
⑦ Sperner'sTheorem

Let A family F of subsets of 41, ..., nd is called an antichain

if no member of F is contained in another

E : F = (all subsets of cardinality kY

# [perner) # antichain satisfies I (in2)

Remark : equality achieved for F= Gall subsets of cardinality (2/233 .

Proof Let or Unif(sn) be a random permutation. Consider a random chain
-

-

G : = ( + (4 ,
. . ., ib) : it (1, ..., nb 3 2. 9 .

361754
-

=
-

* antichain F can contain at most I set from any given chain

IFnCall .

On the other hand,
X := /FnCl= Are

B.
=> 1 EX=F=am sinomia

9
C contains exactly I set of size /FI

,
coefficient is the largest.I and this set is uniformly distributed

among all /F1-element subsets of 41, ..., n)

-57-



⑧Hewood-Offord Inequality
· If I signs are chosen at random

, independently,

PE # Fl-- = 03 = Ph#pluses=E3 =z(m) -i
-

neuen)

· If I's are replaced with nonzero weights ,
even better :

·OfodErdisa ses
,

Ex, ..., En be independent Rademacher random var's.

Then Pla ==Ple =o = 2() = E(to()

Prob · WLOG a:
>0 .

· WTS : there are (h) choices of signe (E) such that Isai
= o (*)

· Each such choice is uniquely determined by the set

F = Gi : Ei =+ Y < (1, . .

.,
n3

.

·
These sets form an antichain

Indeed, if FCF', then one can change some"-" signs to "+" signs
4 F : + + + -----

while maintaining Isai = 0 F: + + + + + - --S But this is impossible : since all Glo
,
the sum must get bigger.

(

· Hence
, by Sperner's theorem

,
E at most (hs) such sets F.

=> (*) holds.
B .

S
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① maximal ine vali
-

-NICATION: VARDY- LITTLEWOOD MAX
.

INEQUALIT

& Given a function f :-R & a prof . measureu on R
,
themox function is

I (MA)(n) :

=Sup Sifldy (x)
T

X -

over all founded intervals ICR that contain s.

# (Malnea) #p > 1
,

# f-LP(R
,M) :

E
IIMfIl = CpIfI

- WLOL10
.

WhEl (otherwise MfSfdn = If pointwise

↳ Edyadic intervals : Let's first allow only dyadic interval-

in (*) - those of the form

(k2" ,
(K+12)

,

kel
,

ne 0, 1 ,
2, ...3

Call the corresponding dyadic max ,
function MIf

· Filtration : Fri = + (dyadic intervals of length 24) .
Matingale :

X(n) : =E(f(Fu) (v) = Ffdu where IEFn is the unique

interval7x.

· #f = max Xn . LiMaMaxInegE

I Mfll, = CpIIf 110.

② Indyad
to general intervals :

Fact : Let ICIR be V interval of length1
-

ThenE an interval I which is either o dyadic interal

I
I

or a dyadic interval chifted by 1 S
.

t.

[C]
,

131 * /11
.

Apply a to the dyadic
intervals

& the shifted dyadic
intervals

S J
Sum upa QED

⑳ Extend tof measuon (not just prob
neas



Arication
-

A constructive approach to a generated r-algetic
(announced on p. 16)

· Events EEC)E,
, ..., En) look simple :

E = finite Boolean formular (Es
-, En) (eg . EnEE)

· Events EET (E
,

E2, . . . ) don't all look simple :

EF countable Boolean formular (Ey ,
Ez

,
...
) e. g .

for Borel
,( (

I
E= Quintervals :

· But : "true up to full sets :

(Apeximatinga generated 5-algebra)
TIE

, E,
... J

.Let (2,
F

, D) be a prof . space,

Then E-TE,
E2

,
... ) E Ant(El , ...,

En) :

Elimsup An!

asn+ * =It
/=> P(EbEl)= 0

"countable Boolean formula"

M up to null sets

· Fri= (Er , -... En) , X= E(HE/En]

Ling's upward thm E
Since Eame(UFn) = FoX (15) = HE

· "Quantize" Xu to OK valued -
. V. using f(x) :=[0

fis continuous at
0 and 1 =

f(x) * (1) = He

A

10, 13 and En-measurable

=> f(x) = Fan for come AEE J
n



APPLICATION :Aobabilistic Proof of Stirling's Approximation
-
-

Th (Stirling'sApproximation) n !=(
*

(1+0() as n -+ >

&of following (Nilslid Kort , Emil Aas Stoltenberg , Probability Proofs of Stirling' 2024)

· Y ~Poisson (n) can be expressed as a sum of n iid Poisson (2) riv's ;

each has mean h
,

variance 1
,
third moment - C.

·

Apply Wasserstein
CLT for

W :=I => W(W ,
E) I-30 where EunCo, 1)

· The function h(m) = max (2 ,
07 is -Lipschitz =

(th(w) - Eh(E)/ + 0 as nex .

· Eh(z)=Petan
en/!

· Eh(w)=
= (np(n) - up() + (+ \p(n+1) -n(+) +(zp(+2)

-nn+2) +=)
- - L=

-
-

= L--
check !

check'.

n != J

-1395-


