
#markingale convergence-
-

come rv. Xo ?
· Do martingales converge : froXn=-Xx

St
.
Pete's ngle)walls

,(r walk with 1 or 2 absorbing· Some do

· Some don't (simple r
.

walk). Check formally !)

· L-bounded gles always do :

#M /EMartingaLeConvergentum)

Let (Xn) be a martingale s
.

t
. supEIXuldo,

Then (Xn) converges as .

to some v.
v

. Xo ,
and Eloly .

uristicporeasone
a sequence (x2) fails to converge :

T(a) it goes off toto or - >

L boundednes criterion prevents this (Fatou)But the
sell sel sel

(b) it oscillates :

Tupressing↑ ↑
buy

=> we can get rich by "Ouy low,
sell high" strategy

But this contradicts the "can't beat the system" thm (p. 169)

let's formalize (6) :

and numbers a <6,
Pef(Ucrossings) Fix a sequence Xo

,

X, . . .

An upcrossing is an interval (s,t) where X
,
Ca < 8 (X+.

Un(a ,
b) : = # [disjoint upcrossings by time n) .

· A rgle has finite upcrossings in expectation :



(Uprossing Inequality) Let (Xn) be a martingale.

Then Facb
,

Fe Ni

(x= c-(6-a) · E(Un(a , b)) = E(Xn - a)
-

Define the strategy using the "hold indicators" :

Hi == 1(Xo(a) keep holding guy
F

Mn := 14Mn-1 = 1 and Xn-1 b)
+ 144m-10 and X- ,

<a)

(H) is predictable (by induction).
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=> martingale transform satisfies

(Hox)n= Me (X :
-Xi =1) = (6-a) Un(a , b) - (Xa-a) (*)

F upcrossing contributes (6-a) ;( the last (incomplete) up crossing creates a loss 1 (Xn-a))
· (HoX)n is a martingale (Propp. 169) & (Rox) . =0 (def) =>

E(Hox)
,

=0
. J

Take E in (*) = B
.



Q : Is there a

quantitative bound :=> kendedMiddontoscillatano I
alb

(Esup (a-b) Un (a
,
b) =?

Then

A[Un(a ,
b) < 0 fab) =

1
.

TQFix alb. Upcrossing lamma =>
#Un (a ,b)

E by assumption ,
this yields SupEUnla , b) < 0

.

Un(a ,
b) increase in E Vo (a , b) : = hi Unla , b) E NU403

.

Fatou => EUy(a ,
b) <liming EUn (a ,

b) < o

R

- Vo(a ,
b) a .

S.

② . By a union found
,

PhUy(a ,b)o Fratonal as by = 1.

③. If Un(a ,b) = - for some real ach

then Up(a6') = 0 for some rational alb', :
-

-

but thisDappens with prob . 0.

PetaComThan
① lim Xn exists as . (could be 10) :

FN living Xu < limsup Xu = Each : LimingXa < limsi In

=> Xu(a for o

many
n

=> Unla ,b) = 0,

& X
n
38 for to many

3 but this happens with prob . o (lem)

② Thus Xn-> Xo a . s. for some rv. XyRULED3.

Fatou = EIXx/ < limigEX) < 0 by assumption . B.



Hw
oamimpleandomwalk - the does not apply (E1
+0)

(b) Rwalk with absorbing walls ....
20 and N

, starting at k
O K N

is a foundedgle. a
.

s
.

MaComThm =

&XX ho, 3

(
we showed that To a . S.

(=> with prob . E
,

the walk eventually

hits either O or N
,

and stays there

· mgle = EXn = EXo =k m

DCT E EXo = K= X=/mon/
↑

giving on alternative sol, to this problem.

() SPetersburgmgle : X=&2)

Enl = 1 = a
.

s.
McCourthm applies => XnFXo .

X=0 (by Bore-Cantelli

(d) More generally ,
for # product myl (Kakutan,Tams]

Yn = z,
... En

,
EZi = 1

,
E,

zo

MaCT = In, YoJSKIP Either Yo= 1 a. s (if E== la
.
s

.
) or 750 a.

s.

↳ (prove it !Kint : take log(. ) & use SCLN.

·

-
Is ti some rv

. EX : MC1 = WEO (check !)

(d) Polyur : Xn = fraction of white balls 2

=> X= Xo some r.

Actually ,
X-Betc (N

,
M) n Unifo

,
1) if N =M= 1.

↓black balls initially#White



(b)Petersburgmgle : X=&2)
Xn70 (by Bore-Cantelli) - No win !

(c) More generally ,
for # product myl (Kakutan,Tams]

Yn = z,
... En

,
EZi = 1

,
E,

zo

MaCT = In, Yo

SKIP
Either Yo= 1 a. s (if E== la

.
s

.
) or 750 a.

s.

(prove it !Kint : take log(. ) & use SCLN.↳
size of population M= mean offspring
E]=(e) Branching Process (Galton-Watson)

-a
.
s .

MaCou thm applies to the igle En/Ma

#Man = w =o (check !)
=> Ens wi some rv.

(extinction)

(f) Polyur : Xn = fraction of white balls 2

=> X* Xo some v.

Actually ,
X-Betc (N

,
M) n Unifo

,
1) if N =M= 1.

↓black balls initially#White



APPLICATION: FISHER-WRIGHTMODELNPOPULATION GENETICS

· Start with a population of no individualsS

with pon of them being type A and (1-poln type B.

Randomly select n individuals with replacement.I *

Each selected individual

pro one offspring of the same type as its parent.duces

Thoseis offspring form the next generation, and
the process repeats

I giving generations
of size me

,
he,...

InWallbecome the same) Assume the population size
-

grows sublinealy : Net - 0 as -x .

Then
,
with prob .

1
,
the population

homogeneous,eventually becomes
·

i. e . after some time all individuals will be of the same type

(A with prob . Po
,

B with prob . 1-po)

ToX+:= # (individuals of type A in generation th =>

more rigorously ,
X ++1 (Ph

, ..., Pt
X

1Ptw Binom (n++ Pt)Xt+
t = 0

,
1

,
2, ...3& Pt+=

Binom (n
++,
Pt)

· (Pt) is a martingale :

#(Pty 1pt]=) =m P+
= Pt ()

·as.
MaCouthm = Pt Po (0)



· he := Pt(1-pt) measures fixation/homgenization If X-Binom (n
,p) then

E(x2) = Var(x)+(X)2Aim : Eh = (1-nt) Eht
= np(1-p) + n-ph

-E =P
Pt

Pt+ Pt (1 -Pt) +nPP
= Pt--p =

A- TE
·Eh, exp flage

e t
·E PhhezM is summable

Plh7i0 . 3 = 0

i . e
.

with prob .
1
, eventually (i

.
.e . Etoft> to) we have

↑Ptrlpt) = nih1 => NePtC or Mellpe)<1
.

-
IlL

+ integers-> nt -X +

=> Xedo, ne] E PtEho,
13

.

· Combining with 10) => Potho, 13

↑ (Pt = 1 eventually) = 1PhPo = 1) =Eplin Emp /


