
&IFOR DEPENDENT R
.

V'S

nauzerandomvarilea
-

Let ThenW =X
,
+ . . +Xn have Var(w) = 1.

: Wi (w, z) < [d EX : 13

where ZwN(o, 1).
I

#ormally : consider a graph G = (V
, E) with V= 11 ..... n3 . ("Dependency graph)

Assume that:

X(a) The degrees of all vertices are 1d-1I X3 Yo⑧

(b) [X : it V,3 &X;: jeVz] whenever

A edges from VCV to VCV.

1 Example ; for this graph
,
d = 3 and (x1 ,

Xz
,
X3314X5 , Xs]

↓of By Stain's Comma(p. 133) it is enough to prove that
S

EWf(w) = Ef'(w) + 0 (1) Whenever If"lly

Xi ,
W may be dependent. So let's remove

· EWf(w) = ZEXif(w) .

the "dependence neighborhood" Ni := [iBujev : (ii) Ed :

W

·Win: Taylor approximation , using If "llx = L :

⑧

Wi

-(w) = f(wi) + (w -wi)f(wi) + 0 ((w -wi)2)
.

↑

Multiply both sides by XX
,

sum over i
,

takeE

IX;· JENi 11

#We(w) = [Ini)+ [EXi [WitIwi) +O<XM-
independence/ ⑰O
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Xj ,
W
; may

still be dependent:=ZX; (wi]

So let's remove the "dependence neighborhood" of jas well :

Taylor approximation , using If "ly * 1 :

Wij : = 2 Xn
kkN

; UNj
-> this sum contains only the terres X

for which KEN,

f(Wi) = f (Wij) + 0 (wwij) =-(Wij) + 0 (wXnD .

=zil] + 0(Zn,XX)
↑ independente e
-

In
Is

↑
· ELXiXit'(Wij)] = E(XiXi] Elf'(wis)) .

Taylor approximation , using If"lly) :Let's replace Wij W.

f(Wij) =Ef' (w) + 0 (w -wij) = f'(w) +0([Xn) ·
KEN UNj

=> Fa = ZE(XiXi]f(w) +or i
un 1IXilly/X; /I pIXwll(2-Xill) IXilli /IXall

>
11 indep

am (EXiF+ ElX
;
P+EkXuP)zii) = EXi)= EWEr

=> I= Fa + Is =f(w) + 0(ZZZNEEP +EE)
-

&
* triple i

, jik in this sum
,

all i
, i , he are within graph distance 2 from each other

I There are [d2 Pairs (jck) in the sum,· i=>
&

S

~ Fj ,
there we 1d2 Pairs Disk) in the sum

,

· UK
,

there are [d2 pairs (i,j) in the sum.

=> IFEf'(w) + 0 (d2[EXi13)·



as in

⑪ZEXinXul d EXi1
1) Hilder

expand
1IXill3 1IX; /li IXalla

D
.

# EWf(w) = I + O(1) =Ef(w) + d2zEXiP ·

·Example : W = X, X2 + X2Xz +... + XXn where all X:
we mean O indep

More generally, time series
d=3 = W satisfies CIT

·

HW : W= XiX,
is NOT

always approx.
normal
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Application :TrianglesIn Random Grape

·Consider an Erdos-Renyi random graph
G-G(n , p) with p= cont

,
nex e

A = #Ariangles in G) satisfies CAT ?

(5) triplesbuyz
where Duyz

= Striple seyz is a triangles

·Dependencygraph G= (V,E) : V := Eunordered triples xyzh .

Aryz # Duvr unless the triplesthere an edge -> E : connect cyz - uvw if they
share an edge .

For a given cent,

there arewh such triples neve

· D (Anyz) =p3E Ed = (5)p3 = m3 Y ↓
x= U

·
den

- · WZ· Var(s)=Bayz , #Burn ·
"I y= v

(a) All covariances are zo -Tayz being a a may only increase the prob,of nvw being ay

In coraiances are ? I(b) At least

For such two triples ,

cor (1Axyzc Hauru) = P(bxyz& Duvw)
-P(bxyz) A(Dua) = po- ps =

S
and there are (2) In" such pairs of triples,

(a)&(b) => Var(A) In
Ber(P3)

Hz -

· Use CLT(p.17) forWit
W, (W,z)_ZEHAP

xyz-
* 1)
Interms 2

= The # of triangles A in Erdos-Renyi graph G(n
,p) is approximately normal :

T
where ZwNo

, 1)d)
Ranch A finer analysis => 25 hids iff up -0
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