
Without fixed deadline?

OTIONALSTOPDING

· Let (x2) be a martingale andT be a stopping time

Q : is EX
+
>EXo possible ? (stopping strategy for making money

An: sometimes . Examples :

(a) Symmetricrandom wall with stickywallat I,
i

.e. T= mindn : Xn= 13 .

X+= 1 deterministically E EX
+
>EXe

(6)SPetersburg martingale ( p .
163 : Xo = 1

,
XaIXm =Gaut,

Wait until broke : T= mindu : Xu=03 ~Geom (12)

= X
+

= 0 deterministically E EX+ EX

However :
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Th (P-06'soptional stoppingm)
let (Xn) be a martingale and T be a stopping time.

Assume EC30 s
.
t

.
at least one of the following conditions hold :

En - founded ngle(i) To a . S . and I XunT C a. S .

-bounded time
(ii) TCC a.

S
.

(iii) IET<X and VneW : G(IXn+
-XnllFn] <Ca .S. - limited Lets

on the event [T > n3
,
AneW

Then EX+= EXo .

(n+ 0)↳of (i) T& asX
D

.

C
.
T E EXanT- EX+ Y= B

.

stopped mtgale /) (P.EK

#Xo

(ii) / X no+ (X -x1) /Nol+i -Xi) =M

TEC a
. S. => (Xnni) is dominated by an integrable r

.

v
.
M.

Apply DCT as in (i).

(iii) M=ol+ Hit (Xi
-Xiel .

=. Em =Eo+(esti (i -Xi - ( (F-))
#1ST -13 is Fix - mble

= ENol+EXs Basm)
LEKol+CIPLTIS
~

↑
ETx (integrated til formula)

(x

Apply DCT as before. ↓
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on simple random walk (Sn)
.EXAMPLES

-

(a) Wittingtimef ho, wh , starting at So = K (gambler's ruins

iTi= min En : Sedo, NY

PET

TBreak time into blocks of length N. Each block has the prob .

IN

of absorption ,
independently . Formally : If TCmN then the walk's

must be IN over each of the m blocks :

range ~ISmu-S-DNkISw-SolN ,
ISen-SulN , ...

Indep - events
,

each with prob .

11-z

PST > mNb = C - 2 -
m

,
m + N

Integrated tail - ELT/] PST > mu3< * (geometric serict)

theresultrecovering·pp(ST = N5 = W ,
St=o = 1- t

on p .
146.

ALTERNATIVE
PROOF-% 0

.S .

T
.

(i) = ESt = ES= K
.

St(0, NY
ingleII ↳

T #Sin+ -(ai)) =
ElsoF2N - p(S+

= N3 .]
since

TDa .
S.

-

D(T = Est - ESE = NKW=> ELnnT] -Nk-k2= k(N- k)
· LopT= k(N-k) t MCT ↓S

DoEST] .

T O
.

S
.

T
.
(iii)Consider the quadratic martingale X := S&-m

, apply

Jason .
(iii) holds since, On the event [T23

, She, N) and Sutto, N)&
- In-XHSn-Si+11 = 2N+1

2

= EISI-T] = Els-0 = 2 = Elt] =IN
N?

N
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(b) Hittingteof 1 , starting at 50=0 : T= minin : Sn = 13.

Con are wait to time to get $ ! )ET= -Prop
* If ETCO

,
then Ost(iii) would yieldS+= ES=

=

0But ESt = 1 by def of T.

HOWEVER :

Prop To a . S.

TFix >30 and consider the product igle :

Xie
each(x)

· The stopped ngle : (Sn =2kcoch(x) >1)
↓

Xnnt=SO
& uniformly founded : 0 : Xunt = exp(x . 1) (both when +C * & +=0

i
·
E EXnaE(+03]

mylell
EX= 1 Thus

, dividing both
sides by e =>

①Echos] =e

· Let 360
.

Then cosh(x)
*

-1 and
*
- 1. DCTZ)

E12+203
= 1

Il JP(T * ]



·

Distribution
of

troduct gl (x) .

Ok +a=

Elcosh(x)T] =ex (**)Vx)0

&

Change var's to G = coch() =e ,
d) + (01

"El for X07"_

"

Sign is valid .Solving = "

↳ Flat]= "generating function" of T (o)

Il
Solving
= Nagloseieaa

HW
Matching the coefficients · Compute the distr

. of⑫tinytime of -N
,

N) startingto

Th (Hittingme of 1)

PET= zn-1)= (*) Z2 ,
ne

nex even Ef=

GIRXcurrence of a 1D random walk) the time to get back to 0,
&

T= min(130 : Sn=ob
,

is finite a
. S.

Tcondition on 1st step.

If1
,

T= timeto get from -1 t 0)<0a . S. (Ropy
18 1

, = time(to get from 1 to o <Da . S. (Prop)

Heuristic Proof of ( : condition on 1st step >

G X : = Elat) =E .+ =a (a
2d+T +T2

,
T,Tz ~T (strong Markov prop.)

= X= +& Solve =



ar②sequine d rv's with finite mean, The a stepping timehe
↑

with ETC0.

E(IZi] = ElT] . E(z ,]

& So : = 0

,
Sui= Z,

+ ... + En E Xn :=Sn-ye is a martingale

Then OST (iii) applies

( E ((Xm-Xn)(fu) = Elm -Ml = Ezl + (M) =: C <*)
-

1

is En-mbleZn+-u

=> EX
+

= EX
,

= 0

-

D
.-Tm => ES+ = E(T)M.

&
HW : Show by example that independence assumption can't be removed :

En = ZuRademacher ; T=(2

Analternative argument forProp in (8) :

* If ETCO then
, by Wald's equation ,

inc Rademacher

El = Elt).E
= 0

· But Z = 1 deterministically .

S


