
· Recall "Stein's ident'sme
Ef(z) = EEf(E) if ZuNlox)

· Stein's identity characterizes N(0
,1) distribution.

Moreover, a stability result
holds :

"if If'(w) -EWfIw) # founded
,

smooth function f:R-R

then N = ZwN(0, e) in distribution
"

↑
measured in Wasserstein metric

IEh(w) -Ea(z))Wn(W , z) = sup 112'llx = 1

Precisely : Ihlip1-
by approximation ,

equivalent to

let zwN(o, 1) and let Whe Fr. v. Then Eabscust 2.ein'sLemma"

Wi (W,z) [ sup /Ef'(w)
- EWf(w)(

feF

where F = [f : R+ R : llfly=C
, If'llo,

If"llx= >

&

&roof Fix h with 112'lly =1
.

Consider Stein's differential equation

weR
f'(w) - wf(n) = h(w) - Eh(z)

,

If (x)7 solution feF
- -

then we can set wi= W and take expectation on both sides. -

Ef'(w) - EWf(w) = Eh(w) - Eh(z)

Take 1 : 1 on both sides
,

we complete the proof , modulo (
*)

.

I1
Example : 2(x)=x = f(x)= -2 works TSDE becomes w =w]
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(*) :Proof of
① SCVINGSTEIN's D

. E
. by the method of integrating factors :

-

a Stuilder-win our case
-w

= 2
-· Multiply both sides by e

(ewYf(w) = e
-w((h(u) - Eh(z)) (o]

Example (e)[2
=> ewYf(x) = Ye-x (h(x) -Eh(z))dn + C

-8 O

(x) N(0
,1)=> f(w) = eYe-r](h(a) -Eh(E)) de

-X -

u (h(m) -EhlE = Eh(X) -Eh(z)=0
.
Thus

,
· Note that the total integral

f(w)= -event (h(n)- Eh(z) on =: Stein (h)(w) (**)
also

(*) is useful for wo
,

(**) is useful for was.

to certUnique up
PROPERTIES OF THE SOLUTION: => unique if we require flu) = o (e)
- as u + 10

- hides an absolute constant factor

② I Stein (2)/lo 112'llx

Twoah(0) =0
,
12'lly = 1 E(h()([() , (h(E))-E1

=> wo : If(wil Per(x+ 1) de E1
.

-
II

Senden
-wiw by Gaussian tail bound

("Mills ratio" p . 28)For who
, proceed similarly but use (*) S

-

Senate two ()③ IStein(h)'lo Ih11x
furD-w

since (USE
wow /I - 2 => (Eh(z)) = 1

wil

= two = f()-ve]e-~)(z) dete.Skip
1 .1 2

= It'(w)1 < 2 weTenYdm +21 by Gamesian Tail Ed (0).I J
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④ II Stein (2)'lla E11h'lla
↳ ve

There f-solution (**) :IDifferentiate Stein's DE

f"(m) - f(w) - wf'(w)= h'(w)
-

=> f"(w) -wf'(w) = f(w) + h'(w) = : U(w)

Use air the method of integrating factors. Multiply by
=>

ag
-wYz

(ewYf(w) = e H(w)

=> ewt)= -Yen(x) on +C

=> f'(w) = -ev)
-nYH(a)an +

ce2
-

In(m)1[(f(w)1 + 19 (w)) < 1 by② assumption

w=> I'v)/eac- G w + X

t Acto,
Al(w) =Ce

(
= f(w) is unbounded, contradicting)

2 by Mills ratio (p.2)

⑤ I Stein(2)"lly =Ilh'llo

↑ Asing ,
f"(w) -wf'(w) = f(w) + h(m) =: H(w)

.

Substitute w= Z
,

take =

I
EH(z) = If"(E) - EZf(z) = 0 by Stein's identity for f.= -

SKIP

=> f"(w) - wf'(w) = H(w) - EH(z)Proof

i
.
e. fl = Stein (H) Stein (2)

- I↓ => If"llx = IlStein(u'll Alla Ifll0 +11212
. J

Stein's Lemma is now completely proved.
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· As an application ,

let's strengthen quantitative CLT (lmp.

118 for3 times diffle 2) :

Wasserstein CLT. Let X . .

,
Xu be independent mean zero

-
-

with EIXi1< 0. Then W=X
,
+ . . +Xn satisfies

random variables

where zwN(0, Var(w)W. (w, z) <CEX : 1

absolute const
.

Prof WIOG Var(w) = 1.

By Stein's Comman (p. 1)
,
it is enough to prove that

JEWf(W) -Ef'(w) . / =CB Whenever If "ll
y

= 1

WA(w)= [X f(w) · Xg

W

Taylor approximation
around=Xi = W-X::

f(w) = f(wi) + (w-Wi) f(W:) + (W -Wi) where IAif"llx = /

↑YI

YeMultiply both sides by Xc, sum over i
,
take

If

EWA(n)=(i)+(i)+(w)+
EX: (WW

independ . Il
independence/

E(Xi2) If(WilO

-

It'(wi) - f(w)) -
> Iw :

-willt"1x = (i) => Ef'Wil=Ef(w)+ B:
where IBilEXil

=> EWf(W)=)+E

· lWf(w)-Et'(w)lE-EE D

UseThm for Xi=

& If Ye
,
Y
, ... areiid evis with meanu ,

variance 5
,
and EMP=po

,
then

Su=Yi
+...+ In satisfies VneN

.~un
Berry-EsseenCLT

-6Remark A modification of this argument yields the samefound in Kolmogorov
-

=

metric b (W, z)=SD/PSWE3-PEn3 (use h := smoothing of 170]

I [E .

Bolthausen
,

An estimate of the remainder in a combinatorial CLT /1984]
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