FIRST EIGENVALUE OF THE LAPLACIAN ON CLOSED RIEMANNIAN
MANIFOLDS

SHOO SETO

ABSTRACT. These are the notes for my talk given at the Kansuron Summer Seminar 2017 held at
Kyushu, Japan on September 6-8, 2017.

1. BRIEF HISTORY

Let (M, g) be a closed Riemannian manifold. We can define the Laplace-Beltrami operator
or the Laplacian locally in some coordinate (z') by the formula
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Since OM = (), we consider the closed eigenvalue problem: Find all real numbers p for which
there exists a nontrivial solution f € C%(M).

Af+pf=0.

By the divergence theorem, there is an immediate necessary condition for such a f, namely,

So if yu # 0, we must have that [, f = 0. We can also get that the eigenvalues are non-negative as

the following shows,
p[ == gar=[ wspzo
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On closed manifolds, we can take f to be some constant so that pg = 0. It can also be shown that
the eigenvalues of the Laplacian are nondecreasing and discrete, so we order them as such,

O=po<pr<p2<...

There is also a variational characterization of the eigenvalues, called the Min-Max Principle:
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Here H denotes the completion of C°°(M) with respect to the (Sobolev) norm
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We will focus mainly on the first eigenvalue p1. We now present a sharp estimate on the first
nonzero eigenvalue of the Laplacian.
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Theorem 1.1 (Lichnerowicz-Obata [2], [5]). Let M be an n-dimensional complete Riemannian
manifold with Ricci curvature Ric > (n — 1)K, K > 0. Then the first nonzero eigenvalue satisfies
w1 > nk = ,ul(S}L(). Furthermore, if 1 = nK, then M is isometric to the constant curvature space
Stk

We present a generalization of this result in two aspects: Integral Ricci curvature and the p-
Laplacian.

1.1. p-Laplacian. The eigenvalue problem can be thought of as the minimizer of the following
Rayleigh quotient (Dirichlet energy) functional

Ju IVI?
F = :
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We can generalize this to the LP norm by
Ju IVfIP
Fo(f) = .
p( ) J"M |f|p

Computing the variation for F, leads to the following eigenvalue equation for the p-Laplacian,

Ap(f) = div(|V P2V f) = —ul fIP2F.
The p-Laplace operator A, is a second order quasilinear elliptic operator and when p = 2 it is the

usual Laplacian. By direct computation, the relation between the p-Laplacian and the Laplacian
is given by

(L.1) Apf = (p—2)|VfP~*Hess f(V,V )+ |V[IP2AS.

While the regularity theory of the p-Laplacian is very different for p # 2 (c.f. [3]), many of the

estimates, including the Lichnerowicz-Obata theorem, can be generalized for general p.

1.2. Integral Ricci curvature. For each x € M"™, denote the smallest eigenvalue for the Ricci
tensor Ric : T,M — T, M, and define Ric® := ((n— 1)K — p(z))4 := max{0, (n — 1)K — p(x)}. Let

I RicX [, = sup ( / (RicX )de>
zeM B(z,R)

The quantity || Ric® ||, r measure the amount of Ricci curvature lying below a given bound, this
this case, (n — 1)K, in the L7 sense. Write the limit as R — oo by || RicX ||,. This generalizes
the pointwise Ricci lower bound since || Ric® ||, zr = 0 if and only if Ric > (n — 1)K. A convenient
quantity we will work with is the normalized L? norm, namely

0= (i [ e )

Many results with the assumption of pointwise Ricci curvature lower bound, for instance Laplace
and volume comparison, have been extended to the integral Ricci curvature setting [0].

2. EIGENVALUE LOWER BOUND

Definition 2.1 (p-Laplacian). Define the p-Laplacian, A, and the corresponding eigenvalue prob-
lem

Ap(f) = div(|V P2V f) = —ul fP72F.

Let 111, be the first non-zero eigenvalue.
In [7], we extend the eigenvalue results of Aubry [1]|, Matei [1], to the setting of integral Ricci
curvature:
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Theorem 2.1 (Lichnerowicz-type estimate (Theorem 1.2 [7])). Let (M™,g) be a complete Rie-
mannian manifold. For ¢ > Z, p > 2 and K > 0, there exists ¢ = &(n,p, ¢, K) such that if

2
| Ric® ||z < e, then

2 \/ﬁ(p—2)+n . K

Ip = n—1)K —2||RicZ ||7] .

Hip (p—l)(\/ﬁ(p—Q)—i—n—l) [( ) ” ||q]
In particular, when Ric > (n — 1)K, we have
2 Vnlp—2)+n .(nfl)K>(n71)K
Lr=np-2)+4n-1 p-1 — p—-1 "

When p = 2, the estimate recovers the Lichnerowicz estimate. For an optimal estimate, we have

=

Theorem 2.2 (Lichnerowicz-Obata-type estimate (Theorem 1.3 [7])). Let M™ be a complete
Riemannian manifold. Then for any o > 1, K > 0, ¢ > 3, and any p > 1, there is an

e =e(n,p,q,o, K) > 0 such that if || Ric® || < e, then
aﬂl,p(M) > Hl,p(S?()~

Proof of Theorem 2.1 lower bound. We will first need to extend the Bochner formula to the p-
Laplacian.

Lemma 2.1 (p-Bochner formula).

Laqwsp)
(2.1) p .
= (0= DIVIP VI + 5 VIP [ Hess 2+ (V£, VAS) + Rie(V £, V)]

We also will need a Sobolev inequality in the integral Ricci curvature setting:

Proposition 2.1. Given ¢ > § and K > 0, there exists ¢ = £(n, ¢, K') such that if M™ is a complete
manifold with || Ric® l; < €, then there is a constant Cs(n, ¢, K') such that

<7[M f) <Cna k) f [VE+2f 12

for all functions f € Wh2,

Now we proceed to prove Theorem 2.1. Integrating (2.1), we have
0= V412 (0~ 2)[TIVAIP + [Hess S + (V1. VAS) + Ric(V£. V)]

M

The key is to show appropriate estimates for each term. By the Cauchy-Schwarz inequalty,
| Hess(Vf,Vf)[> < |V f[*| Hess f[
|Af? < n|Hess f|*.
Combining with (1.1), we can compute that
1 -2
7[ |V f|P~2| Hess f|* > ][ AfAf — p][ |V £[P~2| Hess f|°.

M nJm Vo

so that

1
-2 o 1
][M |V f|P~*| Hess f|* > i —2) ][MAprf.

f VPV V(AL = f ApFAS.
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Integrating by parts,



4 SHOO SETO

The Ricci curvature term can be bounded by

F VIR LTS = (0= DK f (947 [ Riek [ (19417%) 7

Applying the Sobolev inequality,

(f (ws5)™) T <l f wraewsp e f s

Combining these inequalities, we get

n—1+n(p-2)
n++/n(p—2)

+ (-2 -k L) £ v miwar

prfAf+<<n—1> 9| Rick |J%) ][ VP

Choose || RicX |5 small so that ((p —2) — C,|| RicX ||;%) > 0, we can throw the last term away

(here we possibly lose the sharpness of the estimate), we get

0> n—l—l—\fp 2)
n+ v/n(p

Let f be the first eigenfunction for A, i.e., Apf = —u|f[P~2f. Then integrating by parts, we have

D agare -0k 2Rk ;) f 9rp.

F avrar=up-v{ 11rvsP
M M

<up-1(f, \f\p>1_i (1 rwwp)’z’
=@ o-1f 1P

where we used the fact that f is the first eigenfunction so that

1
Four=f v
M B JMm
Combining these, we obtain

2 n—l—l—\/ﬁ(p—Q) : *
e e e R Lt e

0

For the optimal lower bound, the eigenvalue of the p-Laplacian for the sphere is not explicitly
known. Hence, we will first need to show a Faber-Krahn type estimate for the p-Laplacian. The
estimate gives a lower bound of the first eigenvalue of a domain with Dirichlet boundary conditions
comparing to the first eigenvalue of a ball in constant curvature space. Applying the estimate to
each nodal domain and using the fact that the nodal domain of the first Dirichlet eigenvalue on
a sphere is a hemisphere, we can show that the lower bound is achieved by a sphere. See [7] for
details.
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