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I. Holomorphic and harmonic functions

1 Complex numbers and geometry

1.1 Complex number field

In the field of the real numbers IR, we know that z? + 1 has no roots. It
would be ideal if every polynomial of degree n had n roots. To remedy this
situation, we introduce an imaginary number i = /—1 (i> = 1). Then the
polynomial z? + 1 has two roots: .

Viewing a point (x,y) in zy-plane, we introduce a corresponding complex
number
(1.1) z=x+1y, C={z=zx+iy:z,y € R}

Here z is the real part of z which is denoted by Re z and y is the imaginary
part of z which is denoted by Im z.

e Two operations on C.
For zy = x1 + iy1, 20 = 29 + 1yo € C, we define two operations:

e Addition:
(1.2) 21+ 20 = (X1 + x2) +i(y1 + y2)
e Multiplication:
(1.3) 2122 =1 (1122 — Y1Y2) + i(T1Y2 + T2y1).
It is easy to verify the following proposition.

Proposition 1.1 (C;+,-) forms a number field.

It is called the complex number field.
Question: Is (C;+,-) an order field?

For each z = x 4 iy € C, the complex conjugate z of z and the norm |z|
of z are defined as follows:

(1.4) Z=x—iy and [z|°=7Z-2=2"+¢%
Then



1. The additive inverse of z is
2=z +i(~y)

ii. When z # 0, the multiplicative inverse of z is

1 z x .y

B N

iii. 2> = 2.7 =2 + y%
iv.z="Rez=1%(z+%), y=1Imz=(z—72).
EXAMPLE 1 What is the complex number 2%31?

Solution. .
1 2431 2 .3
= =4

2-3 224+32 13 13

More generally, one can compute 1/z as follows:

L
(1.5) -

Y
L

1.2 Geometry of the complex numbers

1.2.1 Euler’s Formula

Let |z| be the distance from z = x + iy to 0 = 0 + 40, let § be the angle
between the line segment [0, z] and the z-axis. Then

x=|z|cosf, y=|z|sinf, z=|z|(cosf+isinf) = |z|e?
where
(1.6) e = cos +isinf

is Euler’s formula.



One can prove Euler’s formula by noting that

0

[ et

>0
& ()& (ig)H
N nz:% (2n)! +§0 (2n +1)!
(—1)me% & (—1)rgrH!

M]3

n=0

ol T

(2n +1)!

cosf +isind.

e Fact: Given two complex numbers z = |z|e? and w = |w|e*, one has

(1.7)

2w = |z||wle

60 eiap —

|2l |wle

i(04+p)

and

2wl = [2]|w].

Proposition 1.2 (Triangle Inequality) If z,w € C, then

Proof.

|z 4+ wl?

|2+ w| < 2] + |w].

IN

(z 4+ w)(z +w)

ZZ + 2w + wZ + ww
|2* + [w]* + (2w + 2)
|22 + |w|® + 2Re (zw0)
|2 + |w|* + 2|20

|2 + [w]* + 2| 20|
|21 + [w]? + 2]z[w]
(2] + |w])?
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This implies that
|2+ w| < |z] + [w].

Moreover, by mathematical induction, one can prove that if z;,---, 2z, € C,
then
(1.8) |21+ 4 2| <z + -+ |zl
0
Proposition 1.3 (Cauchy-Schwartz Inequality) Ifz,---,z, andwy, -, w, €
C, then
2 n n
(1.9) ;| < (] 15 [wy?)
j=1 j=1

Proof. For any A\ € C, one has

0 < D |z — Ayl

= D (2 = dwy)(5 — M)

j=1
= Z |z]|2 ( Z Zjwj + /\Zwa%) + |)‘| Z |wJ|2
7j=1 7j=1 7=1 7=1

If we choose A = 327_; zjw; /(3] |w;]?) then

2
n 0 . n
’E?:I Zawj‘ \E}Ll ijj‘
0 = Z|Zj|2_2 w2 - 22|w]|2
= 1 (o fuyl?) =
2
- Siap- 2]
’ g1 [wjl?

This implies that

< <z |zjr2><§:l )



1.3 Holomorphic linear factional maps

1.3.1  Self-maps of unit circle and the unit disc.

Let

(1.10) D(0,1)={z€C:|z| <1}

be the unit disk centered at the origin and

(1.11) T=0D0,1)={2€C:|z| =1} ={?:0 c[0,2m)}

be the unit circle in the complex plane.

For any a € D(0, 1), we define

a—z
= — € D(0,1).
1—az (0,1)

(1.10) a(2)

THEOREM 1.4 For any a € D(0,1) we have
i. $a(0) =a and ¢.(a) = 0;
. ;" = da;
1. Qo T — T, so it is one-to-one and onto;
. ¢q : D(0,1) = D(0,1), so it is one-to-one and onto.

Proof. For Part 1, it is easy to see that ¢,(0) = a and ¢,(a) = 0.
For Part 2, since
a—da(z) a(l—az)—(a—2) z(1—]a])
_ _ .

9a(Pa(2)) = 1 —ade(z) 1-az—ala—z)  1—|a

This proves ¢, ' = ¢,.
For Part 3, for any z € T', one has

ez |2 [1-az] _

|6a(2)] = [2110a(2)] = [Zll¢a(2)] = [2¢a(2)] =

1—az| |1—az|

This implies ¢, : T'— T'. Combining this with Part 2, one has ¢, : T" — T
is one-to-one and onto.



Finally, for part 4, notice that

|a(2)|* < 1 2 —al* < [1 —azl?

|z|* = 2Re@z + |a|* < 1 — 2Reaz + |a|?|z|?
2* + |af* < 1+ af*|2[?

lal* (1 — |2*) <1 -2

2> < 1.

171110

This proves the first part of Part 4, combining this with Part 2, one has
completed the proof of Part 4 and the proof of the theorem.

1.3.2 Maps from line to circle and upper half plane to disc.
THEOREM 1.5 (Cayley Transformation) The transformation

zZ—1

(1.11) C(z) = py

is a one-to-one and onto map of the real line R to the unit circle T\ {1} and
a bijection from the upper half plane R2 = {z € C : Imz > 0} to the unit
disc D(0,1).

Proof. If w = C(z) then

1
w(z+2’):z—z’<:>z(1—w):z'w—|—i:i(w—|—1)<:>z:i1+w.

—w
Thus

1+2

1.12 Cl2) =i :
(112) () =i
Moreover,

IC(2)| =1 <= [z—i’=|z+i]* &= ~Imz=Imz <= Imz=0.
This implies that C' : R — 7'\ {1} is one-to-one and onto. Similarly, one has
IC(2) <1 <= [z—i < |z+i]* &= —-Imz<Imz <= Imz>0.

Thus C : R — D(0,1) is one to one and onto. 0

10



2 Smooth functions on domains in C

2.1 Notation and definitions

Let
z=x+1iy, zZ=x—1y¢€ C.

e We use the following notation

0 1,0 .0 0 1.0 0

Then

0_0, 0 0o 0

ox 0z 0z Oy ‘0z 0z

o, oy, O _0y_

%_1’ 8y_1’ 8y_8x_0
and

0z 0z Jz 0z
e Differential: dz = dx + idy and dz = dz — idy. Moreover,
0 0

e Domains in the complex plane:

An open and connected set D in R? is called o domain in R? or C.
D denotes the closure of D.

EXAMPLE 2 Ezamples of domains:
(i) ]R%r ={z € C:Im(z) > 0}, the upper half plane.
(i) D(0,1) = {z € C: |z| < 1}, the unit disc centered at 0.

The closure of D(0,1) is D(0,1) ={z € C: |z| < 1}.

e C* functions
Let D be a domain in C. Let u be a real-valued function on D (u: D —
R). Let C°(D) (C°(D)) denote the set of all continuous functions on D (on

D). For any non-negative integer k, one has the following definitions.

11



(i) We say that u € C*(D) (C*(D)) if the partial derivatives of u satisfy

(2.4 o (:0) € CD) (D))

forall @, >0and m=:a+ (5 < k.

(ii) We say a complex valued function f = u+iv € C*(D) if u € C*(D) and
v € C*(D). Here u and v are real-valued functions.

Remark: Since x = (2 4+ 2)/2 and y = (2 — 2)/(2i), one can see that any
function u(z,y) on D can be viewed as a function of z and z.

EXAMPLE 3 Examples of transforming functions of x and y into func-
tions of z and Z.

(i) u(z, )—fﬂ—y— (Z+Z)+%(Z—?)
(zz)u—:c +y? —ay =22+ (2" —

Proposition 2.1 Let f € C*(D). Then
of,  of, _9f of

(2.5) & = G+ oy =5 ds +
Proof. Since
s = (o~ iy aa idy) = (Lo v Ly G ay - SLa
Similarly,
Z‘Zdz _ ;(gidx + g“;dy) _ ;(gidy _ Zidw)
Therefore,
a‘id +afd gfd +a§

2.2 Polynomial of degree n
Definition 2.2 A polynomial P, of x and y is of degree n if and only if

Poz,y)= > aesz®y’.
a+5=0

and for some «, B with o+ 8 =n, aqp # 0.

12



Proposition 2.3 Transforming a polynomial of x and y into a polynomial
of z and Z.

(a) Any polynomial of degree n in x and y can be written as:

Z aagxayﬁ = Z Aaﬁzaiﬁ
a+B=0 a+B=0

(b) P,(x,y) = 0 for all (z,y) € R? if and only if ans = Aaps = 0 for all
o, € N.
Proof. Notice that

Po(z,y) = > Y anpz®y’

k=0 a+p=k

= Z > aa5< z—irz)>CY (21,(2—2))5

k=0 a+pB=k L

= Z Z Aaﬂzaéﬂ

k=0 a+p=k
n
= Z Aa,gzaé’g.
a+£=0
We sometimes denote the last summation as P,(z, z). Part (a) is proved.

Proof of Part (b): The backwards direction is easy. For the forward
direction, notice that

O (2Py?) 0, if either p < aorg< f
(2'6) dxdyP - g—!!g',xp T ﬁ if p>aandq> 0.

If for all (z,y) € R?, P,(x,y) = 0, then after applying W to both sides
and evaluating at (0,0), one has

alBlags = 0.
Thus, Yo, 3, aas = 0. Similarly, notice that
ok (2Pz9) 0, if either p < aw or g < f8
(2.7) 920078 %g—!!zp_o‘éq_ﬁ, it p>aand ¢ > S.

After applying the operator % to both sides and evaluating at z = 0,
one has
alBlA.s =0,

which implies that A,s = 0. Proof of part (b) is complete. [

13



2.3 Rules of differentiations

(i) Some rules for differentiations:

0 _af 89 0 _af 9y,
T =5-+5 F(f+9) =5+
O O 00 D OF O
3(]”)_3’29#35 3(f)_3§9—f35.
0z \g g2 T 0z \g g2 ’

(ii) The chain rule:

Ohof OhOf OhOf
9z  Owoz @ 0wo:
Ohof _0hdf  ohof
0z owdz Owoz

EXAMPLE 4 Let g = el*"+%*. Find % and %

Solution. We can write: h(w) = ¢ev, f = |z|*+ 2% and g = ho f. Then

09 _ OhO(=P+2)  OhOTET ) _ p.
0z Ow 0z ow 0z —

(Z + 22)

and ) )
99 _ e|z\2+z28(|z| +2%)
0z 0z

2 2
= el +27

14



Homework 1: Complex numbers and maps.

1. Prove that, for any complex numbers z and w.
(1) |z +w]® = [2]* + Jw|* + 2Re (2);
(i) |z + wf® + |2 — w]* = 2|2 + 2|w[%;
Z—Ww 2 1—22 1—’!1}2
) 1 - | = = Gt

2. Prove the following Lagrange’s identity:

n 2 n n
DI D S Ee S I L S Er e e
j=1 Jj=1 Jj=1

1<j<k<n

(This identity implies Cauchy-Schwarz’s inequality).
3. Prove
(cosf + isinB)" = cos(nh) + isin(nh)

4. Let 21, -+, z, € C be n complex numbers such that
‘ Z ZjU)j‘ S 1
j=1

for all wy, - - -, w, € C with 37, Jw;|* < 1. Prove 3J_, [2]* < 1.
5. Let p(z) = ap+ a1z +- -+ a,2". Let zy € C be a zero of p(2) (p(z0) =0.)
(i) If all ag, - - -, a,, are real numbers, then p(zy) = 0;
(i) Provide a counter example shows that (i) fails if not all ag, - - -, a,, are
real.
6. Prove the Cayley transform:

11—z
7
1+=2

¢(2) =

maps the unit disc D(0,1) = {z € C : |z| < 1} one-to-one onto the upper
half plane R = {z € C : Im (2) > 0}.
7. Let L

az

where a, 3,7, are real numbers and ad — Sy > 0. Prove ¢ : ]R%r — ]Ri is
one-to -one and onto. Conversely, if

_az—i—b
ez 4d

u(z) :RY —» R

15



is one-to-one and onto, then a,b,c,d are real (after multiplying numerator
and denominator by a constant) and ad — bc > 0.
8. Let A= {z 6 C:1/2 < |z| <2}, and ¢(z) = z + 2. Compute ¢(A).

oz (1Y°).
1(). Let F': C — C be a polynomial. Suppose that

O*F
Prove that

F(z,2) = 2G(z) + (?)
11. If f: C — Cis C! function such that af az = 0, then f is a constant.
12. If f is a real-valued holomorphic polynomlal then f(z) must be a con-
stant.

16



3 Holomorphic, harmonic functions

3.1 Holomorphic functions and C-R equations

Definition 3.1 Let f € CY(D) be a complez-valued function. We say that
f is holomorphic in D if %(;) =0 on D. We call %(z) = 0 the Cauchy-
Riemann equation.

EXAMPLE 5 f(z,2) =2 = 3(z + 2) is not a holomorphic function on C.

Proof. Since for all z € C
of 1[0z 0z 1
ag_z<az+az> =370
2 is not a holomorphic function anywhere on C.

Proposition 3.2 P, is a holomorphic polynomial of degree n if and only if
Po(z) =" ap2”.
k=0
Proof. Without loss of generality,

n
P=3
k=0 a+p

Aagzazﬂ.
k

Notice that
aPn - an=p—1
o = E E Az Bz =0

k=1 a+B=k,3>0
for all z € C if and only if A,g = 0 for all 8 > 0. Therefore,

Pn = Z Aaoza.

a=0
The proof of is complete. [

e Cauchy-Riemann equations

17



Proposition 3.3 f(z) = u(z) + iv(z) € C*(D) is holomorphic in D if and
only if u and v satisfy the following equations:

ou Ov v ou
3.1 — == d —=—— D.
(3:1) or oy " oar oy
These equations are also called the Cauchy-Riemann equations (CR-
equations. )

Proof. Notice that since

f(z)  1,0f of
oz = 3z, tig,)
1,0u Ov ou Ov
e 27))

- 5(%+Z%+i(8y y
B 1(8u ov . 0v %))

or 0Oy +Z(% * (3y

2
one has
ou _ v
(3.2) % =0 onD <= { g 9. on D.
0z L=t
ox Jy

The proof is complete. 0

Definition 3.4 For any domain D in C, O(D) denotes the set of all holo-
morphic functions in D.

THEOREM 3.5 (O(D),+,-) forms an algebra (i.e. for f,g € O(D), f+
g€ OD), and f-g€ O(D)).

Proof. If f,g € O(D), then f+ g € O(D) and fg € O(D). 0

3.2 Harmonic functions

Definition 3.6 The Laplace operator or Laplacian, denoted A, is a second
order elliptic operator defined by

0? 0?
“ o o
Let u € C?*(D), we say that u is harmonic in D if and only if Au =0 on D.

(3.3)

18



e Laplacian in z and Z
: 0 o) : : 92 02
We express A in terms of 5~ and 4=. Notice that since a5y — Buoms One

has

2 2 92
%) o _ 9,0 0, *  * _

A R T T i e i

Proposition 3.7 If f = u + v is holomorphic in D then u and v are har-
monic in D. Here v is called the harmonic conjugate of u.

Proof. Since f = w + v is holomorphic, u and v satisfy the Cauchy-
Riemann equations:

ou Ov ou ov

—=— and — =——.

or 0Oy oy ox
Thus, without loss of generality, we may assume that u, v € C%(D) (since we
will prove u,v € C*(D)). Hence we can take second order partials and get

u  O*u 0% 0%

0x? + 0y? - oxdy  Oydx =0

and
0%v 0% 0%u 0%u

0x? + 0y? B 0xdy B 0yox -
Using the expression of the Laplacian in terms of z and z, we have
92 92 92
020z 020z  0z20%

0.

.. . 2 2 . .
This implies that aaz 5= = ;z 5= = 0 since A is a real operator. [

Corollary 3.8 Let f = u + iv be holomorphic in D. Then u is a constant
implies that f 1s constant.

Proof. Let f be holomorphic in D. Using that u and v satisfy the Cauchy-
Riemann equations and that u is a constant, we have

ov  Ou ov  Ou
% = 87y = O, and -_— 0

Therefore, v is a constant. Thus, f = u 4 v is a constant. [

19



Proposition 3.9 If f is holomorphic in D then
(i) Alf(2)]> = 4|1 on D;

(1) If | f|? is harmonic in D, then f is a constant.

Proof. (i) Since f is holomorphic, one has
’f(2)f(z) _, 0 0f(z), _ ,0f(2) 0f(2) _ ,10f(2)p
_ 2 _ = 4— = =
0= AR =4 5 =45 U 5 ) =470, 5 =475,
(i) If | f|* is harmonic then A|f|? = 0. The previous identity implies that

% = 0 and since f is holomorphic, % = 0. Therefore, the gradient of f
Vf= (%, %) = (0,0). So f is a constant. @

3.3 Translation formula for Laplacian

THEOREM 3.10 If f : D — G is holomorphic and u € C?*(G) is a func-
tion in G, then
(i) The invariant property for Laplacian

2

of(2)
0z

(35) Ao f(2) = (Au)(f(2)) \

(ii) If w is harmonic in G then wo f is harmonic in D.

Proof. (i) We compute A(uo f) on D. Since

Aluo f) = 48252(;;)
- e G )
- 1 (G2
— (o 20 4 22100

2

= (Au)of‘a‘g(j)

(i) If w is harmonic in G then (Au)o f = 0 on D. Therefore, uo f is
harmonic in D. [

20



4 Line integral and cohomology group

4.1 Line integrals

e Wedge product. We need the following definitions and notation on the
wedge product and differential forms

(4.1) de Ndr =dyNdy =0, dxANdy=—dyAdx
e Differential 1-form is:
(4.2) u = uydz + usdy,

where u; and uy are functions of x and y. We define

Ouy  Ou
(4.3) du =: duy N\ dx + dus N\ dy = (a—; — 8—;)611: A dy.

Definition 4.1 Let y(t) = (z(t),y(t)) : [0,1] = IR? be a piecewise O curve,
and u = uydx + usdy a I-form where uy and ug are integrable functions on
~v. Then the line integral of u on v is defined by

@) fu= [ul®pw)e ) (e, yo)y

EXAMPLE 6 Let v(t) = (acost,bsint) : [0,7] — R?. Fvaluate the line
integral

/(ac3 — y*)dx + 2xydy.
8!
Solution. Since
/(x3 — y*)dx + 2xydy
.

= / (a® cos®t — b*sint)d(a cost) + 2abcost sin td(bsint)
0

= / (a*cos®t — ab?® sin® t)(— sint)dt + 2ab* cos® t sin tdt
0

4 3 2
VI _cos®l, 2ab 3 4|7
= [4cost ab”(cost 3 ) 5 cos t]‘o
1. 2ab?

= 2lab*(1 - =

(1 - 5+ 240
_ 8ab?
= =
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EXAMPLE 7 Let y(t) = (acost,bsint) : [0,27] — R?. Show the line
integral

/a:gdx —y’dy = 0.
.

Proof. Since

4 .6
3dw — iy = d(% — L
z'de —y’dy = d(- — &)
and v(0) = v(27), one has
4 .6
(2)
Sde — fdy = (— — L) =0
/ﬁ voydy =5 6)‘7(0)

4.2 Cohomology group

e Exact forms and closed forms

Definition 4.2 Let u = uidx + usdy be a one-form in a domain D with
uj € C(D). Then

(i) We say that uydz + uady is exact in D if and only if there exists a
differentiable function v on D such that dv = uydz + usdy (i.e. % =uy and
v _ n D
oy =u2 in D)

(ii) We say that uydx + uady (with u; € CY(D)) is closed in D if and

only if d(uydx + usdy) = 0. In other words, %—1;1 = % on D.

Proposition 4.3 If uydz +usdy is exact in D with u; € C*(D) then uydx +
usdy s closed in D.

Proof. Notice that uidr + usdy in D is exact implies there exists v such
that dv = uydx + usdy in D. Then

0*v B 0%
Oxdy  Oyox
Therefore, uidx + usdy is closed in D. [

d(uydx + ugdy) = d*v = ( Ydx A dy = 0.
e Cohomology group

Definition 4.4 Let D be a domain in C. Then the cohomology group H'(D)
on D is defined by

HY(D) = {closed one-forms in D}/{exact one forms in D}
Af =wdr +udy : u; € CY(D),df =0}/{dg : g € C*(D)}.
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Question: When is H'(D) = 07?

Definition 4.5 Let D be a domain in C = R®. We say that D is simply
connected if any loop based any point p € D can be continuously shrunk to
the point p.

THEOREM 4.6 Let D be a simply connected domain in R*.  Then
H'(D) = {0}.

Proof. Let f = ujde+usdy with u; € C(D) is closed one-form. We want to
find a function g such that dg = f. Take a point py € D. Let p = (x,y) € D
and 7, : [0,1] — D be a piecewise C' curve with 7;(0) = py and 71(1) = p.
Define a function g by

(4.5) g(x,y) = / urdx + ugdy.
7

Since D is simply connected, we claim that g(z,y) is independent of the
choice of v; by Stokes” theorem. That is, we will show that for any other
piecewise C'! curve 7, : [0,1] € D such that v(0) = py and (1) = p = (z,y)
that

g(x,y) = / urdx + usdy.
Y2

() =), 0<t<1, and y(t)=%2-1), 1<t<2
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Then 7 is a closed, piecewise C' curve. Call the domain bounded by v D,
Since D is simply connected, one has that D, C D. By Stokes’ theorem,
since f is closed one form (df = 0), one has

/uldm+u2dy:/f:/ df:/ Odx A dy = 0.
v Y Dy D
This implies that
/ urdx + usdy = / urdr + uody.
71 Y2
Therefore, g is well-defined. Now let v3 : [0,1 4+ h] — D by 73(t) = (t)

when 0 <¢ <1 and y3(t) = (x+ (t —1),y) when 1 <t <14 h. When h is
sufficiently small, v3(t) C D. Then

g _ o v@thy) — o)
o1
= ]llli% h(/% urdx + usdy — /71 w dr + u2dy)
. Lot
— }11%[5/0 wi(@ +ty) — (2, y)dt +ui (2, y)
= U (ZE, y)
since %Z is continuous in D. Similarly, g—z = uy. Therefore, dg = f. Therefore,
f is exact. So, H'(D) = 0. The proof is complete. 10
Note. The converse of the above theorem fails: ——%—-dr+ —%-dy is closed

22+y2 22+y2
one-form in D = IR*\ {(0,0)}, but it is not exact. The demonstration is given
in next topic.

4.3 Harmonic conjugate

QUESTION 1 Let D be a domain in C and v a harmonic function on
D. Is there a harmonic function v on D such that f(z) = u(z) + iv(z) is
holomorphic in D? If such a v exists, then we call it a harmonic conjugate

of u.

In general, the answer is no as seen in the next example.
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EXAMPLE 8 Let u = log|z|?, 2 € D = C\ {0}. Then u is harmonic in
D but it does not have a harmonic conjugate in D.

Proof. If there is a v such that f = u + v is holomorphic in D, then

ov ov ou ou
dv=L0de + Lay = ~Laz + L
R P T R TR P

Let «y : [0,27] — C be defined by v(6) = €. Then
0 = dv
gl
ou ou

= [P+

oy :L‘+a Y
Sy p— ° dy

.
= 2 /zﬂ(— sin @(—sin @) + cos 6 cos 6)do
= 477?
This is a contradiction. [
e Existence of harmonic conjugate
We will prove the following theorem.

Corollary 4.7 If D is simply connected in C and if u is harmonic in D, then
there is a harmonic function v on D such that f = u + iv is holomorphic in

D.

Proof. Since u is harmonic in D, we have

ou ou
Mg 2y
oy T o™
is a closed 1-form in D. By theorem 4.6, there is a v € C''(D) such that
ou ou
dv = —Ldz + g
v oy T+ o7 Y
This implies
ov Ju Jdv  Ou
PR g T D.
Ox oy a oy Oz’ on

Therefore, u + iv is holomorphic in D and v is harmonic in D, which is a
conjugate harmonic function of w on D. 1
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5 Complex line integrals

5.1 Definition and examples
A piecewise C'! curve v : [a,b] — C is given by
(5.1) V() ==x(t) +iy(t), tela,b]

Let
h = fdz+ gdz

be a continuous one-form. We define the complex line integral:
b
(5.2) / h= / fdz + gdz = / Fla(t) +iy(0)2 (0)dt + g(=(t)Z (t)dt.
v Y a
EXAMPLE 9 FEvaluate

/ (22 4+ 2%)dz + 2*zdz

|z|=1

Solution. We can parametrize the unit circle |z| = 1 as follows:
2(t) = cost +isint =e": te[0,2n].

This parametrization gives the unit circle a counter-clockwise orientation.
Then

27 . . . . . .
/| (PP 2 = / ((€M)? + (e7t)Yieltdt + (eit)2e~(—i)e~dt
z|l=1 0

2. )
= z/ (¥ 4+ e —1)dt
0

1 . 1 . 27
— i[i.e&t _ fe—zt o t]‘
31 1
= —2m.

EXAMPLE 10 Let f be complex-valued differentiable function in D. Let
y(t) = x(t) +iy(t) : [a,b] — D be a piecewise C* curve. Then

(53) [ = 1) = F(a)).
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Solution. Since

df = gidz + g];dz,
by the chain rule
0 0 —
Afort) = LG Wi+ 20
0 0
= (a‘zdz + éﬁ Z) |z (=)

Therefore,

of , ,Of [ _ _
[ = [ Godz+Gdz= [ a7 on(0) = F40) - f(r(a).
EXAMPLE 11 Lety(t) = (1 —t)+i(1+1t):[0,1] — C. Evaluate
/z3dz + (|22 + 2)dz
vy
Solution. Since v(0) =1+ ¢ and y(1) = 2i, we have
/ Bdz+ (|2 +7%)dz = /(z3dz +Z%dz) + |2|2dz
¥ v
_ 1, 13 2 1
— /d(4z +57) +|2dz

Y
77+ 57 )\Z:7(0)+/7|z| iz
2

(

(20)' = (1 +49)" (=20 - (1 —-1i)°
B 1 * 3

+/0 (1= 2+ (1+ )% (=1 — i)t

1644 8i+2(1—i 1
_ 16+d S Z)—2(1+z‘)/[1+t?]dt
4 3 0
17
- §+2z—2(1+)/[1+t]dt
17 . 8(1+1)
= Lygi—
g T 3
_ 17-8  8-6
N 3 3
1.2,
= 3—-i.
3
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5.2 Green’s theorem for complex line integral

THEOREM 5.1 Let D be a bounded domain in C with piecewise C* bound-
ary. Let f,g € C(D)NCY(D). Then

(5.4) /aD f(z,2)dz + g(z,7)dz = 2i / (8]”(22,2) B 89(82,2)

)dA.
D
Proof. By Stokes’ theorem and dz A dz = 2idx A dy = 2idA, one has

| 12z tgzaz = [ d(f(z2)d + g(z2)d)
oD D
- /df/\dz+dgAd§

B of dg
_ /Da dz /\dz—i—a dz A dz

8f (2,2)  0y(z,%2)
2 / 0z

)dA.

The proof is complete. 0
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6 Complex differentiation

6.1 Definition of complex differentiation

e Linear Approximation.
Let f(z,y) be a continuously differentiable function on D C IR*. Let
(x0,y0) € D. Then by Taylor’s theorem,

F,) = £ o)+ 5 (0 o) =) 5 o ) =)+ 0 9) (0. )] )

Similarly

61)  F(2) = 10)+ 9 (20)(z = 2) + o ()= — 2] o]z — )

e Definition of complex differentiation.

Definition 6.1 If f(z) is a complez-valued function in a domain D C C
and zp € D, we say that f(z) is complex differentiable at zo if

(6.2) f'(20) =: lim

exists in C.

6.2 Properties of complex derivatives

Proposition 6.2 Let f be a complex-valued function in a domain D and
20 € D. If f'(20) ewists, then

0)
i f'(20) = 5L (=)
ii. f'(20) = =15 (20);

i f'(20) = % (z);

. ZL(z) = 0.
Proof. By hypothesis, f'(z) = lim,_,,, % exists.

Part 1 follows by taking the path of the limit > = « + 1Yo — 2p.

Part 2 follows by taking the path of limit z = x¢ + iy — 2.

Part 3 and Part 4 are the combinations of Part 1 and Part 2;
0
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THEOREM 6.3 Let f be a complex-valued function on D. Then f'(z) €
C(D) if and only if f is holomorphic in D.

Proof. If f'(z) € C(D) then f is continuous on D and by the previous
proposition f € C*(D) and % = 0. Therefore, f is holomorphic in D.

Conversely, if f is holomorphic in D then f € C'(D) and % =0on D.
For any 2y € D, we have

of

Fz) = f(z) = 57(20)(z = z0) + gjzt(z())(z — Zo) + o(|z — z])
of
= 5(20)(2 — 20) + o(|z — 20)
Therefore, 5
() = 2L ()

exists for all zp € D and f'(z) = % € C(D). The proof of the theorem is
complete. 10

6.3 Complex anti-derivative

Definition 6.4 Let f, F' € O(D). We say that F is an (complez) antideriva-

tive of f(z) on D if F'(2) = f(z) or & = f(2) on D.

Recall: We know that if f € Cla,b] then f has an antiderivative on [a, b]
which is F(x) = [V f(t) dt.

Question: For any f € O(D), does f have an (complex) anti-derivative
FeOD)

Answer: No, in general.

EXAMPLE 12 The function f(z) = 1/z is holomorphic in D =: C\ {0},

but it does not have anti-derivative on D.

Proof. If thereis an F' € O(D) with F'(z) = f(z) on D, then

oF oF 1
F = — — (7 = — —
d P dz + = dz = f(z)dz Zdz
Thus
1 ™1 )
0= / dF = —dz = / —.gze’ df = 271
|z|=1 |z|=1 2 0o €
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This is a contradiction. [

However, we have the following theorem.

THEOREM 6.5 Let D be a simply connected domain in C. Then for any
f € O(D) there is a F € O(D) such that F'(z) = f(z) on D

Proof. Let D be a simply connected domain in C and f € O(D). We want
to find F' € O(D) such that F'(z) = f(z). We define

F(z) = /z f(2)dz

20

The integral is interpreted as a line integral along a piecewise C! curve
from 2y to z in D. Since D is simply connected, by Stokes’ theorem or Green’s
theorem, F'(z) is well-defined on D. Then

lim LGN ZFE) limflL/:Jrhf(Z)dz
1 1

h—0 h h—0

= limﬁ f(z + th)hdt

h—0 0
- %/Olf(zﬂh)dt
= f(2).
Therefore, F'(z) = f(z).

EXAMPLE 13 Let f(z) = 2" forn € Z. Forn # —1, f has a holomorphic

anti-derivative on D = C\ {0}.
Proof. For any integer n # —1, we let F|(2) = ——2"*!1. F(2) is holomor-

1+n
phic in D and F'(z) = 2" = f(z) on D. 1
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HW 2: Holomorphic/harmonic functions

1. (i) Prove that if f is holomorphic on U C C and f(z) # 0 on U, then

g2
0z

(i))If f is harmonic and real-valued on U C C and nonvanishing then

A(f17) = p*f177?

, p>0.

0 0
A(F#) = plo — DUV F P = plo— DI 20 + |a§ 2)

2. Let U be a connected open set U on C. Suppose that GGy, G5 are holomor-

phic on U and

oGy 0G,

0z 0z
Prove G; — G5 =constant.
3. Prove f(z) = 1/z does not have a holomorphic anti-derivative on
A0;1,2) ={z € C:1 < |z < 2}.
4. Let f be holomorphic function on an open set U C C and assume that f
has a holomorphic antiderivative F'. Does F' have a holomorphic antideriva-
tive on U?
5. If f has a holomorphic anti-derivative on the domain U in C. If {z € C:
z=1¢€"0<t<2r} CU then

27 L
/ fe®)edt =0
0

6. Let f be holomorphic in the disc D(0,r) (centered at 0 with radius r).
For any z € D(0,r), we let

Prove F'(z) = f(z) on D(0,r).
7. Compute the following integrals:

(a) f zZ+2%dz, v is the unit square clockwise orientation (centered at 0)
2l

(b) 7{ ﬁdz, v is the triangle with vertices1+0¢, 044, 0—% clockwise orientation .
o Z
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() j{ 2/dz, +is the unit circle counter clockwise orientation (centered at 0)
v

where j is any integer.
8. Let U be an open set in C. If f: U — C has complex derivatives at each
point of U, then f is continuous in U.
9. Let U be a simply connected domain in C and let u € C*(U) and u is
harmonic in U \ {2z} for some 2z, € U. Prove there is holomorphic function
f on U such that Re f = u.
10. Compute the following line integrals:

(a) Let v be the circle centered at 0 with radius 3 with counterclockwise

orientation. Then evaluate )

y{ c dz
'yZ—l

(b) Let v be the circle centered at 0 with radius 1 with counterclockwise
orientation. Then evaluate

z

7§(H4)<z—1+¢)dz

(c) Let v be the circle centered at 2 + ¢ with radius 3 with clockwise
orientation. Then evaluate

z(z+3) s
72 (z—8)(z+z')d

11. Let D be a bounded domain in C with C' boundary. Let v be a pa-
rameterization of 9D counterclockwise. If f is a continuous function on 9D.

Then )
F(z):—j{ S gy s e
21 Jyw — 2

is holomorphic in D.
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II. Cauchy Integral and Applications

7 Cauchy’s theorem and Morera’s theorem

The main purpose of this chapter is to develop a reproducing formula for
holomorphic functions on a bounded domain. We will apply the formula to
study entire holomorphic functions, etc..

7.1 Cauchy’s theorems

Let D be a bounded domain in C with piecewise C* boundary 0D which is
parametrized with a counter clockwise orientation.

EXAMPLE 14 Let D ={z€ C:1 < |z| <2}. Then
0D =0D(0,2) U (—9D(0,1))
where the — sign denotes that 0D(0,1) is parametrized clockwise. Moreover,
/ F(2)dz + g(2)dz
oD
2 . . X . 2T . . . .
= [T p@etydet) + g2eta(ze ) [T fed(e) + gle)d(e )
0 0

1
/ —dz = 0.
oD %

Proof. The first part is a straight forward application of the definition of
the complex line integral. We calculate the last part as follows:

In particular,

1 1 e 1 4 )
/ —dz = / ——2e"dl — / —ie”df = 27 — 2wi = 0.
oD Z 0o 2et o e

0
Notice that % is holomorphic in D and continuous on D. In general, one
has the following Cauchy theorem

THEOREM 7.1 (Cauchy’s Theorem) Let D be a bounded domain in C
with piecewise C' boundary. Let f € O(D)NC (D). Then

/8Df(z)dz:O.
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Proof. Applying Stokes’ theorem, we have

) B
/BD F(2)dz = /D d(f(2)dz) = /D a‘Zdz Adz+ a];dz/\ dz =0

This gives the proof of the theorem. [

EXAMPLE 15 Let vy : [a,b] — C be a piecewise C* simple closed curve
with positive orientation. Let D be the region bounded by v and suppose

0e D. Then )
/ —dz = 2mi.
L4

Proof. Choose € > 0 small enough so that D(0,2¢) C D. Let

D.= D\ D(0,¢)
Then

1 1
—dz = / —dz
aD z

S~
I\

1 1
= / —dz + —dz
D 2 aD(0€) 2
1
= 0+ —dz
dD(0,e) 2
_ /27r 1 d( i9)
 Jo eet? e
27
- / ido
0
= 2m

The proof is complete. 0
EXAMPLE 16 Fvaluate

1
/72d2’,
v &

where v is the unit square in C: {z : z =x++2i orz = £2+ iy : =2 <
x,y <2},

Solution. Since % = (—%)l, we have d(—1) = %dz. Since 7 is a closed
curve in C \ {0}, we have

A;dz:Ld<—i>:O.
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EXAMPLE 17 FEvaluate

et

where 7y is the unit square in C.

Solution. Since 1 is in the domain bounded by v, we can mimic the proof
1

of example 2 to show that [, -—5dz = 2mi. Thus,

1 1 1 i 4
/7dz:/ — —dz =21 — 2w =0
v z(z—1) v(z—=1) =z

7.2 Morera’s theorem

The following statement of Morera’s theorem is, in some sense, the converse
of Cauchy’s theorem.

THEOREM 7.2 (Morera’s Theorem) Let f € C(D(0,r)). Suppose for any
simple closed piecewise C curve v in D(0,r) that I, f(z)dz = 0. Then f is
holomorphic in D(0,r).

Proof. Let

1 z
F(2) :/ f(tz)zdt:/ flw)dw, =€ D(O,r)

0 0
We will show that F'(z) = f(z). It then follows that F' is holomorphic in
D(0,7) because it is complex differentiable everywhere in D(0,r). Thus,
its derivative f is also holomorphic. For any h € C small enough so that
z+h € D(0,r) we have
F h)—F 1 1/t

(4 -FE) _

flg(l) h " b0 b Jis ) J(2)dz = flg% hJo flatth)hdt = f(z).

As an application, we can state the above Morera’s theorem in a more
general setting.

Corollary 7.3 (Morera Theorem) Let D be a domain in C and let f €
C(D). If for any disc D(zo,7) in D and any simple closed curve piecewise
C' curve v in D(z,7) one has [, f(z)dz = 0. Then f is holomorphic in D.
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EXAMPLE 18 Let D be a domain in C and let f € CY(D). Suppose for
any D(z0,7) C D one has [yp ., f(2)dz =0. Then f is holomorphic in D.

Proof. By Taylor’s theorem,

£ = F() = T (20)(z = 20) + L (o) o 20 + o]z — ).
Thus,
0 = [ )= Iz
of of — )
- a(ZO) /QD(Zo,T‘)(z N ZO)dZ + 5(20) /{QD(zo,T) (Z B ZO)dZ + O(T )

= 27r7"22§(zo) + o(r?).

This implies that %(zo) =0 for all zy € D. So f is holomorphic in D. 0

8 Cauchy integral formula

8.1 Integral formula for C' and holomorphic functions

THEOREM 8.1 (Cauchy Integral Formula) Let D be a bounded domain in
C with piecewise C* boundary. Let f € C(D) and % € C(D). Then

_ (w) 1 1 of(w)
f<z)_2m’ apw—zdw_Qm/Dw—z ow A dw, zeD.

In particular, if f is holomorphic in D then

fe) = 5 [ I

"~ 2mi Jop w — 2

dw, ze€D.

Note: The last reproducing formula for holomorphic functions is called the
Cauchy integral formula. It is a very important tool for study holomorphic
functions.

Proof. Choose € > 0 small enough so that D(z,2¢) C D. Let

D.= D\ D(z,¢)
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By Stokes’ theorem
10y, AW, S,
0

oD W — 2 D(z,e) W — Z oD, W — Z

:/ f(w)der/ L 9F) s n duo
aD( )

ze) W — 2 w—z 0w
2r f(z + ee'?)

= 7€ieewd0 + L f (w)
0 eet D.wW—2z 0w
1 Of(w)

2 .
- z/ f(z+eeﬁ)d9+/ \Y) 4w A duw.
0 D.w—2z OW

dw N dw

Letting € — 07 yields

(w) . 1 Jf(w)
aDw—zdw_2mf(z)+ pw—z 0w

dw N dw.

which proves the first formula after rearranging the terms. If f is holomorphic
in D then ?% = 0 in D. Therefore, one gets the Cauchy integral formula and
the proof of the theorem is complete. [

8.2 Examples of evaluating line integrals

EXAMPLE 19 FEvaulate
2 100

/ 2% —z J
— 2
le—1]=5 (2 — 2)(z + 1)
Solution Since z = 2, —1 € D(1,5) and
1 1, 1 1

GGt 3o 31

]7

we have
52 _ 100 1 52 _ 100 .2 100
——dz = = — dz
/|z1|:5 (z—=2)(z+1) 3Jja—1=5 2 —2 z+1

i
— ?[22 . 2100 o ((_1)2 _ (_1)100)

8

= 52"

where the second to last equality follows from the Cauchy integral formula.
0

38



8.3 Cauchy integral for kth derivative f*)(z)

THEOREM 8.2 (Cauchy Integral Formula) Let D be a bounded domain
in C with piecewise C' boundary and f € O(D) N C(D). Then for any

non-negative integer k,

k! w
196 = g [ s sep

Proof. By Cauchy Integral Formula, one has

dw, ze€D.

For zy € D, choose € > 0 small enough so that D(z,2¢) C D, then

f(z) = 271”,/6[) f(w)(w 1_ Z>/dw = 1/8[) (f(w)de, z € D(zp,€).

27i w— 2)

Similary,

1 ok 1 k! f(w)
1) = 2mri /8D f(w)@&u — z)dw " omi /8D (w— z)’““dw'

The proof is complete. 1

9 Application of the Cauchy integral formula

9.1 Mean value properties

Corollary 9.1 (Mean value property) Let D be a domain in C and f €
O(D). Then for all r > 0 so that D(z,r) C D,

1
o7

f(2) /027r f(z+re?)do.

In particular, if f = u+ v is holomorphic in D then

1
Y

2m . 1 2w .
/ u(z +re®)dd  and v(z) = / vz + ret®)do
0 0

T om

u(2)
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Proof. Notice that

i 2 i0 L 2m i0 _ i 2 i0
27T/0 u(z+re )d9+27r/0 v(z+re”)dd = 27T/0 f(z+re?)dd
_ 1/ fw) .
2 Jjw—z|=r W — 2
= [f(z)

= u(z) +iv(2).
This gives the first equation and equating real and imaginary parts, we get
the last two equations as well. [
Corollary 9.2 (Mean value property) Let u be harmonic in D(0,1). Then
1
27
Proof. Since D(0, 1) is simply connected, there is a harmonic function v

on D such that f = u + v is holomorphic in D. By the previous theorem,
the proof is complete. 100

EXAMPLE 20 Let D be a domain in C and let v € C*(D). Then u is
harmonic in D if and only if

L2 0N 10
27T/0 u(z +re”)df = u(z)

for all z € D and all 7 > 0 so that D(z,r) C D.

27 )
u(0) / u(re®ydd, 0<r<1.
0

Proof. Since by Taylor’s theorem

ou ou 10%u 5
u(w) = u(z)+ w2+ D)= 2) + £ O e 2)
10%u, ——2 0% 5 5
g OB 2] o (2w — =P+ o — 2P),
we have . o
us . U
%/0 u(z +re?)dd = u(z) + r? 828§<Z) + o(r?)
Therefore,

1
27
implies that 88; 5=(2) = 0. By mimicking the proof of corollary 9.2 for a disc

D(zo,7) C D, we get the other direction of this theorem. This completes the
proof of the conclusion. 10

/027r u(z +re)dd = u(z)
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9.2 Entire holomorphic functions

Definition 9.3 A function f is said to be entire holomorphic if f is holo-
morphic in the whole complex plane C.

Examples

The followings are examples of entire holomorphic functions
1) po(z) = ZZ—o a2*

2) f(z)
3) f(2)
4) f(2)

cos(z) = (€ +e7"%)/2
sin(z) = (€ — e7")/(2i).

9.3 Liouville’s Theorem

THEOREM 9.4 (Liouville’s Theorem) Any bounded entire function on C
must be a constant.

Proof. It suffices to prove f’(z) =0 on C. Assume that |f(z)] < M on C
for some constant M. By the previous theorem, for any |z| < R, one has

G = o f<_z du)

(
1 |f (w)]
= 27r/w=R ]w—z!2|dw|

M 2+ R
< = .
= 27T/0 TR
_ MR

T (R-2)?

Fix z and let R — oo. Then one has f/(z) = 0 for all z € C. Therefore, f is
a constant. [

9.4 Application of Liouville’s theorem

Proposition 9.5 If f is non-constant entire holomorphic, then f(C) is
dense in C.
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Proof. Suppose that f is not dense in C. Then there is a w € C and an
r > 0 such that

D(w,r)N f(C) = 0.
Therefore, if we let g(z) = m, then g is entire holomorphic and |g(z)| < 2
on C. Thus, by Liouville’s theorem, ¢ is constant. Therefore, f is constant.
0

EXAMPLE 21 If f is entire holomorphic and Re f(z) < 0, then f must
be a constant.

Proof. Let g(2) = ﬁ Then ¢ is entire holomorphic and |g(z)| < 1. By

Liouville’s theorem, ¢ is a constant; thus so is f. [

9.5 Entire functions with sub-linear growth

Definition 9.6 Let f € C(C). We say that f has sub-linear growth if

lim M

Z—00 z

=0

THEOREM 9.7 Any entire holomorphic function with sub-linear growth
must be a constant.

Proof. Since
f(z) =o(|z]), asz— o0

by the Cauchy integral formula, one has

o L[ fw o R
IO = 5 fun o —of ~ D= <P

Let R — oo, one has that f’(z) = 0 on C. Therefore, f is a constant on C.

0

9.6 Polynomial growth entire holomorphic functions

Definition 9.8 Let f be an entire holomorphic function. We say that f has
polynomial growth if there is a constant C' and positive integer k such that

1f(z)] <C(1+]2F), =ze€C.
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THEOREM 9.9 Any entire holomorphic function with polynomial growth
must be a polynomial.

Proof. Suppose that
[f() < C(L+|2]") = of|2*), zeC.
By the Cauchy Integral Formula, for fixed |z| < R, one has
04D () (k+1)! / ( f(w) dw — o( R*+1) B o( RE+1) »
|lw|l=R (W

211 N N

— 2)k+2 (R — |2])F+! Rk+1
as R — oo. Therefore, f is a polynomial of degree at most k. The proof is
complete. [

10 Fundamental theorem of algebra

10.1 Lower bound for holomorphic polynomials

A holomorphic polynomial of degree n is:

p(2) =ao+arz+---+a,2", a, #0.
Lemma 10.1 Let

p(2) =ag+arz+ - +a,z2", a, #0.
be holomorphic polynomial of degree n > 1. Then there is a constant M such
that

o2l 2 e >

>0, lagl

|an]

Proof. For any |z| > 1+2 , we have

n—1
pa(2)] = [z (lan] = D lagll=P™™)
7=0

n—1

> (el (anl = 3 Jasll2 )
7=0
2l
> Jof"(fa,] - %)
= Lol
2

This proves the lemma. 0
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10.2 Fundamental theorem of algebra

THEOREM 10.2 Any holomorphic polynomial of degree n > 1 must have
a To0t.

Proof. Let
p(2) =ao+arz+---+a,2", a,#0.

be a holomorphic polynomial of degree n > 1. Suppose that for all z € C
that p,(z) # 0. Then 1/p,(2) is entire holomorphic and

n—1
when |z| > 1+L|j|::M
2[an|

1 ’ 2 2

‘pn(Z) lanllz™ T an|”

Since pi is continuous on D(0, M), it is bounded on D(0, M). Therefore,

n

there is a B > —2- such that

lan|

el

<B, zeC.
pn(z)

By Liouville’s theorem, one has pin is a constant; thus p, is also a constant.
This contradicts that p,, has degree n > 1. [

Corollary 10.3 Any holomorphic polynomial of degree n > 1 has n roots
counting multiplicity.

Proof. If z is a zero of p,, then

pn(2) = (2 — 21)pn-1(2)

where p,_1 is a polynomial of degree n — 1. Mathematical induction implies
the conclusion. 10
By the proof of the corollary, any holomorphic polynomial p, can be ex-
pressed as

pn(2) = an(z —21) -+ (2 — 2n)

So, p, is uniquely determined by a,, and its roots.

Corollary 10.4 Let p, be a holomorphic polynomial of degree n > 1. Then
pn(C) = C.
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11 Homework 3

Homework 3: Cauchy theorem and Cauchy Integral formula

i. Let f(z) = 22 Calculate the integral of f along the circle 9D(2,1)
given by

/0 7 p(2 4 e)db

is not zero. Yet
74 f(2)dz=0
aD(2,1)

Give an explanation.

ii. Let f be a continuous function on 9D(0,1). Define

7o 5w $op(.) %df, if z € D(0,1).

Is F' continuous on D(0,1)?

iii. Let f be a holomorphic polynomial. If
§ o fEFAz =0, =012,
aD(0,1)

then prove f = 0.

iv. Let f € C'(C) and suppose that
% f(z)dz=0, for any zp € C and r > 0.
0D(zo,r)

Show that f is holomorphic in C.

v. Give an example of C? function f on D(0, 1) such that

dz=20
;gmo’r)f(z) 2 =0,

but f is not holomorphic in D(0, 1).
vi. Let u € C?*(C). Prove that u is harmonic in C if and only if

1

21 .
2—/ u(zo + re’)dh = u(z), for all zy € C,r > 0.
7 Jo
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Vil

Viil.

IX.

xl.

Xii.

xiil.

i. Let f be holomorphic in the annulus D(0,2) \ D(0,1). Show that for

any 1 <r < R < 2, one has

f(;D(O,r) f(z)dz = 7{913(0,3) f(2)dz.

Evaluate )

-ygD(O,B) 2(z=1)(z—=2)(z = 3)(z — 4)

dz

Let p,(z) be a holomorphic polynomial of degree n > 2. Assume that
pn(z) # 0 when |z| > R. Prove that

1
f dz = 0.
aD(0,R) Pn(2)

Evaluate

1 7{ 224z d
— z.
2mi Japa,5) (=2 — 2i)(z + 3)

Let f € C(D(0,1)) be holomorphic in D(0,1) such that |f(z)| < 1
when |z| = 1. Prove that |f(z)| <1 when |z| < 1.

State the following theorems:
(a) Cauchy’s Theorem
(b) Morera’s Theorem
(c) Cauchy Integral formula.

Let f(z) € C(D(0,1)) be so that for any triangular closed path ~ in
D(0,1) we have

/vf(z)dz = 0.

Prove that f is holomorphic in D.
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II. Analytic functions

12 Series of complex numbers

12.1 Definition of the series of complex numbers

Let ¢, = a, + ib,, the series of complex numbers

00 o) 00
e =Y a1 b,
n=1 n=1 n=1

We say that
(i) the series 32 | ¢, converges if the both Y°°, a, and }°°, b, converge.

(ii) the series Y02 ; ¢, converges absolutely if >°° , |¢,| converges.

12.1.1 Tests for convergent series

THEOREM 12.1 (Cauchy Criteria) > 50, ¢, converges if and only if for
any € > 0 there is a N € N such that if m >n > N, then we have

m
’ Z Ck‘ < €.
k=n

Corollary 12.2 If Y>>, ¢, converges, then lim,_,o, ¢, =0

THEOREM 12.3 (Root Test) Let

limsup +/|c,| =7
n—oo

Then
i. If r <1, then 377 ¢, converges absolutely;
w. If r > 1, then 307, ¢, diverges;
1i. If r =1, then the test fails.

THEOREM 12.4 (Ratio Test) Assume that |c,,| > 0 and

lim | Cn+1 ‘

r=:
n—o0 ’Cn’

exists, then
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i. If r <1, then >°77 ¢, converges absolutely;
w. If r > 1, then 307 ¢, diverges;
1i. If r =1, then the test fails.

THEOREM 12.5 (Dirichlet’s test for convergence of a series) Let {c,}°2
be a sequence of complex numbers such that {s, =: > j_; cx}22 is bounded.
Let b, > 0 be a decreasing sequence and lim, . b, = 0. Then Y>>, c,b,
converges.

e Abel’s identity:

n—1

chbk—snb +Zsk bk_karl)
k=1 k=1

Proof. Define s; = 0. Then

n

n
chbk = Z k_Skl
k=1

n n—1
= Z spby — Z Skbrs1
k=1 k=1
n—1
= Snbn — Sobl + Z Sk(bk — bk+1).
k=1

Proof of Theorem 12.5

Since {s,} is bounded, there is an M > 0 such that |s,| < M for all n € IN.
For any m > n, we have

’ Z Ckblc’ = ‘Smbm — Sp—1bp + Z b — bk+1 ‘
k=n
< M(by, +by) Zbk—bkﬂ
Mt by 4 b )
= M(b, + b,—1)
— 0

as n,m — 0o. By the Cauchy Criteria, the proof of the theorem is complete.
0
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12.1.2 Examples of Dirichlet’s test
EXAMPLE 22 For |z| < 1,

1

o
_ n
1—2_7;)'2

CONVETGES.

EXAMPLE 23 -
Zn
2

converges for all z € D(0,1) \ {1}.

Proof. Since
2 — ZnJrl

sn(2) =23 2F=""T—
=1 1—2

we have, for each z € D(0,1)\ {1}, {s.(2)} is a bounded sequence and {1/n}
is a decreasing sequence approaching zero. Therefore, 3277 | 2 converges. [

12.2 Power series
12.2.1 Radius of convergence for a power series
For a power series

(S
>0,
n=0

we define

R

1
B lim sup,, {L/|an|.

[e.e]

oo an2" because of the following

We call R the radius of convergence of )
theorem.

THEOREM 12.6 With the notation above, we have

(i) 300, anz" converges absolutely for all z € D(0, R);

(ii) 300 | a,z™ converges absolutely and uniformly for all z € D(0,r) with
any 0 <r < R;

(111) 00, a,z" diverges for all |z| > R;

49



Proof. For part (i), since

. 2|
= limsup {/|a,||z|" = —
p=limsup {las||2|" =
by the Root Test, >, a,z" converges if p < 1, which is equivalent to when
|z| < R. So (i) is proved.

For part (ii), for any € > 0, since >°° ; |a,|r" converges, there is an N
such that if m > n > N, one has

S Jaxlrt <.
k=n+1
Therefore, for any z € D(0,7), we have
‘ > akzk’ < N alrt <e
k=n+1 k=n+1
Therefore, 3°° ; a,2" converges absolutely and uniformly on D(0, ).

For part (iii), if |z| > R, then

limsup |a,||z]" > 1.
n—oo
So, >-° , a,z"™ diverges. Therefore, the proof of the theorem is complete. 0

12.2.2 Examples of power series

EXAMPLE 24 Find the radius of convergence of the following series

&) 00 n 0o n?
Zi, 2 325 3 Yo ad4 Z”“ o
_ n=0 n—=

27
n:ln

Solution. For problem 1, since

limsup {/1/n! =0, R = oc.

n—oo

Thus, >°0°, %L converges absolutely on C;

For problem 2, since

limsup {/1/n2=1, R=1.

n—oo
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Thus, 5% 25 converges absolutely in |z < 1.

For problem 3. since

limsup %/1/3" =1, R=1.

n—oo

Thus, >° converges absolutely on |z| < 1.

n03n

For problem 4, since

1
1i v/ n|/on =~ R=2.
im sup In + |/ 5

Thus, 5% 222" converges absolutely on |z| < 2.

EXAMPLE 25 Discuss the convergence of the following power series

2

= 2" = 2" n+z n

Solution.

i. The radius of convergence is 1 by the previous problem. It remains to

2
n=0 3%
converges on D(0, 1) and diverges for all z with \z] > 1.

check its convergence on dD(0,1). Since > °° converges, »_ > ST;

ii. By the root test, the radius of convergence of >°>° ,
diverges at z = 3 and for each z € 9D(0,3) \ {3},

3n

SERN N CE

kz:%?)ik_ 1—=2

is bounded and (1/n)%°; is a decreasing sequence approaching zero.

Therefore,
o Zn
k=0 3"
converges for all z with |2| = 3 except for z = 3. Thus, 377, =5

converges on D(0,3) \ {3}.
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e 00 (T'L+’Ln)
i, 35000 5
has

2" has a radius of convergence of 2 and for each |z| = 2, one

Therefore, the series converges on D(0,2) and diverges for all z € C
with |z| > 2.

12.2.3 Examples of functions with power series expansions

n

2 o0 z
1) e = n=0 p!
R
2) cosz =320 a0
. o 00 (_1)n22n+1
3) sinz =300 “Gary

12.2.4 Differentiation of power series

THEOREM 12.7 Let f(z) := Y705 a,2" be a power with the radius of the
convergence R > 0. Then

f'(z) => na,z""', 2€D(0,R)
n=1

In particular, f is holomorphic in D(0, R).

Proof. Since the radius of convergence of >°>° ; a,2" is R, the radius of
convergence of 0% na,z""! is also R. Let g(2) = Y0°, na,z""'. It suffices
to prove that f'(z) = g(z2).

For each z € D(0, R), let r = MTJFR < R. For each h with |h| < R_2|z‘, we
have z,z 4+ h € D(0,7). For any € > 0, there is an N such that

o0
S Jag|krt Tt <€
k=N

By the mean-value theorem from calculus,

(z4+h)" = 2" < |h]nr”_1
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Since

1, N1 N-1 N-1
lim = (> (24 h)F = > M) = D apkst!
h—0 h k=0 k=0 k=1

There is 6 > 0 such that § < R_T‘Z' and if |h| < § then

1, N1 N-1 N-1
‘—( S(z+n)F =Y zk> -y akkzk’1’ <€
h = k=0 k=1
Therefore, when |h| < §, we have
24 h) — f(z 1,N-1 N-1 N-1 B
’f( }1 f<)—g(z)’ < \E(Z(Hh)’“—zzk)—zakkzk 1‘
k=0 k=0 k=1
+2 > |aglkr™ !
k=N
< 3e.
Therefore,
. flz+h)—f(z
fi(e) = tim FEEWZIE gy
The proof is complete. [
By an induction argument, one has
fPR) =Y nn—-1)-(n—k+1a,2"* z¢€D(O,R).
n=~k

Evaluating at z = 0, one has

_ £9(0)

n!

ay

12.3 Analytic Functions

12.3.1 Definition of an analytic function

Let D be a domain in C, f is a function on D. For 2y € D, we say that f is
analytic at zg if there is § > 0 such that

[e.9]

f(z) = an(z — z)", forall z € D(z,0).

n=0

We say that f is analytic in D if f is analytic at every point zy € D.
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12.3.2 Connection between holomorphic and analytic functions

THEOREM 12.8 Let D be a domain in C and f a function on D. Then
f is analytic on D if and only if f is holomorphic in D.

Proof. It is easy to see from the previous theorem that if f is analytic in
D then f'(z) exists for each z € D. Thus f is holomorphic in D.

Conversely, assume that f is holomorphic in D. Without loss of general-
ity, we may assume that D is bounded, D is piecewise C* and f € C(D).
Otherwise, we work on any domain D; with D; C D and then let D; — D.
Thus, for zp € D and z € D(2p,d(29)), we have

LS,

1) = 21 Jop w — 2

_ 1/8 fw) dw

27i Jop w — zg — (2 — 2p)

o fw
b e

w—2z0

1 flw) & /72— 2z9\n
:,/8D((>Z( )dw

21l w— 20) =H W — %

B Z | 2mi /8D 7w)"dw(2 — )

(w — zo)"F
= Z Z - ZO )
n=0

where

Ay =

S {0 N LI
— ———dw = .
211 Jop (w — zp)"t! n!

This power series converges on D(zg, d(zg)). Therefore, f is analytic on D.
0

Remark. Complex analyticity is a global property while real analyticity is
local property.

EXAMPLE 26
i) If f is entire holomorphic then

(o0
= Z a,z", zé€C.
n=1
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i) f(x) = ﬁ is real analytic in R, but
fla) =3 (1), 2] <1

k=0

and the series diverges when |z| > 1.

EXAMPLE 27 Find the power series of f(z) = (l—iz) about zy = 0 and
20 = 1/2

Solution.1) For zy = 0, we have
S <
— =) " |z :
-2z =

2) For 2y = 1/2, we have

1 1 2 > 1 1
l—2 1-1-(-0h  1-2:-1J) nz::o (2=3)"% le—3l<l/

EXAMPLE 28 Let f(z) =1/(1 —2)(z +1i)(z — 1 —1i). Find the radius of

the convergence of

o0 [e.e]

Z (z+1+20)" Z (z—20)", z20=-1-—2i

Solution. By theorem 12.8, the power series centered at 2z, converges in the
largest disk centered at zy where f is holomorphic. Therefore

R = min{dist(zo, {1, —i,1 4+ i})
= min{|l — zo|,| — 7 — 20|, |1 + i — 20|}
= min{|2 4 2|, i + 1|, |2 + 3|}

= V2. 1
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13

Homework 4

Homework 4: Power series and analytic functions

i.

11.

1il.

1v.

Let v :[0,1] = C be any C' curve. Define

1) = f s

Prove that f is holomorphic on D = C\ {7(¢) : ¢t € [0, 1]}.

In the case y(t) = t, show that f cannot be extended to a continuous
function on C.

Use the Morera’s theorem to prove: If{f,} is a sequence of holomorphic
functions on a domain D and if the sequence converges uniformly on
compact subsets of D to a limit function f, then f is holomorphic on
D.

Let D be a domain in C and f be continuous on D. Suppose for any
triangle I' in D, one has

ﬁf(z)dz = 0.

Prove that f is holomorphic in D.

Find the (complex) power series for 22/(1 — 2%)3 about z = 0 and
determine its radius of convergence.

Determine the disc of convergence for each of the following series. Then
determine the points on the boundary of the disc of convergence where
the series converges.

(a) SpZs k2" (b) TR kR (2 +1)% (c) i, (log k) 8% (= — 3)F,
(d) =2, p(k)2* where p is a polynomial;  (e) 352, 3%(z + 2i)*;
(f) X2 kQLﬂe_kzk; (8) X521 %(Z =5k (h) 2, kTR
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vi.

vii.

viil.

1X.

Xi.

Xii.

xiil.

Consider the power series:

io: (_1)71 Zn2+2n+3'
n=1 n

(i) Find the radius R of convergence; (ii) Discuss the convergence when
z = Re™™ where r = p/q is a rational.

Prove that the function
fz) =327
=0
is holomorphic in D(0,1) and continuous on D(0, 1).

Prove or disprove: If f is holomorphic in D(0,1) and f? is a holomor-
phic polynomial in D(0,1) then f is a holomorphic polynomial.

Let >0, a,2" have a radius of convergence » > 0. What is the radius
of convergence for Y>°°  (a,, + €)z" where € > 0 is very small.

Let f be bounded holomorphic in a domain D. Let zp € D and (%) is
the distance from z to 9D. Prove that

k!

Suppose that f: D(0,1) — C is holomorphic and that |f| < 2. Derive
an estimate for

Find the power series expansion about z = z, for each of the following
holomorphic functions and determine its radius of convergence.

(a) f(z) =1/(1+22), 20=0; (b) f(z) =2%/(4—2), 2=1i
(c) fl2) =1/z, zp=2—4; (d)f(z)=(2—1/2)/(1—2/2), 2z, =0.

Let f(z) be entire such that Re f(z) # 0 on C. Prove or disprove f(z)
is a constant.
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13.1 Uniqueness for analytic functions

e Basic version of the uniqueness theorem

Proposition 13.1 Let D be a domain in C and f holomorphic in D such
that f(z) =0 on D(p,d) C D for some 6 >0 and somep € D. Then f =0
on D.

Proof. Let Zp(f) denote the zero set of f in D. Then D(p,d) C Zp(f).
It is clear that Zp(f) is relatively closed set in D. It suffices to prove that
Zp(f) is open in D. Suppose not. Since Int(Zp(f)) # 0 and D is connected,
there is a zp € D \ Int(Zp(f)) which is a limit point of the interior of Zp(f).
For each point z € Int(Zp(f)), f*(z) = 0. Therefore, by continuity of the
derivatives of f, f*¥)(z) = 0 for all £ > 0. Since f is analytic in D, there is
an r > 0 such that D(z,7) C D and

o0
Zan z—20)", 2z € D(z,7)
n=0

where a,, = £ (z0) ZO . Then f =0 on D(z, 7). This contradicts that zy is not
an interior pomt of Zp(f). So Zp(f) is open. Since D is connected, one has
Zp(f)=D. U

Proof.  (Second proof) For any z € D, since D is connected, we can
choose a piecewise C' curve 7 : [0,1] — D such that v(0) = p =: 2, and
v(1) = z. Let & = dist(y([0,1]) : 9D) > 0. Choose n-points in ([0, 1])
such that v([0, 1]) C Uj_yD(z;,01/4) with §; = min{dy,d} and D(z;,d;/4) N
D(zj41,01/4) # 0 for 0 < j <n—1.

We have f(z) =0 on D(z,d) and

z) = Z ajr(z — zj)"f’ z€ D(z,0,), j=0,1,2,---,n

If D(z;,01/4) N D(2g,061/4) # 0 then 2z, € D(z;,01/2) and z; € D(z,01/2).
In particular, since f = 0 on D(zo,d1) and D(zo,01/4) N D(z1,61/4) #
0, f*)(z) = 0 for all k. By the power series expansion of f centered at
z1, [ = 0 on D(z,01). Repeating this argument n — 1 times, f = 0 on
D(zy,,61). Therefore, f(z) =0 1.
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Figure 1: Disc Chain

e Factorization theorem

THEOREM 13.2 Let D be a domain in C and f € O(D) a non-constant
function. If zy € D such that f(z9) = 0, then there is a holomorphic function
g on D and positive integer k such that g(zo) # 0 and

f(2) = (= — 20)*g(2)

Proof. Since f is not identically zero on D, we can let k be the smallest
positive integer such that

f(k)(zo) # 0.
Then £ > 1 and

f(z) = i an(z —20), 2z € D(20,d(20))

n=~k

where d(zg) = dist(zy,0D). Then

_ [
9(z) = (2 — 20)"

is holomorphic in D, g(z) # 0, and f(z) = (z — 20)*g(2). D

e Uniqueness theorem of holomorphic functions

Corollary 13.3 Let f be a non-zero holomorphic function on a domain D.
Let Zp(f) be the zero set of f in D. Then
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i) Every point zg € Zp(f) is an isolated point of Zp(f);
ii) Zp(f) is a discrete set.

Proof. If zy € Zp(f) then there is a holomorphic function g on D and a
positive integer £ such that

f(2) = (2 — 20)*g(2)

with g(z9) # 0. Then there is r > 0 such that D(z,7) C D and g(z) # 0 in
D(zg,7). Thus, Zp(f) N D(z,7) = {20}. 10

EXAMPLE 29 Let f be an entire function such that |f(z)| > 1 when |z| >
17. Prove that f is a polynomial.

Proof. First suppose |Zp,17)(f)| = co. Then since D(0,17) is compact,
there is a sequence {z,} C Zp(o17)(f) which converges to a 2z, € D(0,17).
By continuity, f(z,) = 0. But then z,, is a non-isolated zero of f, which
contradicts Corollary 13.3. So without loss of generality, the zero set of f

on |z| < 17 is a finite set, say, z1,- - -, 2, counting multiplicity. We will show
that f is a polynomial of degree at most n. Then
z
g(z):#%o, z2e€C
j:l(z - 2j)

and h(z) = 1/g(z) is holomorphic in C and

h(2)] < [1 12 = 2l < ([l +17)" < 2"[2[", |2] > 17,

J=1

Therefore,
h(z)] < C(1 4+ |2]")

is an entire function of polynomial growth .Thus, h is a polynomial p, of
degree k < n. Therefore,

Pi(2)
Since zy,---, 2, are the zeros of f counting multiplicity and f is entire, p

must be a constant, Thus, f is a polynomial of degree n. 1
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14 Uniqueness theorem and applications

Uniqueness Theorem

THEOREM 14.1 Let D be a domain in C, and f a holomorphic function
on D with zero set Zp(f) in D. If Zp(f) has an accumulation (or limit)
point in D, then f must be identically zero on D.

Proof. Assume Zp(f) has an accumulation point zg € D. If f # 0 then
there is § > 0 such that f(z) # 0 on D(z0,9) \ {z0}. This contradicts that
zp is an accumulation point of Zp(f). Therefore, f = 0 on D since D is
connected. [

Corollary 14.2 Let D be a domain in C. If f and g are holomorphic func-
tions on D such that f(z) = g(z) on a set K which has an accumulation (or
limit) point in D, then f = g.

Proof. Apply the previous theorem to f —g. Then f —g=0,ie. f=yg
onD. 10

EXAMPLE 30 Let f be holomorphic in D(0,1) such that f(i/n) =
! n=123,---. What is f exactly?

n2
Solution. Let g(z) =: —z? is holomorphic in D(0,1). Notice that f(i/n) =
g(i/n) for n = 1,2,3,---. and {i/n : n € N} has an accumulation point

2o = 0 € D(0,1). By the corollary to the uniqueness theorem, f(z) = 2% on
D(0,1). 0O

EXAMPLE 31 Let f be holomorphic in D(0,1) such that
f'@/n) = f(1/n), neN.
What is [ ezxactly?

Solution. f and f” are holomorphic in D(0,1) and are equal on {1/n :
n € N}, which has an accumulation point 0 € D(0,1). By the uniqueness
theorem,

f(z)=f"(z), z¢€ D(0,1).
Method 1. Consider z = = € (—1,1) and the equation

y(z) =y" ().
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We know that all of the solutions to this ODE are
y(x) = Cre” + Coe™®, z € (—1,1).

Therefore,
f(z) =Cie* +Che™, z=xe(—1,1).

By the uniqueness theorem,
f(z) =Cie* +Che™™, ze€ D(0,1).

Method 2. Without loss of generality,
f(z) =" a2"
n=0
Then

f(z) = ianz” = f"(z) = i;znn(n—l)z”_2 = i Unio(n+1)(n+2)2", 2z € D(0,1)

n=0

This implies that

a, =(n+1)(n+2)ap, n-—0,1,23,---

Thus a a
0 1
n — 5 n = 75 N\ :07172737'”
“n = T o "
Therefore,
[e'e) 1 ) o] z2n+1
J— n
fz) = %}:30 et T ‘“HZZO 2n+ 1)1
e +e* . e —e *
= a a
D) oo
ag+ a1 , Gy — a1 _,
— € e
2 2
on D(0,1). @

Corollary 14.3 Let f be a non-constant holomorphic function on a domain
D in C. Then Zp(f) is at most countable.
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Proof. If z € Zp(f), then there is a 6, > 0 such that Zp(f) N D(z,6,) =
{z}. Choose Let D, be a sequence of compact sets in D such that D =
U, D,,. Since Zp, (f) = Zp(f)N D, is compact and {D(z,9,) : z € Zp, (f)
is an open cover of Zp (f), so Zp,(f) is a finite set. Thus,

Zp(f) = U1 Zp,(f)
is at most countable. [
EXAMPLE 32 Let f be a holomorphic function on D(0,1) such that
(—1,1) C U, Zpo.n (f ).
Prove that f is a polynomial.
Proof. Since (—1,1) is uncountable and since
(—1,1) € U1 Zpen (fV),

we have that there is a £ € N such that ZD(O,l)(f(k)) is uncountable. By the
previous corollary, for that k, f* =0 on D(0,1). Then

f(2) =ag+ a1z + -+ ap2”
is a polynomial of degree at most k. [
EXAMPLE 33 Let f be entire such that

Q° C Uz Zo(f™)

What can one say about f ¢
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Homework 5

Homework 5: Analytic functions, zero set and uniqueness theorem

i.

ii.

iii.

1v.

vi.

Vil.

viil.

Let f(z) be an entire holomorphic function such that |f(2)| < |z|'1/?
when |z| > 100. Prove that f is a polynomial of degree at most 5.

Suppose that f and g are two entire holomorphic functions such that
|f(2)] <g(2)] on C. Prove that f(z) = cg(z) for all z € C and some
constant c.

Let f(z) be an entire holomorphic function such that

(Ref(2))* # (Imf(2))*, z€C.
Show that f(z) must be a constant.

Prove or disprove there is a holomorphic function f(z) on the unit disk
D(0,1) such that

i 1
f(ﬁ)zﬁ, forallm=1,2,3,---

Let f(z) be holomorphic in a domain D such that
(—o0,00) U {z € D: fH(z) =0}
Prove that f(z) is a polynomial.

(a) Prove or disprove that if f(z)? is holomorphic in D(0,1) then f(z)
is holomorphic in D(0, 1);

(b )Prove or disprove that if f € C'(D(0,1))
in D(0,1) then f(z) is holomorphic in D( 0,1

and f(z)? is holomorphic
).
Find the radius of the convergence of f(z) = 221+1 as a power series

around zp = 2 (Hint: you don’t need to write down the power series to
solve this problem).

Given an example of a power series f(z) =: >.°°,a,z" converges for
every z € C and has infinite many zeros, but f(z) # 0.
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ix. Let {f;}52; be a sequence of holomorphic functions on D(0,1) such

that |f;| < j =2 on D(0,1). Prove
> fi(2)
i=1

defines a bounded holomorphic function on D(0,1).

. Let ¢ : D(0,1) — D(0,1) be holomorphic and satisfy that ¢(0) = 0
and ¢'(0) = 1. Let

¢1(Z) = ¢<z)7 ¢2(Z) = gbo ¢(Z)7 e '7¢j(z) = ¢O ¢j—1(z)v R

Suppose that {¢;} converges uniformly on any compact subset of
D(0,1). What can you say about ¢?

i. Let f be an entire holomorphic function such that

lim ™ (z) = g(=)

n—o0

uniformly on any compact subset of C. Find ¢ (all possible g).

ii. If f is holomorphic in D(0,1) such that

=)+ f(=)=6f(=)=0, n=1,2,3,---.

1 1 1
n n n

Find f (all possible f).
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Midterm Review

Midterm Review:

1. Holomorphic, Analytic Functions

1.

ii.

iii.

1v.

V.

Holomorphic functions: For f = u + w € C'(D), f is holomorphic
in D if and only if

o @:@,
af:() OnD<:>{g”5 %) on D.
Z = -5

dx oy
Harmonic functions: u € C?*(D) is harmonic in D if and only if
Au =0 on D. Here,
0? 0? 0?
4

A=ortor Yo

Existence of harmonic conjugate: If f = u + v is holomorphic in
a domain D then u and v are harmonic in D; the converse may not be
true.

e Let u be a real-valued harmonic function on D. Then

(a) if D is simply-connected, then there is a harmonic function
v (called a harmonic conjugate of u) such that f = u 4+ dv is
holomorphic.

(b) u = log |z|? is harmonic in C \ {0}, but it does not have a
harmonic conjugate.

Existence of complex anti-derivatives: Let f be a function in D. If
the complex derivative f’(z) exists for all z € D then f is holomorphic.
The converse is also true.

(a) Theorem: Let D be a domain in C and f holomorphic in D. If D
is simply-connected, then f has an anti-derivative on D.

(b) Counter example: In general, the theorem fails if D is not simply-
connected. For example, let D = C\ {0} and f(z) = 1.

Analytic functions
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2. Some examples for holomorphic maps

z—1

i. Cayley transform: S(z) = Z; maps the upper half plane to the unit
disc D(0,1).

ii. Let ¢,(2) = 2=£ with a € D(0,1). Then

1—az
(a) ¢, : D(0,1) — D(0,1) is one-to-one and onto.

(b) ¢q : T — T is one-to-one and onto.

3. Cauchy Integral formula

1) Cauchy Theorem
2) Cauchy integral formula

3) Mean value property of holomorphic/harmonic functions
4) Cauchy estimates

5) Liouville’s Theorems

6) Fundamental theorem of algebra

7) Entire functions with polynomial growth

EXAMPLE 34 If p, is a polynomial of degree n > 1 and p,, has n zeros in
D(0, R), then
1
/ dz = 0.
|21=R Pn(2)

EXAMPLE 35 Let f(z) = u(z) + iw(2) be entire holomorphic such that
v(2) # u(z) for all z € C. Find all such f.

4. Power Series

Consider a power series about 2, € C:

o0

flz) =2 an(z = 20)"

n=0

1) What is radius of convergence of this power series?
2) Concepts for absolutely converges, uniformly converges
3) Find the largest set so that the series converges
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EXAMPLE 36 Find the largest set on C such that the following power

series CONveErges

fe’e) Z2n+1

n=1 n

EXAMPLE 37 What is the radius of convergence of the power series of
f(z) = Z5sin(L) about 2y =1i?

5. Factorization Theorem and Uniqueness Theorem

i. If f e O(D), f(z)=0and f # 0, then there is a g € O(D) such that
g(z0) # 0 and a positive integer k such that

f(z)=(z—2)"(2), z€D.
ii. If f # 0, then Zp(f) is discrete; i.e. every point in Zp(f) is an isolated
point.

EXAMPLE 38 Let f be continuous on a domain D such that f(z)? is
holomorphic on D. Prove or disprove that f is holomorphic on D.

EXAMPLE 39 Let f be holomorphic in D(0,1) such that
f'(1/n) = f(A/n), neN.
What is [ exactly?

Solution. f and f” are holomorphic in D(0, 1) and they are equal on {1/n :
n € N}, which has an accumulation point 0 € D(0,1). By the uniqueness
theorem,

f(z) = f"(z), =ze€ D(0,1).
Consider z =z € (—1,1) and the equation:
y(z) =y"(x).
We know all of the solutions to this ODE are
y(z) = Cre® + Che™™, € (—1,1).

Therefore,
f(z) =Cie* +Che™, z=a¢e(—1,1).

By the uniqueness theorem,

f(z) =Cre*+Coe™*, z€ D(0,1).
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EXAMPLE 40 Let f be holomorphic function on D(0,1) such that
(0,1) C U1 Zpo(f V)

Prove that f is a polynomial.

Proof. Since (0, 1) is uncountable and
0,1) Uzi1ZD(0,1)(f(k))7

we have that there is a k& € IN such that Zpoq)( f®)) is uncountable. For
that &, f® =0 on D(0,1). Thus
f(2) =ag+ayz+- +aps”

is a polynomial of degree at most k. [
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17 Uniqueness Theorem and Applications

Uniqueness Theorem

THEOREM 17.1 Let D be a domain in C, f is a holomorphic function
on D with zero set Z(f, D) in D. If Z(f, D) has an accumulation (or limit)

point in D, then f must be zero on D.

Proof. Assume Z(f, D) has an accumulation point zg € D, if f # 0 then
there is § > 0 such that f(z) # 0 on D(zg,0) \ {20}. This contradicts with
Z(f) N (D(20,0) \ {20}) # 0. Therefore, f = 0 on D since D is connected.
0

Corollary 17.2 Let D be a domain in C, f and g are holomorphic functions
on D such that f(z) = g(z) on a set K which has an accumulation (or limit)
point in D, then f = g.

Proof. Apply the previous theorem to f —¢g, we have f —g =0, ie.. f=yg
on D. 10

EXAMPLE 41 Let f be holomorphic in D(0,1) such that f(i/n) =
L n=123,---. What is f exactly?

Solution.Let g(z) = —2? is holomorphic in D(0,1). Then f(i/n) = g(i/n)
forn =1,2,3,---. and {i/n : n € N} has an accumulation point zp = 0 €

D(0,1). By uniqueness theorem, we have f(z) = 2% on D(0,1). 10

EXAMPLE 42 Let f be holomorphic in D(0,1) such that
f"(1/n) = f(1/n), neN.

What is [ exactly?

Solution.Since f and f” are holomorphic in D(0,1) and they equal on
{1/n :n € N} which has an accumulation point 0 € D(0, 1). By uniqueness
theorem, we have

f(z) = f"(z), =ze D(,1).
Method 1. Consider z = z € (—1,1) and the equation:



we know all solutions are
y(z) = Cre® + Che™™, z€(—1,1)

Therefore,
f(z) =Cie +Che™, z=x€(-1,1)

By uniqueness theorem, we have
f(z) =Cie* +Che™™, 2z € D(0,1).
Method 2. We write -
fz) =3 ap2"
n=0

Then

f(z)= i)&nz" = f"(z) = f:?ann(n—l)z’”‘2 = i ani2(n+1)(n+2)2", 2z € D(0,1)

n=0

This implies that

a,=m+1)(n+2)ayo, n—01,23,---

Thus a a
0 1
n — 5 n = ) 207172737'“
“n = oy T op "
Therefore,
0 1 ) o] 22n+1
fz) = %g en)” T ‘“; 2n+ 1)
e* + e N e? — e *
= a a
D) o
_ atar ,  a—ap _,
N 2 2
on D(0,1). @

Corollary 17.3 Let f be a non-constant holomorphic function on a domain
D in C. Then Z(f; D) is at most countable.
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Proof. If 2z € Z(f; D), then there is a §, > 0 such that Z(f;D) N
D(z,6,) = {z}. Choose Let D,, be a sequence of compact sets in D such that
D = U2 D,. Since Z(f; D) N D, is compact and {D(z,9,) : z € Z(f; D,)}
is an open cover of Z(f; D,), so it is finite set, we have

Z(f; D) =Un1 Z(f; Dn)
is at most countable. [
EXAMPLE 43 Let f be holomorphic function on D(0,1) such that
(—1,1) € UE, Z(£%; D(0, 1))
Prove f is a polynomial.
Proof. Since (—1,1) is uncountable and since
(=1,1) € B, Z(F*; D(0, 1)),

we have that there is a k € NN such that Z(f®); D(0, 1) is uncountable. By
the previous corollary, we have f*) =0 on D(0,1). Then

f(2) =ap+aiz+ -+ ap2”

is a polynomial of degree at most k. [
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IV. Meromorphic Functions

18 Isolated Singularities

18.1 Definition of an isolated singularity

Definition 18.1 A point zq € C is said to be an isolated singularity of f if
there is 0 > 0 such that f is holomorphic in

D(29,6) \ {20}

Definition 18.2 (Classification of isolated singularities) Let f be holomor-
phic in D(zo,0) \ {20} for some § > 0. We say that

e 2 is a removable singularity if lim,_,,, f(z) exists;
e 2 is a pole if lim,_,,, f(z) = oo,
o 2 is an essential singularity if lim,_,., f(z) does not ezist.

REMARK 1 If zy is a removable singularity, then f is holomorphic in
D(z0,0)\{z0} and we may define f(zy) = lim,_,,, f(2). Then f is continuous
on D(zy,0). In fact, f is holomorphic in D(zy,0).

Proof. Since

£(2) 1[/|w f(w)dw—/lw 0 4] 2 € e, 6)\Dlzo, o),

211 —zp|=6 W — 2 —zpl=e W — Z

if we let € — 0, then

flz) = = /|w f(w) dw, z € D(z,0) \ {20}

274 Sjw—zp|=6 W — Z

Since f is continuous at zy, the above formula remains true when z = z.
Therefore, f is holomorphic in D(zo, 6).

EXAMPLE 44 Let

22 -1
Then z = —1 is a removable singularity.
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Solution. Since

. o221 '
b, fl@) = lim oy = e D) =2,
z = —1 is a removable singularity. In fact,
f(z)=(z—1), zeC\{-1}
can be extend to be holomorphic on C. 10

EXAMPLE 45 Let

Then z =1 is a pole.

Proof. Since
. . €
i /() =iy g = o

and f is holomorphic in C\ {1}, 2 =1is a pole. [

EXAMPLE 46 Let ]
f(z) = sin (;)

Then z = 0 s an essential singularity.

Proof. Since f is holomorphic in C\ {0} and

lim f(z)= lim sin (1> =0

and )
lim  f(z) = lim  sin <7) =1,
z:m—)O z:m—ﬂ) z

lim,_, f(2) does not exist. So, z = 0 is an essential singularity.
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18.2 Riemann removable singularity lemma

THEOREM 18.3 If zy is an isolated singularity for f and if

lim (z — 2¢) f(2) =0,

25570
then zg 1s a removable singularity.
Proof. Define

9(2) = (2 = 20) f(2), 2z € D(2,6) with g(z0) = 0.

Then g is holomorphic in D(z,d) and g(zp) = 0. Thus, we can write

a(z) = i an(z — 20)" = (2 — 20) i (2 — 20)"

Therefore,
f(2) =) ana(z — 2)"
n=0
is holomorphic in D(zp, §) by redefining f(zo) =a;. 0O

EXAMPLE 47 Let f be holomorphic function on D(0,1) \ {0} such that

M =: 2)PdA(2) < o
D(O,l)\{O}‘f( )|"dA(2)

Prove that z = 0 is a removable singularity.

Proof. For |z| < 1/4 since D(z,|z|) € D(0,1) \ {0}, by the mean-value
property,

|f(2)]Pm]2|* < - | (w)PdA(w) < M.
Therefore, ur
If(2)] < (ﬂz‘z)l/g

This implies that lim, o zf(z) = 0. By Riemann’s lemma, z = 0 is a remov-
able singularity.
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18.3 Poles and essential singularity

18.3.1 Characterization for poles

THEOREM 18.4 A point zq is a pole for f on D(zy,d) \ {20} if and only
if there is a holomorphic function g on D(zy,0) with g(z) # 0 and some
positive integer k such that

) = 2

(2 — z0)F

Proof. Since lim, ,,, f(z) = oo, there is a 0 < dp < § such that |f(2)] > 1

when z € D(z,09) \ {0}. Then z; is a removable singularity for h(z) = ﬁ

on D(z9,90) \ {20} and h(zg) = 0. Therefore, there is a holomorphic function
H(z) on D(z9,00) \ {20} with H(2) and some positive integer k such that

h(z) = (2 — 2)*H(2), 2z € D(20,8).

Since h(z) # 0 on D(zp,d0) \ {20}, we have H(z) # 0 on D(zg,d). Then

is holomorphic in D(zg, §y) with g(zo) # 0. Thus

)= 5 Do)\ {20}

(z — 20)*

By uniqueness of holomorphic function, we have g(z) = f(2)(z — 2)* can be
extended to be holomorphic on D(zp,d).

18.3.2 Order of the pole

Definition 18.5 Let zy be a pole of f. We say that zg is a pole of f of order
k if
lim (z — 20)"f(2) #0 and lim (z — 2)* f(2) = 0.
2—20 Z—20
EXAMPLE 48 What is the order of the pole of the following function f at
z2=07?
sin? z
z—1)(z+1)

f(Z) = Zlo(
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Solution. Since

202 202
i 28 i S® sin” z _ sin” z _
lig 27 (2) = ling 2 0z —1)(z+1) =022z —1)(z+1)
and
) 102
i 2 T sin“ z 1 sin” z _
=) = o ey - Mo e )

z=01s a pole of f of order 8. 1

18.3.3 Behavior of f near an essential singularity

THEOREM 18.6 (Cassorati- Weierstrass theorem) If zy is an essential sin-
gularity for f, then for any small § > 0, we have f(D(zy,0) \ {20}) is dense
in C.

Proof.  Suppose the statement fails. Then there are 6 > 0, ¢ > 0 and
wo € C such that

f(D(20,0) \ {z0}) N D(wp,€) = 0.

Let ]
g(z) = f(

z) —wo

Then g is holomorphic in D(zg,6) \ {z0} and |g(z)| < L on D(z,6) \ {20}
Therefore, z = 2y is removable singularity by Riemann Lemma. Then g is
holomorphic in D(zg,d). This implies, z = 2, is a removable singularity or a
pole for f(z) = ﬁ + wp. This is a contradiction. 0

EXAMPLE 49 Let f be holomorphic in D(0,1)\ {0}. For 1 <p < oo, let

My= [ |f(2)PdA(z) < .

D(0,1)
Then
1. If p> 2 then z =0 is removable;

it. If 1 <p <2, then z=0 is a pole of order at most 1.
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Remark: For this example, we need Jensen’s inequality for convex func-
tions:

Definition 18.7 A function f : (a,b) — R which is twice differentiable on
(a,b) is convex on (a,b) if and only if

f'(x) =20, e (ab)

THEOREM 18.8 (Jensen’s inequality) Let ¢ is convex on an interval
I C R. Suppose that w : D — [0,00) satisfies

/Dw(x)daz = 1.

If h: D — I, then
o( /D h(z)w(z) dz) < /D (h(x))w(z) de.

For a proof of Jensen’s inequality, see, for instance, An Introduction to the
Art of Mathematical Inequalities: The Cauchy-Schwarz Master Class by J.
Michael Steele, p. 113.

Proof. For 0 < |z| < 1/2, we have D(z,|z|) € D(0,1) C {0}. By the
sub-mean value property

dA(w)
f@l< [ @I

and since 2P is convex on IR-q for p > 1, by Jensen’s inequality,

ser< [ Ifwpiatd <

(=./21) mlzl? T o
Therefore,
M,
< (2P| 4| =2/p.
F2)] < ( — )7l
We have the following cases.

If p > 2, then 2z = 0 is a removable singularity by Riemann’s lemma since
lim, ,02zf(2) =0.
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If1 <p<2 z=0can a pole of order at most 1. In particular, if p = 2,
then we claim that z = 0 is removable. If

7 =92 g0 £0

z

then by the continuity of g at 0, there is a § > 0 such that

19(0)]
7612 G2 e D.o)
Thus "
M, > / f(2)|2dA > |g(4)|/ 12| 2dA = +oc
D(0,8) D(0,6)

This is a contradiction.

If p=1, 2 =0 is a pole of order at most 2. By the same proof as in the
claim of case 2, it is impossible for the order of the pole to be 2. Therefore,
the proof is complete. 10

18.4 Homework 6

Contents: Morera’s theorem, isolated singularity, uniformly convergence

i. Let f(z) be continuous on C such that f(z) is holomorphic on C \ IR.
Then f(z) is entire, where IR is the real line in C.

ii. Let pj(z) be a sequence of holomorphic polynomial of degree less than
or equal n. Assume that p;(z) — f(2) as j — oo uniformly on any
compact subset of C. Show that f(z) is a holomorphic polynomial of
degree < n.

iii. Let f(z)* and f(z)*® be holomorphic on a domain D. Then f(z) is
holomorphic in D.

iv. Let f(2) be entire satisfying | f(z)| < |sin z| for all z € C and f(0) = 0.
Find f(z) explicitly
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vi.

vil.

Viil.

1X.

Consider the power series
Zn!
n

f(z) = f:

Prove that there is a dense subset K on the unit circle T' = {|z| = 1}
so that lim, ;- f(rz) = +oo for z € K.

Find the Taylor series of the following functions around z = z:
(a) f(2) = 52, 20 =1
(b) f(2) =sinz, zo=m7/2

Let f(z) be entire such that lim, ., fz(fj) = 0. Use Cauchy’s estimates
to prove f(z) is a polynomial of degree at most n.

Let f be meromorphic in C, and let R(z) be a rational function such
that
|f(2)] < |R(z)|, C(except for poles of R and f).

Prove f(z) = cR(z) for some ¢ € C.
Let f be holomorphic in D(zg,7)\ {20}, and let U = f(D(zp,7) \ {20})

be open. Let g : U — C be non-constant holomorphic. Answer the
following questions with a justification.

a) If zy is a removable singularity, what kind singularity does go f have
at zp;

b) If 2y is a pole, what kind singularity does g o f have at zp;
c) If zy is an essential singularity, what kind singularity does go f have

at zp;

Classify each of the following as having a removable singularity, a pole,
or an essential singularity at zy = 0:
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xi. If f is holomorphic in D(zo,7) \ {20} and [y, [f(2)[?dA(2) < oo.
Prove that f has removable singularity at z = zj.

xii. Assume that f(z) has an essential singularity at z = 0. Prove there are
a sequence of points {z,}>2, such that

lim z, =0 and lfz)llzn|" >n, n=1,2,3,---.

19 Laurent Series

19.1 Definition and examples of Laurent Series

A Laurent series about z = z; is an expression of the form

[ee]

(1) > an(z— z0)"
Let
1
(2) R = limsup {las| and 7= limsup {f|a—|-
Then

THEOREM 19.1 The Laurent series (1) converges for all
(3) z€ A(zo;r,R) :={2€C:r<|z— 2| <R}

e We call A(zo;7, R) the convergent annulus for the Laurent series (1).

19.2 Examples of the convergent annulus
EXAMPLE 50 Find the Laurent series for f(z) = (22+1)e'/# about z = 0.
Solution. Notice that

f(z) = (24 1)e/* = 2%/7 4 b/

_ 222;6)”_’_5": 1(1)n

—=
o 2

n=
> 1 > 1

= 2 )
n=0 """ n=0 """
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2 - 1 1 —-n
= 2 +z+1§((n+2)!+(n)!)z
0 1 1 )
= 2 ((—n+2>!+(_n)!>zn+”z' .

n=—oo

EXAMPLE 51 Find the Laurent series for f(z) = m about zy = 1.
Solution.
1
1@ = ooe—y
1 1
Coz—1(z—1)2-1
1 & n
S z_%<2_1)2
= — Z (z — 1)2+h,
n=-—1

19.3 Laurent series expansion

THEOREM 19.2 Let f(z) be holomorphic in D(zy, Ry) \ D(z2,79) with
ro >0 orrg=0. Then

f(z) = i an(z — 20)", 2z € D(z0, Ry) C D(z0,70)

n=—oo

Proof. For ry <r < R < Ry, by the Cauchy Integral formula,

1 1 1
fo) = = / ICHF / Jw) oL / fw) o
21 JoA(zor,R) W — 2 214 JOD(z0,R) W — 2 271 JoD(z0r) W — 2

for all z € D(zg,7) C D(z0,10).

Notice that

1 1
Py / J(w) dw = — / fw) dw
27t JoD(z0,R) W — 2 271 JoD(z0,R) W — 2o — (2 — 20)

1/ f(w)
271 JoD(z0,R) (W — 2p)(1 — Z=22)

w—2z0

dw
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1 flw) Sz —24\n
- '/E)D(ZOR) —zO)Z( )dw

27 (w w — 2o

f(w) n
N Z ¢ 2mi /(‘)D (z0,R) (W — 2zg)"H1 dw(z = 20)
= Z Z — Z()

n=0
where . Fw)
w
n =5 ————=d ) > 07
¢ 270 /80(20 R) ( z)"H1 o
and
o S g = —_— fw
2mi JoD(zo,r) W — Z 270 JoD(z0,r) W — 29 — (2 — 20)
1
_ L / f(w) _ dw
21 0D(zo,r) (Z — Zo)(l — 15_758)
1 s — n
271 8D(z0 n (2 —20) 5\ 2 — 20
= Z / — 20)"dw(z — )~ Y
27TZ 8D(207‘
= Z an(z — 29)"

where, by Cauchy’s theorem,

271 JoD(zo,r) (W — 2o)" 1 271 JaD(zo.R) (W — 20)"
forallm=—-1,-2,-3,---.
REMARK 2 a, does not depend on the choices of 0 <r < R < Ry.

Therefore,

o0

f(z)= > an(z—2)" 2z € A(zo;7, Ry) =: D(20, Ro) \ D(zo,7).

n=—oo
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EXAMPLE 52 Find the largest set in C such that the following Laurent
series converges

Z anz" a, =2"ifn>0; a,=3"1fn<O.
n

n=—oo

Solution. Since

lim sup \/|a,| —hmsupw —2

n—oo

n—oo /

Using Dirichlet test, one can prove

o0

>
n=0 "t
converges for all |z| = 1/2 except z = 1/2, where the series is diverges.
Similarly, one can prove
[e.e] an
>,
n—oo 1

converges for all |z| = 1/3 except z = 1/3, where the series is diverges. Thus,

it converges on
A(0:1/3,2)\ {1/3,2}.

19.4 Laurent series and isolated singularities

THEOREM 19.3 Let f be holomorphic in D(z, ) with the Laurent series:

o0

Z an(z—20)", 2z € D(20,9)\ {20}

Then
(i) zy is a removable singularity for f if and only if a,, = 0 for all n < 0;
(i1) zo is a pole for f if and only if there is a positive integer k such that

a, =0 whenn < —k;
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(i1i) zo 1s an essential singularity for f if and only if there is a infinite
subsequence ngpe, such that a_,, # 0 for all k € IN.

Proof.

(i) 2o is removable if and only if f is holomorphic in D(z,7). So the
Laurent series for f is a Taylor series; that is, a,, = 0 when n < 0.

(ii) zo is pole if and only if there is k& € IN such that (2 — z)*f(2) is
holomorphic in D(zy,r) if and only if

(z— 2)*f(2) = iobn(z —2)" = f(z) = i bien(z — 20)".

n=—k

(iii) 2z is essential singularity for f if and only if zy is neither removable nor
pole. By (i) and (ii), f has a Laurent series

i an(z — 29)"

n=—oo

where a,, # 0 for infinitely many n < 0. [

EXAMPLE 53 Let f be holomorphic in D(0,1) \ {0} such that
27 .
/ If(re)Pdo <1, 0<r<1
0

Prove that z = 0 is a removable singularity.

Proof. Without loss of generality, let

f(z)= DY a,2", 0<]z| <1

n=—oo

Then ) -
[ 1) P =2m 3 Janrtn <1
0

n=—oo

Let » — 07. Then a, = 0 when n < 0. [
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20 Meromorphic functions

Definition 20.1 Let D be a domain in C, we say that f is meromorphic
D if f is holomorphic except for possibly isolated singularities and all of
them are poles. The pole set is at most countable.
EXAMPLE 54 (i) f(z) = m is meromorphic in C;

(ii) f(z) = e'/* is not meromorphic in C because z = 0 is an
essential singularity, not a pole, for f.

EXAMPLE 55 Let ]

f(z) = I

~ sin(d)’

Then f is meromorphic in C\ {0}, but it is not meromorphic in C.

THEOREM 20.2 Let {f,}52, be a sequence of holomorphic functions on

n=1

a domain D. If for any compact subset K C D,

f(z2) = i fal2)

converges uniformly on K, then > °° f, defines a holomorphic function on
D.

Proof. For any zop € D and r € (0, dist(z9, 0D)), we have

[0 = S h)

n=1
_ i 1 / falw) |
el 27 |lw—zo|=r W — 2

_ 1/ 3 by,
_ 1/ fw) .
lw

271 Jjw—zo|=r W — 2

for any z € D(zg,r). Therefore, f is holomorphic in D(zy,r). This implies
that f is holomorphic in D. [
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20.1 Construction of certain meromorphic functions
EXAMPLE 56 Prove that
> 1

flz)="3%

n=—oo

(2 =n)?

defines a meromorphic function in C.

Proof. Let 1

fa(z) = m

Then f,, is holomorphic on D = C C Z. For any compact subset K of D,
there is an ng such that

K C D(O,no)
Thus - . . .
PR P Vil I AP Pl ey
and ~ o
<2 =3 5
[n|>no ‘ ’ n gno 0)2 kz::l k2

converges uniformly on K. This implies that f defines a holomorphic function
on D = C\ Z. For each z =n, f is holomorphic in D(n,1/2)\ {n} and

lim(z —n)®f(z) =1 and lim(z —n)f(2) =0

Therefore, z = n is a pole of f of order 2. Therefore, f is meromorphic in C.
0

EXAMPLE 57 Prove or disprove there is a non-constant entire holomor-
phic function f such that

flz+1)=f(2) and f(z+1)=f(z), ze€C. (1)

Solution. If f is entire holomorphic and satisfies equation (1), then |f]| is
bounded by
M = max{|f(z)] : 2] < 2}

By Liouville’s theorem, f must be a constant. 0
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EXAMPLE 58 Prove or disprove there is a meromorphic function on C
such that

f(z)=f(zx£1) = f(z++1), zeC.
Solution. Let . .

HOEEDY

n,m=—oo

(z —n—mi)?
Then we claim:
(i) f is holomorphic in D =: C\ {n +mi : n,m € Z}|
Proof. For any compact subset K in D, there is an nyg € IN such that if
|z| <mg—2forall z=z+1iy € K. Then

a) if [n| > ng
|z —n—mi]* = (z —n)*+ (y — m)* > (n — ng)?
Thus

2 2

—n — 3
|m|<ng [n|>ng Z n mZ)

converges uniformly on K;
b) if [m| > nyg
|z —n—mi]* = (z —n)*+ (y — m)* > (m — ng)*
Thus

PIEDS

[n|<no |m|>no <Z —-n- mZ)

converges uniformly on K;
c) if |n|, |m| > ng

|z —n—mi]* = (x —n)*+ (y — m)*> > (n —ng)* + (m — ng)?

Thus
1 1
> 2| Sl < > X
nlomo Impong (2 = 10— M)’ Inl>no [m|>no ((n —ng)? + (m — ”0)2>3/2

<Y ¥ .

3/2
[n|>ng |m|>ng (2(77, — no)Q(m — n0)2)

= 23/2 Z Z !

[n|>no |m|>ng (m - n0)3

(n — no)

< 4+
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converges uniformly on K. (The second inequality follows from the
trivial inequality 2ab < a? + b%.) Therefore,

f<z>=zzﬁ > ¥

[n|<ng |m|<no [n|<ng |m|>ng

£y Y >

|n|>no |m|<n0 [n|,|m|>ng

(z—n—mz)
1

n—mz)3 z—n—mi)3

converges uniformly on K. So it defines a holomorphic function on D.

It is easy to see that
(ii) For each ng,my € Z, one has

f(z+ (ng +imy)) = f(2)

(i) Hm,—spgrimg f(2) = 00
In conclusion, this function f satisfies the above conditions. [

EXAMPLE 59 Prove or disprove there is a meromorphic function f on C
such that the set of poles of f is {z =Inn:n > 1} and every pole is a simple
pole.

Proof. Let
= (=) & Inn—z (—=1)"
i
z:: —z+1Inn) z:: lnn—x) +y2 (Inn —x)% +y?
Notice that (ln:fg;jrw and (lnnfclz)2+y2 are decreasing in n when Inn > |z|.

For any compact set K C D = C\ {lnn : n € N}, choose ny such that
max |z| < Inng — 1.
K

For any z € K and m > n > ng, By Abel’s identity, we have

Ink—=x

‘ ];(_1)k (Ink — x)?

converges to 0 uniformly for z € K as n — oo. Therefore, it defines a
holomorphic function on D. It is easy to see it is meromorphic in C with the
satisfying properties. [

Inn—2x 6

< <
+y2’_ (]nn—g})2+y2 “Inn—Inng+1
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20.2 Singularity at oo

Definition 20.3 We say that z = oo is an isolated singularity of f(z) if
z = 0 is an isolated singularity for f(1/z). Moreover f(z) has a removable
singularity (respectively pole of order k, essential singularity) at z = oo if z =
0 is a removable singularity (respectively pole of order k, essential singularity)

for f(3).
By the definition, one can easily see

EXAMPLE 60 If f is a non-constant entire function then z = oo is an
1solated singularity for f.

THEOREM 20.4 (Liouville’s theorem) Let f be an entire function. Then
2z = o0 is a removable if and only if f is a constant.

Proof. Since f is entire, we have
o
f(z) =) a,2", zeC.
n=0

Then . -

f (;) = nZ::O an %
has a removable singularity at z = 0 if and only if a,, = 0 when n > 0 if and
only if f =ag. 0

We will add oo into our consideration. Let C = C U {oo}. We say that
f is holomorphic at oo if oo is a removable singularity for f(1/z). Then we
can restate Liouville’s theorem as follows:

THEOREM 20.5 (Liouville’s theorem) f is holomorphic on C if and only
if f is a constant.

The theorem for entire functions with polynomial growth can be restated
as follows:

THEOREM 20.6 If f is entire holomorphic, then z = oo is a pole if and
only if f 1s a polynomial.
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Proof. Let -
f(z) =2 anz"
n=0
Then . -
()= 2 "

has a pole at z = 0 of order k if and only if a,, = 0 when n > k and a; # 0.
Thus,

k
f(Z) = Z anzna
n=0
which is a polynomial of degree k. [

20.3 Rational functions

Let R(z) be a rational function of z; that is,

 Pm(2)
R(Z) - Qn(z)

where p,,, and ¢, are holomorphic polynomials of degree m and n respectively
and have no common factors. Then

lim R(z) = A

Z—00

where A € Cif m < nand A = oo if m > n. Thus, z = oo is either
pole or removable singularity for R(z). Therefore, R(z) is meromorphic in
C. Conversely, we have

THEOREM 20.7 f is meromorphic on C if and only if f is a rational
function.

Proof. Since z = o is either a pole or removable singularity, f has only
finitely many poles in C, say, 21, -, 2,. Then

n

F(z) = f(2) [I(z = 2)

j=1
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is entire holomorphic and z = oo is either a pole or a removable singularity

for F' because there is a non-negative integer k such that lim,_, ., ?—f,{ = 0.

Therefore, F' is a polynomial p,, of degree 0 < m < n + k. Therefore,

fe) =

?:1(2_21‘)‘

The proof is complete. 1

20.4 Stereographic projection

The topology of C and C are completely different. The later one is compact:;
in fact, it is diffeomorphic to the unit sphere S? in IR?.

Let S? = {p =: (w1,m5,73) € R*® : ||p|| = 1} be the unit sphere in R®.
We define the stereographic projection 7 : S? — C by

T X2

(1) ZZZW(QTl,ZL'Q,ZEg):1_x3+i1_x3, 7(0,0,1) = o0
Then
sz x%—l—x% _ 1—x§ :1+x3
(]. - 133)2 (]. - (L’3>2 1— (L’g.
Thus
|22 — 1 2
AN P ST 142
By (1), X - B
z+Z z—7Z
Thus,
z+z . z—7 |zP—1

T (2) = ( )-

For p = (21,9, 73) and q = (y1,y2,y3) € S?, let 2 = 7(p) and w = 7(q).
Then

1+|z\2’_21+\z\2’ 1+ |z|?

d(p,q)*
= |Ipl* + llall* = 2(p. q)
= 2(1-(p,q))
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_ 2(1 +12HA+ |w?) = z+z,w+w) — (2 —z,w —w) — (2] = 1)(|w]* = 1))

(L4 [2[*)(1 + [w]?)
2/z|% + 2|w|? — 4(z, w)
(14 |21 + [w]?)
4z — wl?
(14 [2[*)(1 + [w]?)

Therefore,

2|z — w|

VA + 2P+ [w]?)

d(r ™ (2), 7 (w)) =

20.5 Homework 7

Content: Isolated singularity, Laurent series, meromorphic functions

i. If f is holomorphic non-vanishing on D(0, 1)\ {0} with 0 as an essential
singularity, then what type singularity of f? has at z =07

ii. Calculate the annulus of convergence (including possible boundary
points) for each of the following Laurent series:

(a) Z?:ﬂo 277275 (b) 52 27/5% (¢) Tjm0d 774 + Zj_:l,oo 3727,

iii. Let 2y be an isolated singularity for f. Then z; is an isolated singularity
for 1/f. Find the relation of the type of singularity between f and 1/f.

iv. Let f have an essential singularity at z = zy, Prove (2 — 29)™ f(z) has
an essential singularity at z = zy for any positive integer m.

v. Let f; be holomorphic in D(0,1) \ {0} and has pole at z = 0 for j =
1,2,3,---. Assume that f; converges to f uniformly on any compact
subset of D(0,1) \ {0}. Prove or disprove that f has pole at z = 0.

vi. If f has non-removable singularity at z = 2, then e/ has an essential
singularity at zj.

vii. Prove the Laurent series about z = 0:

e —1 =z 2"’;( ) (2/{:)!2

for some real number By, which is called Bernoulli number. Find By, By

and Bs.
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Viil.

ix. I

xl.

Xii.

xiil.

X1V.

21

Find Laurent expansion of the given function about the given point.
In each case, specify the annulus of convergence of expansion.

(a) f(z) = cscz about zg = 0; (b) f(2) = 2/(z + 1) about z = —1;
(c) f(z) =z/[(z = 1)(z = 3)(z — 5)] about zg = 1, 3,5 respectively.
(d) f(z) = €*/z% about z; = 0.

f f(z) is holomorphic in D = D(0,1) \ {0} such that
/]f JdA(2) /\fxy|dxdy<oo

Prove or disprove z = 0 is either removable or simple pole for f.

. Prove the following infinite series

Ly

n=1

(z —n)
defines a meromorphic function on the whole complex plane.

Let f(z) and g(z) be two entire functions such that |f(z)| < |g(z)| for
z € C. Find the relation between f and g.

Let f(z) and g(z) be two entire functions such that |f(z)| < |g(z)| for
|z| > 1. Find the relation between f and g.

Construct a meromorphic function f on C having (m,n) as its poles of
order 3 for all m,n € Z.

Let
2|z — w|

VA + )1+ [w]?)

Prove d defines a metric on C, which is called the spherical metric.

d(z,w) =

Residues and the Residue Theorem

21.1 Definition of a Residue
Definition 21.1 Let f(z) be holomorphic in D(z,0) C {20} with a Laurent

series

o0

f(z) = Z an(z — 20)"

n=—oo
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We call the number a_y the residue of f at z.

By the formula for a,, in theorem 19.2,

1

" 2mi
EXAMPLE 61 Find the residue of f at z = zy:
i. f(z)=(2+1)sin(1/z) at 2 = 0;

a_q

/ | f(z)dz, 0<r<d.

ii. f(z) = (cosz)e'/* at z, = 0.

Solution. i. Notice that

PETETRIS Ul b VS ) ST B DA

= (2n+1)! = (2n+1)! = (2n+1)!

So,
S

(2+1)!+1! 6

Res(f, 0) =a-1 =

ii. Notice that

I —1)e

m=0 """ k=—o00 2n—m=k

1 k
ﬁ)Z .

Therefore,

)1 & =)
(2n)! m! Z(zn)!(2n+1)!‘

' pr—
: n=0

Res(f;0) = a_1 = Z

2n—m=-—1

21.2 Formulae for Computing Residue of f

THEOREM 21.2 Let g and h be holomorphic in D(zy,d) with g(zo) # 0
and h(zo) = 0. Suppose further that f(z) = g(z)/h(z) with an isolated

singularity at z = zg . Then

i. If W (20) # 0, then Res(f,z) = 5/((200))'

1. If zo is a zero of h with multiplicity k > 1, then

1 %z —z)kf
(RS

Res(f, z) =
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Proof. Since

we have

is holomorphic. Then

L 0"z — 20)*f(2)]

(]C _ 1)' 8zk_1 (ZO) =01 = Res(f, ZO)

When k=1, a_y = g(20)/h (20). D
EXAMPLE 62 Find the residue of f at z = zy:

. 2—1)5(2
i. f(z)= % at zo = 2;

.. 2
ii. f(z) = Cosé(ji%) at zo = 0.

Solution.(i) Let f(z) = g(z)/h(z) with g(z) = (z — 1)3(2 + 1) and h(z) =
(2 —2)5 Then g(2) # 0 and z = 2 is a zero of h of multiplicity 6. Then

18— 2/ (2)

Res(f;2) = 4 i (2)
1Pz —1)°(z41)]
~ 5l dzb 2)
1Pz —1)°+2(z—1)°
] dzb 2)
= 262 -1)+2-5)
= &

(ii) Write
2241
1) = cos?(z+ %)

B 2241
- sin?z
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2241
( o (=" Z2n+1)2

n=0 (2n+1)!

2+ 1

— e
(2 %22 )?

= (1 + 212) (1 + g:lakz%).
Therefore, Res(f;0) = 0.

21.3 Residue at z = o0

Definition 21.3 If z = oo is an isolated singularity for f, we define the
residue of f at oo by

Res(f; 00) = —1/|ZRf(z)dz, R>>1

271

where R is chosen large enough so that oo is the only singularity in C \

D(0, R). Since

Res(GFC)10) = 5= [ 5r(0:

22702 2mi L 22702
for R sufficiently large, after a change of variables,
1
Res(f;00) = Res(— f(1/2);0).
z
EXAMPLE 63 Find the residue of f at z = oo if f(z) = %

Solution.For R > 2, we have

1 1 z+1
omi /z|:R J@)dz = 55 /|z:R oG- n"

1 / 1 s+ 1 / 2 d
= — z2+ — ———dz
270 Jiz1=R (2 — 2) 270 Jiz1=r (2 — 2)(z — 1)

1 1 1 1 1
SR RS S
27 Jiz1=R (2 — 2) 2mi Jiz1=r (2 —2) (2 —1)

=1

Therefore, Res(f;o00) = —1.
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EXAMPLE 64 Prove or disprove that there is holomorphic function f in
C\ D(0,2) such that
z+1

(z=2)(z-1)
Solution. The answer is no. If it were yes, then

1 1 z+1
= — / = — B E———— = 1
0 270 /z|:R J(z)d= 27i /|Z=R (z—=2)(z— 1)dz ’

which is a contradiction. 0

THEOREM 21.4 Let g be a holomorphic function on |z| > R. Then there
is a holomorphic function F' on |z| > R such that

Fl(z) =g(2), |s|>R
if and only if Res(g;00) = 0.
Proof. Write

f'(z) =

oo
z)= Y a2, |z| >R

j=—00
Then Res(g,00) = 0 if and only if a_; = 0. Thus, one can define
—1
F(z) = G-t —i— —I it
F(z) is holomorphic on |z| > R and F’(z) = g(z). i

THEOREM 21.5 Let p,, and g, be two holomorphic polynomials such that
Gn #0 on |z| > R. If n —m > 2 then

/ pm(z)dz =0

=R qn(2)

Proof. Since 2 is holomorphic on [z| > R, for any R; > R we have

_ Pn(2) Pn(2) ) Pm(2)
B /8A(O;R,R1) qn(2) I /z|:R1 4n(2) a /z|=R qn(2) a

Therefore,

[ e | | d\<0/ R Ry df = 2nC R = 0
|Z‘ R QTL ‘Zl Ry qh,
as R — oc. ThlS proves the theorem. [

98



21.4 Residue Theorems

THEOREM 21.6 (Residue Theorem I) Let D be a bounded domain in C
with piecewise C* boundary. For {z,---,z,} C D, if f is holomorphic in
D C{z, -, 2.} and f € C(D\ {21, -+, 2u}), then

1 i f(z)dz = i Res(f; z;)

2me Jo =

Proof. For any 0 < ¢ < 3 min{|z; — 2|, dist(z;,0D) : j # k,1 < j, k < n},
let

Then
1 1 LA | "
Tm'/az)f(z)dz = 2772'/8D6 f(2)dz +JZ_:1 27m'/|z—zj:5f(z>dz = ;Res(f;zj)

This proves the theorem. [

THEOREM 21.7 If f is holomorphic in C C {z1, -+, z,}, then

> Res(f: 25) + Res(f;00) = 0

=1
Proof. For any R > r =: max{|z|,---,|zn|}
Res(fi00) = o [ f(dz= o [ f()dz = Res(f:)
)= ori a=r T T 2mi Japomy T z-j:1 25

This proves the theorem. 10

Examples
EXAMPLE 65 FEvaluate the integral

2241

/6D<0,19> C-2-d- (-0
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Solution. Since

0 / 2241 4
== z
ap(021) (2 —2)(z —4)--- (2 — 20)
2241 2241
- / dz+/ dz
2A(0;1921) (2 —2)(z —4) -+ (2 — 20) oD(0,19) (2 —2)(z —4) -+ (2 — 20)
2241 2241
— ormiR 120 / d
TR e =20 20 Jopoun G2 =)= 20)
o 20+ 1 +/ 22+1 "
= 27
(20—2)(20—4)--- (20 — 18)  Jap(,19) (z —2)(z —4)--- (2 — 20)
401 2241
= 2787 / d
0= 1)(10—2) - (10=9) " Jonwas) (z —2)(z —4) - ( —20) "~
Therefore,
/ 241 401
2= =i
aD(0,19) (2 —2)(z —4)--- (2 — 20) 289!

EXAMPLE 66 Let f be entire holomorphic such that f(km) = ﬁ if k>0
and f(kr) =0 if k < 0. Fvaluate the integral

/ f,(z)dz and lim ﬂz)dz
|z|=nn+F SIN 2 n—00 |z|=n7+5 SIN Z
Solution. Notice that
1
7/ f,<z)dz = > Res( ,f k)
271 J|z|=nn+Z SIN 2 k< sin z
_ Z f(km)
=n cos(km)
_ Ly
oo =k
Therefore,
oo (__1\k
lim O PR S S N}
n—=00 J|z|]=nm+ 2 SIN 2 =k



21.5 Winding number and Residue Theorem

Definition 21.8 Let v : [0,1] — C be piecewise connected C* closed curve.
Let zp € C C v([0,1]). Then the winding number of v around zy is

1 1
n(vy; z0) = / dw.
ol

211 Jy w — 2

EXAMPLE 67 Let v : [0,27] — C be defined by ~(t) = ™. Then
n(v;0) = m.
Proof.

1 1 1 2 1 , 2mmi
,0 = 7/ —dz = 7/ —d mt - .
n(7:0) 211 Jy 2 : 2mi Jo et ¢ 271 mn

The proof is complete. 0

THEOREM 21.9 Lety : [0,1] — C be piecewise connected C closed curve.
Then n(v; z) is a constant integer on each connected component of C C

~([0,1]).

Proof. It suffices to prove n(y;z) is a integer-valued function on
C C ([0, 1]) because n(v; z) is a continuous function of z on each connected
component of C'\ v([0,1]). This is equivalent to proving that e™#)27 = 1
on € C ~([0,1]). Notice that

) 1 ()
eln('ﬁz)Zﬂ' o ef-\/ w—zdw — efo 'y’(yt)fzdt'

Let o
(1) = (7(t) — 2)e Jo 7=
Then |
g(0) = (4(0) — 2),  g(1) = g(0)e~ 2712
and
9(1) = /(1) = (1) ~ =) (Vt)“f o e = g

Therefore, g(1) = ¢(0). This implies

1 /(s
elo o=t _ 1
The proof is complete. 0
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Definition 21.10 Let f be holomorphic in D(2,0) \ {20} with Laurent se-

T1ES:
o0

fz)= > an(z—z)"

n=—oo

We call

-1

s(z,20) = D anlz— 2)"

n=—oo

the singular part of f around z = z,.

REMARK 3 If f is holomorphic in D(z9,0) C {z0} with singular part
s(z,z0) at zo, then f(z) — s(z, zo) is holomorphic in D(zy,0).

THEOREM 21.11 (Residue Theorem II) Let D be a simply connected do-
main in C. Let {z1,---,z,} C D and f be holomorphic in D C {2z, -, z,}.
Let v be any connected, piecewise C* closed curve in D\ {z1,-+,2,}. Then

;mAf(z 2:: (v; zx) Res(f; zx)

Proof. Let s, be the singular part of f around z;. Then g(z) = f(z) —
Sr_qSk(2) is holomorphic in D. By Cauchy’s theorem, since D is simply
connected, we have

Ag(z)dz =0

Thus
1

1 LR |
- dr — / 2)dz — 7/
0 2m,/vg(z) : omi : ];2WZ dz

n 1
_ / F(2)dz — " Res(f; 2) — / dz
omi = Z— 2z

— oy ] 2z - > Res(fsz)n(y: 2)

=1

3

So the proof is complete. 10

EXAMPLE 68 Let f(z) = wcot(mz). Then
(i) f is meromorphic in C with Z as the set of poles;
(i1) Every pole z =k of f is simple and Res(f; k) = 1;
(ii) Singular part of f at z =k is

(ZU) f(Z) - % - Zzozl (zfljﬁ 18 entire.
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Proof. (i) Since sin(rz) = 0 if and only if z = k € Z.
(i) (sinm(z)) = mcos(mz) # 0 when z = k. So, z = k is a simple pole
and

(f.k) = m 1
(iii) By Part (ii), one has
Sy(ak) = - ! _
(iv) By Parts (i), (ii) and (iii), one has
f-1- ¥ —

k|<N+1 7

is holomorphic in |z| < N + 1. Moreover,

N 1 1 X 22
|k|§<:NZ :kz::l Z_k:;+;€z::1(2_k>(z+k)
and . . )
9(2) = z+kz::1(z—k)(z+k)

defines a meromorphic function on C and f(z) — g(2) is holomorphic in C.
0

THEOREM 21.12 We have the functional identity:

7rc0t 7rz - —
z Zk:Q

2
Proof. We sketch the proof: Let

. 1 1 1 1
Tu={e=a+iy: o=@+ ) sl <ntyory=+n+3)lel <nty)

Step 1. Show

If(2)] = |7TCOt(7TZ)—i—i /j?z—i—kﬂ C(1+12|Y%), zel,.
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By Cauchy integral formula,

fmy =L [ T

- )
27 Jr, w — z

|z] < n.

and

f(z) = ! /n ( f(w) 2dw

27 Jr, (w — 2)
converges to zero when n — oo. Therefore, f is constant.

Step 2. Show f(0) = 0.
Therefore, combining Steps 1 and 2, one has f(z) = 0.
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21.6 Homework 8

Contents: Residues, Residue theorem and meromorphic functions

ii.

1il.

1v.

vi.

vil.

. Compute each of the following residues:

22 ; e? ; cotz
(a) Res( 55350 20); (b) Res(=f—5, 1 +9); (¢) Res(z(zil),()).
Evaluate

1 z
(8) 5 Jon.s) GrmyTan 42

(b) ﬁ . (Z+3Z.)2(Ze_i$)2(z+4) dz, where  is the negatively oriented rectangle

with vertices 2 &7 and —8 £ 4.

Given any k distinct points z1,-- -, zx € D(0,1) and complex numbers
ay, - -+, o Construct a meromorphic function f on D(0,1) with z; as
its poles and Res(f;z;) = «; forall 1 <j <k.

For any complex number o and positive integer k. Construct a holo-
morphic function f in D(zo,7)\ {20} such that z is a pole of f of order
k and Res(f;z) = a.

. Suppose that f and g are holomorphic on D(zg,7) and g has simple

zeros at 21, -+, 2z, € D(29,7). Compute

1 f(2)
2mi /6D<zo,r> i "

in terms of f(z;) and ¢'(2;), 1 <j < k.

Let f(z) = eG+Y/2). Prove

1
Res(f;0) = gm

Calculate the residue of the following given functions at oo:

z

(a) f(2) = 2* = 72" +8; (b) f(2) = p(2)e?, (o) f(2) = 555,
(d) f(2) = 525, (0) f(2) = sinz, (f) f(z) = B,

where p(z) and ¢(z) are polynomials.
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Viil.

When o € R\ Z, prove

o] 1 7T2

2 (k + «)? - sin?(ra)

k=—o00

ix. Let z = oo is an isolated singularity for f, noticing the orientation with

xi.

XIi.

Xiil.

respect to co, we define the residue of f at co as

1

2mi

Res(f;00) = /|Z|:Rf(z)dz, R >>1.

a) Prove Res(f;00) = —Res(% f(1/2);0)

b) If R(z) is a rational function (P, (2)/Qm(z)), then sum of all residues
of f (including the residue at o) is zero.

c) Is the statement in b) true if R is not rational with z = oo as an
isolated singularity 7

If f is entire and if
o)
im

Z—00 z

=0

then f is constant

Evaluate [, _, dz

_1
21041

Every convex domain D is holomorphic simply connected, i.e. n(v, z) =
0 for z ¢ D and any closed continuous, piecewise C'! courve ~y in D.)

If f € C(D(0,1)) so that sin f(z) and cos f(z) are holomorphic in
D(0,1). Prove f(z) is holomorphic in D(0,1).
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22 Final Review

e Material before the midterm, refer to Midterm Review (30%)

e Material after midterm examination (70%).
i. Zeros of holomorphic functions

a) Factorization theorem

b) Zero set of a non-constant holomorphic function is discrete; hence
it is at most countable.

¢) Uniqueness theorem for holomorphic functions

d) Uniqueness theorem for meromorphic functions

EXAMPLE 69 Let f be entire holomorphic such that |f(2)]* <
|cos z| on C. Find all such f.

EXAMPLE 70 Let f be holomorphic in D(0,1) such that
F(L)=1/n% neN.
n
Find all such f.
EXAMPLE 71 Let f be holomorphic in D(0,1) such that

f/(A/n)+ f'(1/n) =0, neN
Prove that f is entire holomorphic.
Solution. The general solution of y”(t) + v/'(t) = 0 is
y(t) = Cy + Coe ™.

Since y(z) = C; + Cye™* is entire holomorphic and f(z) = y(z) on R,
by the Uniqueness theorem for holomorphic functions,

f(z) = C) + Cae”.
ii. Isolated Singularities

107



a) Riemann’s Lemma

b) Factorization theore for meromorphic functions: f(z) = (Zg_(jg)k

)
)
c) Cassoratti-Weierstrass Theorem
d)

Laurent series
EXAMPLE 72 Let f be holomorphic in D = D(0,1) \ {0} such that

| 1F2)IdAE) < .
Prove that z = 0 is either a removable singularity or a pole of order 1.
EXAMPLE 73 Let
f(z) = i az", ro < |z| < Ry
Fvaluate

2 .
| 1R, v e (o, Ro)
0

in terms of a, and r.

The answer is

21 . S
[ =27 3 Janlr*
0

n=—oo

EXAMPLE 74 Find the largest set in C such that the Laurent series

0 . (3" ifn<0

n=—0oo

The answer is

D(0,2)\ {2} \ D(0,1/3).

EXAMPLE 75 Let f be holomorphic on D(0,1) \ {0}. Classify the
singularity of cos(f(z)) at z = 0 based on the singularity that f has
at z = 0; that is, suppose f has a removable singularity (resp. pole,
essential singularity), what type of singularity does cos(f(z)) have at
z2=07?
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1il.

1v.

Meromorphic functions

How do you construct a meromorphic function?

EXAMPLE 76 Construct a meromorphic function in C with Z as its
set of the poles

EXAMPLE 77
(a f is holomorphic in C if and only if f is a constant;

(b) f is meromorphic on C if and only if f is rational.

Residue and Residue Theorem

(a) How to find the residue?
(b) Residue Theorem
(¢) Winding number

EXAMPLE 78 Find the Residue of f at zy:

(a) f(z) =%, 20 =0. Answer: Res(f;0) =0
(b) f(z) =%, 20 =m. Answer: Res(f;0) = —e™

sinz’

(c) €52, zo = 0. Answer: Res(f;0) =0

24

EXAMPLE 79 Prove or disprove there is a holomorphic f C\ D(0, 3)

such that
10

Mo =t06+

The answer is yes because Res(f;00) = 0. Can you construct f7

10 10, 1 1 10 & s 10 &
(z—=1)(z+2) :g(;_z+2):§;[l+(_2) I _E(n;l
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EXAMPLE 80 Let v(t) = acos(nt)+ibsin(nt) : [0, 7] — C for some
n € N and a,b > 1. Evaulate

2
/ a2
v2(z2—1)
The answer is
2242 ‘
/ ———dz = 2mi(n(y,0)Res(f;0) + n(y, 1)Res(f;1)]
v 2(z —1)
2mi[—2n + 3n]

= 2nms.

REMARK 4 If f is holomorphic in D(z,0) C {20} with singular
part s(z, zo) at zo, then f(2) — s(z, z0) is holomorphic in D(zy,?).

THEOREM 22.1 (Residue Theorem II) Let D be a simply connected
domain in C. Let {z,--+,2z,} C D and f is holomorphic in D C
{21,-++,2n}. Lety be any connected, piecewise C* closed curve in D C

{z1,--+,2zn}. Then

1 n
7/ =Y n(7;z,) Res(f; zn).

2me el

Exercise:

1.

ii.

1il.

1v.

Let f(z) and g(z) be two entire functions so that f(1/2) — ¢g(1/2) =1
and |f(z) — g(2)| < |sin(7z)| on C. What is the relation between f
and g7

Every convex domain D is holomorphic simply connected, 1.e. n(y,z) =
0 for z € D and any closed continuous, piecewise C! curve v in D.)

Let f(z) be holomorphic in D(0,1) so that f(re™*) = (1 — i)r for
€ (0,1). Find all such f.

If f € C(D(0,1)) so that sin f(z) and cos f(z) are holomorphic in
D(0,1). Prove f(z) is holomorphic in D(0, 1).

Find the value
i tan(ni)
n2+1

j==oc
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