Erdos-Renyi random graph
G-G(n , p) with p= cont

,
nex e

A = #Ariangles in G) satisfies CAT ?

=I
Bryz

where A = [triple eye is a triangles Txyz
2xyz x Z

*
sum over all (3) triples ↑

· dan (for a fixed triple xyz, there are on other triples that share a pair with cyz)
-

· D (Anyz) =p3E Ed = (5) p3 4
3

-

· Var(s)=An e
(a) All covariances are zo Fish being a t may only increase the prob , otryeun being ad

(6) There are <n" covariances that are ?I

x= U

6

--For such two triples z I ·W cor (Haryzi #Buvu) 30
,

--
&

y= v and its value

There are (2) In" such pairs of triples
only depends on p= const =

tiny
&

e

(a)&(b) => Var(A) In

Hz -
Ber(P3)

· Use CLT forWit
W, (W,z)_ZEHAP

xyz-
* 1)
Interms 2

= T The # of triangles A in Erdos-Renyi graph G(n
,p) is approximately normal :

d) where Enco
, 1)

Ranch A finer analysis => 25 hids iff up -0

- 139-
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APPLICATION :Aobabilistic Proof of Stirling's Approximation
-
-

Th (Stirling'sApproximation) n !=(
*

(1+0() as n -+ >

&of following (Nilslid Kort , Emil Aas Stoltenberg , Probability Proofs of Stirling' 2024)

~ Poisson (n) can be expressed as a sum ofiid Poisson (2)

= W := Eh is a sum of n id rv's will meano
,

ran, e

third moment = o (1)

-(Check!

=> by Wallerstein CLT
,

We (W ,
z) -> 0

where E-NC,1

The function h(m) = max (2 ,
0) is -Lipschitz =

(th(w) - Eh(E) +0 as nex

-- Il

S Petan
en/!

=
= (np(n) - up() + (+ \p(n+1) -n(+) +(zp(+2)

-nn+2) +=)
- - L=

-
-

= L--
check !

check'.

↓ => &E , D
.= En
J

-1395-
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CONDITIONAL EXPECTATION

· Fix a prob, space (r, 2
,
P) throughout.

Lconditioningan event

&et let E
.
F be events

.

The conditionalprobability of Egiven # is

(EIF) := as long asCF)+

E 2
· Interpretation :

⑤

(F,
InF) is a new prob . space. F
-

= [AnF : Atz)

EHPCEIF) is a new prob . measure on (F
, EnF) (check !)

· EX : Cancer No

Smoker g 32 pack 05No 16 304

· Relation with independence :

Ef E P(EIF) = P(E) if P(F) +0
·

· Ex suppose you know
that your friend has I children.

You saw one of them ,
and it was a girl

=

I What is the probability that the other child is also a girl ?

Fo= 56G,
GB

,
BG

,
BB3 (older first) ,

D= uniform
.

F = "at least one child is a girl"
,
E= "both children are girls

"

Il 63
4GG ,

GB,
BGY

- Plelf)==.?! Why not i ? J

- 140-
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n could be

&of Total Probability) If e= F
,
r ... rFnRem

P(E) = [D(EIFi) · P(F) YEeZ

Il

Te=enee pre)= IP(Enfi))

Computingprobabilitiesbyconditioning

Ex Two players take turns flipping a coin.

The first player to obtain a head wins.I What is the prob ,thatthe player whostarts wins ?

E

Tcondition on the first flip
orT

player/wins player 1 flips H
↓

Pt

1 game resets
,
player 2 starts

P (the player who starts loses)= 1 = P(E)

=> P(E) = E + (1 - P(E) · E - Solving given P(E) =⑬

I
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EllerunGreidersimple randomna ne
T bankrupty 11I of-teachingN before reaching o Y -

N
Ek

S

ICondition on 1st step, ↓ or R :

P(En) = P(En(c) P(D) + P(En/R) PCR)

= P(Fr-1) · E + plEnt) · E
↑

Il

↑
walk "resets

Y

walk "resets
at k + 1

at k - 1

Denoting Pn = PLE)
,

we obtain

Pr = & (Pr-1
+ Pr +
)

,

k= 1
,

..

., N
- 1

E Po = 0 ; Pn= A
Pr

Ni linear equations
in No unknowns. Solve=>
t ↓

N
-
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ExSecretaryProblem,
a .

k
.a

.

Best prize problea

n prizes ,
in sequence .

T · Upon seeing a prize,
we must accept it land and the game)

or reject it (and more to the next prize) .
No going back .

· The only info we haveat time is how the current prize compares

to the prizes already seen
,

~u

· We want to pick the best prize .

What shall we do ?A
-

E

ToStrategy:

/ reject
the first 12 prizes;

accept the first one that is better than all those k.

Let's compute PCE) and optimize k .

· Condition on the position of best prize :

~"i-th prize is the best"
.

↳P
.

= PLE)=/
~

· Vik # CEIBi)= 0 (we reject the first 1 prices)
· Fi> : alume

B
: occurs

,
i.e. ith prize is the best.

We pick it iff each prize k+ 1, . .

.,
+ is worse than some

-

of the first he prizes (Otherwise
we lose it

the best

=> E occurs () the best prize among the first is prizes reject
↓

is among the firstI prizes. I! 1 ,i= 1 i

T 1 -m

This happens with prob. &mch
,

worse Man

all those

= P(EIB)= Ex
i- 1

=> PE)=== -xlux werex=

Maximize = X = Ye
,
ple) = Ye =>

C
optional stopping

J
Ans : Strategy = reject the first prizes, accept the first better

than all rejected.
= I Probability to pick the best prize =e= 0

. 37
.

Regardles of n !
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