
Cover MARKOV CRAINS before

martingales. Recurrence of IDr.
WalkAll MARTINGALES& absorbing states would immediately

imply stopping times < a . S
.

in hitting I,
& gamblers min

,
Fisher-wright examples

.

We won't need to prove that,

Stochastic process : X
,

Xz, .

Bet let (2,
2

,
1) be a prob , space.

-

let FEE,E ... I be a sequence of t-algebras (a "filtration")
A sequence of integrable

rv's (X-
,
X2

,
-..) is called a motingal if Unew

:

(i) Xn is Fn-measurable ("(Xn) is adapted to (En)" (

(ii) E(Xn+ /En) = Xn a
. s. (no drift

&mark : ↓ process XI
,
Xz

. . .

can be made a martingale :

(i) choose Fuzt(x1 ,
- .

-

, Xn]

(ii) subtract the drift-see later.

wa: Sti-Rademacher i
as

TE(Sn+ /E
, ...,
En) = ElSn/En+zu] + Elzn+

(E, ... En)
A

11
↑independent~mble

Gut En+ S
= Sn + E(En+] = Sn

.

(6) More generally , partial suns of t mean zero rv's
-

() Randomwatr willanoriuswal
#

N
u

Xo= 0 ; Xn= &Y
+ En if X -...↑if Xn= N

(i) Xu is Uzc , ..,
zn) - roble (Xn isdetermined by E, ...,za)

(ii) E(Xn+
17
, ... ,
En] = Xm in either case.

Xn = SnaT· Convenient to express as

where Su = ze +...+ En is a simple random walk
,

T= min[k : Su=N3 is a "stopping Line"
-162-



(d) Moregenerallyad
w

randewa
(2) Quadraticmartingate :

If Su= z, +... +En where Es are id mean o variance I

then S2-n is a martingale.

TIS - (n+1)(z
, ...,
zn) = E(S+ 2SnEnt +EnzL ~ -

(Sn-En+) imble mble ↑
indep

= S +2Sn
-n =S

(f)Productmarting
al

a rv's with mean t ,

then XnEZEn is a martingale .

T(Xn
+(z . zn] = XuE(Yn+1 1z ...

,
zn) =

XnE
=X J

Il ↑ indept

Aunt
(g) in particular,I. Petersburgmartingale :

Xoi= 1
, XmlX=[2Xn,Ro (double the ta

E Xn = 21: Eu where En = &2 prb 3 iid. ElEn] = 1 .
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(2)deMoivre's martingale

If Si := z ,
+... + En isa nonsymmetric r.

walk : En= [Pro = 1-p

them Xn :=(Sn is a martingale

*
n

=( ... (8) , E(f)
E

= (z)" p + (o)"a = 9 +p =

)
=> product martingale .

(i)Ikelihood ratio test (recall from before) :

S

Assume a r.
v

.
X has density for g.SKIP- I Decide which one

,
based on an iid sample X

, ..., Xn-X.

fRecall the solution : Likelihood Ratio=counterintuitive ,

11 = 9 .
--· If X has density g ,

then (n) is a martingale
Remark

:
This is sufficient but

#necessary : if frUnit Io
, a)

,Th="Ye where Y:=E are id sas
go Unif 10, a)- and X has dens

.
A

,
Men still EY =Sy = 1

8

with EY=T guy = 2 = product martingale)

· Hence
,

under the g-hypothesis, (11) does not"drift

··
- .(j)branchingprocesses Xo=

Gaton-Watsonprocess : model of the size of population

Assume each member ofnth generation gives birth independently,
to a random #of children, u on average.

Xn := #individuals in with generation.

Xo = 1 ; Xn :=) where to we did will mean p.

EIXm(Xn]= = MX

=> A is a martingale (divide by ur to check)
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(k) Polyaurn

An wn initially contains N white and M black balls.

Oneball is randomly drawn from an urn;
its color is observed;

it is returned to the win
,
and an additional ball

of the same color is added to the un. Repeat

(Motivation ; rich get richer)
Xn := fraction of white balls after with step

-

is a mertingale
Tif after with step the win contains w white and 6 black balls, X=with

S ↑
-white ball drawn

X=Plac flona

#(m (w
,
b)=)

=6
=

XX)
Intuition: each new ball is white with prob = current white proportion .

-

=>Ewhite balls doesn't change ,

(1) Do'smartingwith EIX10 and (F) be a filtration .

Then

Xn := E(X /Fn)

is a martingale.

NEIXmlFn] = ECEIXlEmLF) = EXE =x

- 165-



&IMPLE PROPERTIES

&p.
1

. E(Xn/Fm] = Xnam En
,
meN

↑
min

To nam then Xn is FnCFm-mble - EIXulFm) =Xu

If n >m then ElXn/Fm) =

ELE/Fm]PEXmIFm =x

(r2mgles)

#2 Martingale increments are mean zero uncorrelated :

YkIIMIN : E #(Xe
- Xm) = 0

E(Xe-Xu)(Xn-Xm) = 0 We with

↑X = EIXelFu] EX = EXe

· E(Xe-Xn)(Xn-Xm)El(Xe-Xn)(Xn-Xm)lFmS]-

Fm-mble

=

E((e-Xum

Il (Prop. 1)
Xm

· Thus, martingale : X=Xt(X-Xn)
↑

Sum of uncorrelated, mean O rv's

( "martingale differences") - can prove WLLN
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