
APPLICATION: O-1 LAW

(Levy'f law) let Xe
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Xc, ...

be indep . rv's and
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Xnee ....) demote the
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⑭ vise versa
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Kolm 0-1 => Cryou via newextremelypinionated)



Let's gi
Application: She092)7
#Mong law of Laze Numbers) (Kolmogorov 1930) · Kolmogorov's thm

sproved earlier)
let X-

,
Xz

,
. . .
be iid riv's with finite mean EXi=M. does not need

ind
.

Then Su : = X
,
+.. . + Xn satisfies

② Does it hold

u a . S
. and
L for L'convergence?

ToFn:= +Sn
,
Sun ,

...)/ = F

Levy's downward thm >

E(Xi1F)-> E(X 1 /Fo) a
. s

.

and in 11

11 Ex.
before II ? a .
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& We know :

↑

EEX , 150) = limSt(XX,..
(changing finite # of Xis doesn't change limt)

Levy's O-1lawt /X. 1F)* EleIFol] = EX
,
=M . )
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Arication
-

A constructive approach to a generated r-algetic
(announced on p. 16)

· Events EEC)E,
, ..., En) look simple :

E = finite Boolean formular (Es
-, En) (eg . EnEE)

· Events EET (E
,

E2, . . . ) don't all look simple :

E countable Boolean formular (En .
Ex

,
...
) (29forBordaals(

· But : "true up to measure 0 :

(Apeximatinga generated 5-algebra)
TIE

, E,
... J

.Let (2,
F

, D) be a prof . space,

Then E-TE,
E2

,
... ) E Ant(El , ...,

En) :

Elimsup An!

asn+ * =It
=> P(EbEl)= 0

M
· Fri= (Er , -... En) , X= E(HE/En]

Ling's upward thm E
Since Eame(UFn) = FoX (15) = HE

· "Quantize" Xu to OK valued -
. V. using f(x) :=[0

fis continuous at
0 and 1 =

f(x) * (1) = He

A

10, 13 and En-measurable

=> f(x) = Fan for come AEE J
n



(Martingale Convergence
- -

I L
*
Martingale Convergence The
-

Let (Xn) be a martingale St .
SupEXuix for some p>1.

Xn- Xx a . s .

and in 10

for some r.

w
. XxE.

P. Moreover,

Xn= E(XolEn] En
.

· A
.

s. MaCourTum = X& Xo & "moreover" part .

· LP convergence would follow by DCT if

z: = Sup(u) e

· To show this
,

we develop maximal inea's for mugles.

Markov if k=
↓

#MMaximaqualiWhen, to :

S maxXnLt3E xi= max (x,0)
11kn

-m

E CHECK WALSH p.

287
*

#in Etemadi's (p. 17)
,
partition by the 1st exceedance :

E = Er where EvX,X ,
X,
X

> t P(E)= t.P(r)
· t(en) =E(the) = E(Xper]ELELXuIFu] Em] EXntEn) .

Fr

· Substitute = t BCE) = Enter] = Exite) E(X)]



· Remark The proof E MaMaxIneg is valid for submartingales:

-

I the highlighted equality becomes an inequality
"

?
"

.

· Ex(a) If (Xn) is a mugle, Nul is a submartingale =>

& maxNut Extension of Markow&
1) (X) is also a submartingale =>

p[man(t) = P&maXL-th extensione)

& an extension of Kolmogorov's max
, ineg . for X-sum of indrv's

Remark Stopping the proof 1 step early= > & submartingale (Xn) ,

I the went E := /marXt] satisfies IEEE)
We will use this in the proof ofI

#Martingalavine) let (x) be
a martingstate

Elma IX 1 =() EIX-1P

~inword,Sum
where t



EMILM]ds Cintegrated tal formulaProf
to plat

[
- jotM3dfor submartingale (x

tE(IXal1[Muzt3]

=E(IPRC
= E(IXIM ?

- ]

MEM
Rearrarying & solving => (EM2)"FEN,1"/
Prof'MaConv Thm

F· Cm2 => (Xn) is uniformly integrable .

a. S - and the "moreover" part holds.LMaCourThm => Xn+ XX
,

"MaMaxlnep & send n + x.
· To upgrade to XnEXx ,

use

M EsupIX supEXP < o.

· (Xn-Xol = (Xn) + (o) = 2Sup(Xn/

=In-Xo/2 Naxoto.3Las .

Ex Deduce from 1.Malowthm a version of LNN forconvergence.=

RemarkL'Max Malnequality can't be extended to p= 2 :

=>I above would extend LiMaCome the to p=l-
otherwise the argument
but we know it's false without a v

.
I .

condition (be example in L'MabuThn)



The most important case is p= 2 .

Xn= Xo+ (Xi -Xi+1) (x) ~

· Xo and all (Xi-Xi. 1) are orthogonal in 2 (see before) =>
S

EX = EX+ EXi-Xi . 1) Cacour The-

COR (MartingaleConvergenthem)
let (Xn) be a martingale with EXELD and

= E(X :
-Xi-1)x

.

i= 1

Then Xn -> Xy a
.

s ,
and in 12

for some in XoEl? Moreover,

Xn= E(XolEn] En
.

=> Fm > n :Direcroofgalle
I Assu = the series :Xi ,I converges =>

completenes

Xn-Xm is Cauchy in (2 => (Xn) converges in 22
. 1.

Remark (a) This generalizes Kolmogorov's 2 series them.

(6) Vice versa
,

it can be proved in the same way

as Kolm 2 Serie thm ,
but

using
Dood Max Ineg.

instead of Kolmogorovs . C- HW

Add : Martingales in continuous time including def of quadratic variation


