
LMartingaleConvergence
· Martingale Convergence thm : if

(x)supEIXald
M

X= X
..then *

⑪ Can we upgrade the a .
S. Convergence to the L-convergence ?

⑫ Can we reconstruct theigle from its limit :

Xn = # /XylEn] En ?

·al : Sometimes we can (when DCT applies
· Sometimes we can't

(a) .

St
. Petersburg myle : Xy=

(8) same for Galton-Watson process with MCQ.

· We always can if (*) is strengthened to :

Let (Uniformintegrability

A sequence of
rv's (Xn) is uniformly integrable if

SupEXul1Sixl >M3] + O as M -+ 0.

Examples : (a) X XeL
,
(X ,X ,

X
,

. . .) is 0
. 1 .

-
DCT = EX/1xkmy]> 0 a M+x]

(6) I dominated ,
i . e.

if IXnKX with EX10 (by()

() NOT St. Petersburg magle X=&Pr =2



· The events &IXnKM3 are "the worst" and can be replaced

with other events In with PCFn) +> 0 :

Lam (Criterionof uniformintegrability)
(Xn) is uniformen integrable if and only if :

J

(a) SupElXnk * and

(6) Vato E5o
: P(F) <0 - SupE(IX/1f) <E.

· Assm => EM : = 1 -n
=> EXEM + fu

· F2FMTWIOG Xnzo (otherwise Xa-IXnl
-

I(E) EaFr)=Fxim]
· To prove (a) , take

F=2
.

Assm = EM : #E1 ; FEM =>

EXnE Vu1 +M

· To prove (6), Veto
EM : Ente An;

=3
Ez =MD(r) =2

if P(E) < En =:O

E(Xn1f] An.

(E) Fix FEzO
,

choose 530 as in 16) .

F : = [Xn >M3 satisfies
Markov (a)

P(F) +mE(X
,
HF] .

⑭Does(a)followtur-pl



Moexample notU
.
1 . Sequences

Lut If (Xu) and (a)
are both v

.
I
,
then (Xn +Y:) is 0

.
1.

Tuicriterion A ineg
.)

LIf SupElXul"< O for come P21 => (Xn) is unit - intyble.

WLOG Xn20F E(XnH(x >M3] = E(X !Xxus]MEX-i

-
Takesup and let M = 0.

· Lem let XL and (F2) be O-algebras .

Then the sequence

Xn := E(X1Fn) is uniformly integrable.

Twon X20 (otherwise decompose X= X
*

-X- and use hm above)
E(Xn14xn >m3] = E(E(X1Fn) #x>m3] E(XHaxm3]

-
wis d &n

o ?
Criterion for just a standardconsequena senility) :

· (X
,
X, ...) is U . I

. (Ex .a) =>

Veso Esto : Plf)(5 E(X1r]

· PhXm=> E(X14xn >M3] < E
.



A"uniformly integrable DCT"

·T says :

)
if (X2) is dominated (IXnIX will EX(0)
and XnX then Xn *- X (ENXn-X1 - 0)

· An extension
,

where domination t v
.

I .:

T (Uniformly IntegrableDCT)
a. S.

If (Xn) is uniformly integrable
and X-Xo

,

then Xn*X L

Fatou

TU
.

l
.
criterion => Sup ElXuko

=> ElYK X.

Ex(a) Elem1 = En : = IXn-Xol is uniformly integrable
and converges to

0 a
.

S. (by assmption).
-> Vaso :

EZZ)+E
O

=> limsupEZ =
Le Asto = to

.

J

E(Xn-X/ * E(Xn- P(Xn)) + 1)d(Xn)- p(x)) + E(b(x) - X)
LE

= In In In ~DT - -

EMX=X/1m.] +El it



I (lMartingaleConvergence Then

Let (Xn) be a uniformly integrable martingale.

Then (Xn) converges as .

and in L to some r.
v. Xyl.

Moreover, (x)Xn = E(XolFn] An
.

I

Mus
,

we can recoretract the entire ngle (Xn) from its limit Xo -

ToGuergence :

· assoMaComth => a
.

s . convergence.

· U
.

I
.

DCT => L'convergence .

② Identificationof the limit

· By def . of conditional expectation, (*) is equivalent to

E(XnHF)E EIXo1f] FeFn (*)

· (Xn) is amgle => Xn = E/Xm/En] Xm> n
.

- by def , of conditional expectation, FeF :

E(XnHf] = EIXm1F] EXolf) E (*) . D

-
Difference) = IE(Xm-Xd)Ar) = ElXm-Xx1-> 0

by the L'convergence ⑮)



&y's Upward & Downward Theorems .

I (Levy'sUpward them) let X be a r. v
.

with EIX10.

and F
,
CFz -.. be r-algebras .

Then

EIXIFn) -> E(XIFs) a
. s .

and in 12

where Fo := + (UFn) , i
.

e
.
the smallest t-algebra containing all En

If ① Convergence Um3 =

· Xn := E(X1Fn) is a uniformly integrable martingale (*)

· L'Mghcomtum = Xn - Xo a . s
.

and in 1.

and Xn = E(XylFn) An . (**)

②entification of the
limit: WiS

Xo = E(X(fx]

Some since
XiFE-il

(*)((**) = E(XIF) = E[X/En] En
-system

=>El = e(X1] Fe

Uniquenes of measures (wron X =0) => Same holdsF r(Ful =Fif



↳yowwadhmlXarv
wi El

EIXIFn) -> E(XIFs) a
. s .

and in 12

where Fo =Fr

Tconvergence
Xn := E(X(fn) is a "reverse martingale" .

Lem => (n) is unif integrable.

YN
,
(XN

,
YN ,

. .

.,
X2

,
X1) is a martingale

=> the upcrossing ineg ,

holds for it.

Using it in the same way as in the proof of as myle come
.
thm

a
.

S.

for some r.
v

.
XotL' (DM)Xn -> Xx=>

U
. IDC = XnEXo

②Identificationof the limit: WTS

X = E(X(fo]

c[(d
Xo is Fo-mble

EXof] E(Xf) Yfefo

(a) true since X limXmXm is FmCEn-mble fac n

=> X is Fumble Fu = Fy-mble

=>(b) Xn = E(X)=n]

EIXnAF] = EIXIF] Y feF < Fu

since X:Xoa
.
s . I J
E(XF]


