
SMARTINGALES,
SUPERMARTINGALES

Let if , instead of EIXn+11Fn)= Xm
,

we have

"I"> submartingale
"" supermarkingale .

Examples :(a)Biased random walk : Su = z
,
+. - . + En where Zi are indep, EZ: 20

F(Sn+ (21, .., zu) = Sn + EEnt] 1 Sud
Il

Sn+ En+ 1

(b) if (Xn) is a martingale and y : R-R is a convex function
,

Men (4(Xn) is a submartingale.

TConditional Jensen (p. 148) =E(y(Xn+1) /Fn) = 4 (I(Xn+ (Fu3) = y (xn]]

(2) In particular , if (Xn) is a martingale then :

· IXulP is a submartingale XP21 ; *man,
n
ie

· max (Xn
, a) is a supermartingale FaeR

(D) If (Xn) is a martingale and

(an) is a nondecreasing deterministic seg . - Yn = Xuthn is a submartingale

Ita+
-YnlFu]=Yuluth J

--*n+ hu+ Xutha

(e) (hn) needs not be deterministic. It can be random butpredictable :
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&et A sequence of rv's (Hr) is Predictable
ie can predict it

if Hr is En-measurableIn "Iday ahead"

Example : Hn= our bet at time n (just before with spir of the wheel

is based on what happened before (spins 1, ..., n-t)

# (Deb'sdecomposition)

· Astochastic process (Xn)adapted to a filtration (Fu).can be decomposed as :

n=0

- "Compensator"
Xn =Mn + Hu

where (Mn) is a martingale and (U1) is predictable with Ho = 0·

· This decomosition is unique (up to a . S.)

· (Xn) is a submartingale (E (Hn) is increasing as.SKIP

Existence : guided by Example (d), define recursively

Ho= 0; UniUn : = E(Xm-XalFu)
,

n = 0
,

1
,
2, ...

(x)

· By induction
, Mit is En-mble => predictable .

· Define Mn := XnHu => En-mble ; Fu-mble

ElMun-Mu(5) = E(Xn+

-Xn(n)
(**)

=> (Mn) is a martingale,

· Uniqueness follows from (**) : if Xa =MutH-E Mu = Xn-1-

=> (**) must hold =>Mux-Un must equal EIXiXulFu)
.

·st part follows from
(*)

.

J
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Thecompensator" method to construct igles :

let Sn = E
,
+... + En be a simple random walk.

E(aD(adiatic magle revisited) Is S2 a ngle ? No :

EIS-S1Fn) = E/2SnEn +Z IFn)
Il

(Sn+Eny) =2Sn] = 1 = Anti-He

=> Un = w
.

Doob - S =Muth =Mr
=Su-h is a magle

(b) (Qubicrgbe)
E(S-S? (Fn) = e(35Zm +35nz+ ]

(Sn + zn+)3 =33 SE)
4

= 3Sn = Un+ -An S

=> Hn=Su
Dood = S = Mn+SEMr = -Su is a magle

C Taylor

-> Ito in 271B :

⑮↑ -

M
+
mgle

↓
cover after remark on p. 169 (def of Ito)



MARTINGALETRANSFORM

op let (x2)be a martingale, (Halbe a predictable sequence. The
O

(HoX)n :=Mixin ,(0x):=0 ;

martingale differencesis a martingale.

PofE((nox)m+

- (UoX)n1Fn) = E(m(Xn+
-xi)(F]

-
En-mble

= Un+ 1
· E(Xn+-Xn1Fn) = 0 ]

Example : a gambling strategy
Xn = net amount of money we win at time n if we bet $1 each time

Un = our bet at time n (predictable=>> may depend
on happening before

=> (oX)n
= our winnings at time n

Prope In a zero-net game (Xn)

no matter how good a betting strategy (Un) ,

the expected winnings are 0.

" You can't beat the system
"

"Remark Martingale transform is at the heart of the construction
-

of Its integral
TI n&FedBlit, (Bt

B
+-

)
Il

Sty
, ... ,
tr< 10

,TVadapted Brownian
process motion (ZoB)

,
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E(@ncrdraticvariation) let (Mn) be martingale.

Ma-Mari

Mr-M = (n+m -M = 2 MmDMurcu?

telescoping>> M=MM)
↑

I

edita
are

[M] n quadratic variation

negle

=> Mr- CMJn is a mugle
.

(a) = 2M
+ dMy +Gut)

(b) (Google) let M
=

= X +
+ ... + Xu be a simple - Walk,

Il

M2-M = Mr + sMn)-u = 3mM +3M
->MMM

=> same result as in p.
168 .

5
: M - 3 Ma ,

is a ngle

SKIP/HW? -
The converse is given by Martingala Representation the

Remark --

It can't hold in full generality even for n = 1 :

is notwhich
must be lineat in X1 &(M = a + b(X

,
-b) = M

, could be a nw

true in general) problem ;I-Kosheris eran 15
.

)for Rademacker (see Williams- but is the e
. g .

& Gaussian (see MRT forHo)
process



STOPPING TIMES

-

Def ArvariableTENudo] is a suppingme w .
r. to a filtration (F2) if

[Tzn3e En UneN

#Complement)
< T >n3 Fu VueN

#
ST=neEn Fren ETend = <Tzn3 (Stan-13 EFn]

En Fu

Examples: (a) constant , e
.g.

T= 10.

(6) Let (Sn) Ce a simpler. walk . Hitting time of a given point N :

/Ti= min (n : Sn = N3

(2) Gambler's ruin : let (Sn) be a simple r walk starting at K.

-

Exit time of a given interval
(0 ,
N) :

...Titmin(n : Sutto, us)
. N

(d) Play until either won $100 or have played 10 games :

10T = min (n : Xn = 1003 a

(2) Playing until reach absolute max is NOT a stopping time.
-
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& IS ppedMartingale) If (X) is a martingale and
Tis a stopping time

then (Ynat) is a martingale.

FuniX = (Xi -Xi)= (X :
-Xi)

O

Fin-mble ,
since [Tzi3 = [T> -137 Firs

=> predictable.

Prop . 169 = (Xiun-*o) is a martingale .

Since (Xo) is trivially a martingales (Xien) is a martingale . (
Mentionlocal martingales?

Remark Prop= EXnaT = EXo FueN
-

=> NO WINNING STOPPING STRATEGY

IN PRESENCE OF A FIXED DEADLINEn

Example : stop when reached $100 :

T= min (n : Xu= 1003

Prop EYnaT = Xo=0 How?!

· If Ten
,
goal is reached by deadline niT= Xinn = 100

O↓ · But if The
,
goar is not reached bydeadline

alaneXiun can be verynegative (debt)

These two counterweigh each other .

Ecoptionalswitching) : UW (270B 2019 p . 93)
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