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1 The Residue theorem applied to real inte-
grals

We are going to apply the Residue theorem to evaluate integrals of real-
valued functions over subsets of IR. We will call such integrals real integrals.

1.1 Several types of real integrals

I) Let R(z,y) be a rational function in z and y. How does one evaluate
2
/ R(cost,sint)dt?
0

Solution. Let ’
z=e" tel0,2n).

Then
z4+1 0 2241 z—1 221 dz
t= Z = int = 2 = ddt=—.
o8 2 2. W 2i 2. iz
Therefore,
2m 2241 22-1.1
R t,sint)dt = R —dz.
/0 (cost, sint) o e o R

We can apply the Residue theorem to evaluate the right hand side.

EXAMPLE 1 For a > 1, evaluate the integral

2T 1
e
0 a-cost

Solution. Let

Then ] ]
cost = i(z + ;), dz = izdt



Therefore,

2 1 1 1
| = : Zdz
0 a-cost zl=1a+ 3(2 +1/2) iz

2 1
= - / ———dz
i J)21=1 20z + 22 + 1

= 4#Res<;' —a+Va?— 1)

224 2az+1
4m
2(—a++Va?>—1)+2a

2m

a? —1

IT) How does one evaluate

/OO R(z)dz?

—0o0

THEOREM 1.1 Let P, (z) and Q,(x) be polynomials of degree m and n
respectively and (P, Q,) = 1. Let R(x) = Z:éi)) Suppose also that Q,(x) #
0 forallx € R andn—m > 2. Then

o ¢
[  R(x)de = 2mi(Y Res(R: )

k=1
where z1,---,z; are the zeros of ), not counting multiplicity in the upper
half plane ]Ri.

Proof. Let {2, ..., 2¢} be the zeros stated in the theorem’s hypothesis and
choose r >> 1 such that {z1,---, 2} C D(0,r). Apply the Residue theorem
to R(z) on D, = {z € R} : |z| <r}. Then

/TT R(r) = — /CT R(z)dz + QWiéRes(R, k)

where O, = {z = re?? : 0 < 0 < 7}. Since n > m + 2, we have

lim [ R(z)dz=0.

r—00 C,

The theorem is proved. 10
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Figure 1: The nice contour
EXAMPLE 2 FEwvaluate the integral

o0 1
——d.
b

Solution. Let f(z) = 1/(2% + 1)%. Then

o1 1o 1
= f/ - at
/0 1+222"" = 2 ) (1 ra2)p

-2
= miRes(f;i) = mi T
. 2m
(203 4

IIT) How does one evaluate

/OO f(z)edx?

Lemma 1.2 Let f(2) be meromorphic in RZ such that
: 0y _
lim f(re®) =0
uniformly for 6 € (0,7). Let {2, : 1 < k < m} be zero set of f in R%. Then
1%520 . f(z)e®dz =0

where Cr ={z=x+1iy € C: |z] = R,y > 0}

5



Proof. Let Mp = max{|f(Re")|: 0 € [0,7]}. Then

7,z T 6 —Rsin6
\/CR dz| < /0 [ (Re™) e~ R0 Rag

MR /71’ €_RSin0Rd9
0

IN

w/2 .
— oM, / e Rsint g
0
w/2
2Mp / ¢~ 2R9/7 g
0

WMR/ etdt
0
= mMr—0 as R—

IN

IN

where the third inequality follows because sin(f) is concave on [0 hence

sin(0) > 2 on [0,Z]. ©

 5)

THEOREM 1.3 Let f(z) be meromorphic in R% such that
lim flre®y =0

uniformly for 6 € (0,7). Let {2z : 1 <k < m} be zero set of f in ]Ri.Then
/ f(z)edr = 2mi > Res(fe'; z,)
- k=1
Proof. Let Dp={z € R% : |z| < R}. By the Residue theorem, one has
/ x)e'” +/ )edz —/ f(2)e*dz =2mi Y Res(f(2)e”; z)
DR z2k€DR
Let R — oo. By the previous lemma,
/ f(x)e™ =2mi Y Res(f(z)e”; z)
- k=1

The proof is complete. [

EXAMPLE 3 FEwvaluate the following integral:
/00 COST
o 1422

6




Solution. Since

% COS T % cosx
[ tee =5/
o 14 a2 2 o 14 3:2
€Z$
- —R / 4
¢ —x 1 +ZL’2 v
. e
= Re(mRes(m,zD
1
2e’
EXAMPLE 4 FEwvaluate the following integral:

/ sin I
0 x
Solution.We would like to write

/00 smx /OO sma: —Im/ —dw
0 x 2

However, the last equality may cause trouble because the last integral does
not converge. So, instead, we write

- e R
/ sina [/ szn(x)dm+/ smxdx}

—co X R—00,7—0 —R x x
Let
D.r={z€R2:|z| <R,|z| >r}
and
0D, p=CrU|[-R,—r]U(-C,)U]|r, R].

Thus

0 Qi —r R T

/ ST e = lim Im / ¢ dx+/
—o00 X R—o0,r—0

. e e e
= lim Im {/ —dz —/ —dz + —dz}
R—00,7—0 0D, r < Cr <% c. <2

eiz
= 0+0+1limIm —dz
r—0 C, 2
T eriCOSG—rsinG ]
= limIm 7.92’1”6296&9
r—0 0 re
T
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Figure 2: The semi-circular contour with a bump

where the third equality follows because % is holomorphic in a neighborhood
of D, p and lemma 1.2. Therefore,

0 Sinx T
/ der = —.
0 T 2

EXAMPLE 5 FEvaluate the following integral:

0 gin? z
dx.
0

0

72
Solution.
. 2 . 2 .
0o o0 oo 9
/ smza:dx __sin x‘ +/ smxcosxdx
0 x x 10 0 x
_ / sin( m)dx
0 T
_ sin w>d(2x)
0 2z
T
= 3

EXAMPLE 6 FEvaluate the following integral:

© 1 —coszx
==
0 T

8



Solution.

1 —cosz 1 —cosx o ©sinz w
0 T T 0 0 T 2
IV) Choosing special integral path.
EXAMPLE 7 Fuvaluate the following integral:
|
dz.
/0 1+ a3 .
Solution. We know that (e2™/3)3 = 1. Choose
Dp={z=|z|e":0< 0 < 271/3,|2| < R}
Then for R > 2,
ReQﬂi/S
Figure 3: Another common contour
. 2mi
_ . . im/3 _
/BDR T dz 27rzRes(1 el ) So2mi/3
On the other hand,
1 LA | 1 o 1 ,
d = / d d - 27rz/3d
/(9D31+z32 o 1423 v cp 1+ 23 e R1+as ’
. o 1
— (1= 2mi/3 / d
(1= o 1+4+a3 v



as R — oo. Therefore,

/00 1 dr — 271
0

1+ 23 3(1 — ei27/3)e2mi/3

2m 1

™

3sin %’r
B 27r\/§ .
— 5

EXAMPLE 8 Integrate
00 x
————dz.
b @ et
You can do the same thing and get

1 — e*mi/3 ~ Ldz = 2miRes
o ( 2

1+ 3) (1

It is left to the reader to finish the computation.

10

3 (€2m/3 — e—27i/3)

. mi/3

+ 23)2’

)



1.2 The Logarithm function

From calculus, f(z) = e” : (—o0,00) — (0,00) is one-to-one and onto; its
inverse function can be denoted either log = or In z. The exponential function
extends to an entire holomorphic function f: C — C\ {0} defined by

f(z) = e ="t = ¢e%el,
It is easy to see that
£z +2mi) = £(2)
and if So = {z +iy: 2 € R,0 <y < 27}, then f(z)]s, : So = C\ [0,00) is

one-to-one and onto. The inverse function of f(z)|g, is called the principle
log function, denoted by log : C \ [0,00) — Sy and it is defined by

logz =log |z| +i0, —7m<0<m.

For each integer k, let Sy = {2mik} + Sy, then log : C\ [0,00) — Sk is a
branch of Log defined by

Log z = log z + 2kmt
The general Log z is an infinitely many valued function.

Definition 1.4 Let D be a domain and f a continuous function on D. We
say that f is a branch of Log on D if

e’ =2 zeD.
EXAMPLE 9 Let D = C\ {0}. Then Log cannot have a branch on D.

Proof. Suppose there is a continuous function f on D such that e/®?) = 2
on D. Then f is holomorphic and

f'(z) = i, z€eD.

Then

27

1 e
0= /|| f(z)dz = /| ~dz =logz| =2mi
z|=1

zl=1 % 1
This is a contradiction. [
Remark: Let D be a simply connected domain in C such that 0 ¢ D. Then
there is a branch of Log on D.
The function z¢ is defined by

Za — eaLng

11



EXAMPLE 10 Find all z such that 2*° = —1.
Solution. Since —1 = €™, we have

Log(—1) =0+ 2k + 1)mi, k€ Z.

Thus
(—D)V0 = ™0k =0,1,---,9. 0
Let
R(z) = g:gj;, n—m-—a>1
How does one integrate
/OOO R(x)z%dz?

When a € Z, by an argument similar to the one used in theorem 1.1,
(1-— eio‘%)/ R(z)z%dz = 211y Res(R(z)z%, z;)
0

EXAMPLE 11 Integrate
1/3

/ v dx
o 1423

Solution. H% has three poles:
=3 zy=—1 and z3 ="/
Therefore,
) 1/3 /9 /3 5m1/9 24 ] ) )
_omig3y [T _ o © € € _ eTl iam)9  2mif9 | _mi/3
(1—e )/0 1+x3d$ = 27?2(362m/3+ 3 +3610”/3 =3 (—e e“™ 4™,
Therefore,
s 21/3 i i /9 o27i/9 /3
/ ——dr = —(— —— — e+ ——)
o 1423 3 (1 _ 627”/3) (1 _ 6271'1/3) (1 _ 62772/3)
T /9 4 p2mi/9 1
= g(_ (1_e27i/3) + efm'/3,em'/3)
2 2
B 7T( 61'71'/9 +€—7ri/9 1 )
C 3 @B sin(w/3)
7,2 cos(m/9) 1

= 3l sin(7/3) _sin(ﬂ/?)))'

12



Another way to compute is to use the argument preceeding this example:

A A o 1/3 wi/9 ori
_ 2mi/9 2mi/3 z _ . € _ m 4mi/9
(1 —e™ e )/0 T xgda: = 27r273€m2/3 =——e"
Therefore,
/00 z'/3 J s 21 T 1
r=—= . — = — )
0o 1+a3 3 e=4mi/9 — edmi/9 3 sin(47/9)

1.3 Real integrals involving Inxz

V. Integration involved in Inx

Let R = g be rational with deg(Q)-deg(P) > 2 and Q(x) # 0 on [0, 00).
Evaluate

/OO R(z)Inzdx.
0

Discussion: Let D, = D(0,7)\ [0,7). We view 9D, = (0,r)UC, U [re*™,0)
where C, = 0D(0,7). Choose r >> 1 such that all of the poles of R, say
21, Zn, are in D(0, 7). Then

/ R(z)Inzdz =21 ) Res(R(z) In z; z)
oD: k=1

On the other hand,
/ R(z)Inzdz = /T R(z)Inxzdx + / 2)Inzdz + / Y(Inz + 27i)dx
oD, 0

— / R(z)In zdz — /T R(z)2midx.
. 0
Since n —m > 2,

|R(2)| < Clz|™™ < Clz|™?, when |z| >> 1

| / z)In zdz|

and

21 .
/ \R(R™)|| Inr + i0|rdo

IN

IN

27
C/ *(Inr 4 27)rdf

< 27Cr~'(lnr + 27)
=0

13



A

Figure 4: The contour that works well with (n(x)

as r — oo. Combining the above and letting » — 0o, one has
—/ R(z)dz = > Res(R(z)Inz, z)
0 k=0

We cannot get [;° R(z)Inz dx with this calculation. Instead, we replace
R(z)Inz by R(z)(Inz)? and essentially repeat the above argument. On the
one hand,

/8DT R(z)(In 2)%dz = 2mi i Res(R(z)(In 2)?; 2;)

k=1

On the other hand,

2. _ 2
/8DTR(Z)(IHZ) dz = /OR )(In x) da:+/ )(In 2) dz+/ (z)(Inz + 27i)2d

= R(z)In zdz — 2/ x)2miln xdx — (27i) 2/
C, 0

14



Since n —m > 2,
|R(2)| < Clz|™™ < Clz|™?, when |z| >> 1

and

IN

2m
2 i0 12
’/Cr R(2)(Inz)*dz| /0 |R(Re”)||Inr + i6|*rdo

IN

2
C’/ r?(Inr + 27)*rdd
0

< 27Cr~Y(Inr + 27)?
— 0

as r — 0o. Combining the above and letting » — 0o, one has

—2 /OOO R(x)Inzdx — 2mi /OO R(x)dxr = i Res(R(2)(In 2)?, z;)

0 k=0

Therefore, we have

THEOREM 1.5 For any rational function R(z) = Pp(2)/Qn(z) with n —
m > 2 and Q,(z) # 0 on [0,00), one has

(3] 1 9 [
/0 R(z)Inzdx = —3 kz::ORes(R(z)(ln 2)%, zK) — m/o R(x)dx

where zy, -+, z, are the poles of R(z) in C.

EXAMPLE 12 FEvaluate

o ]
/ ne dz.
o 1422

Solution. We will provide a few methods to solve this problem.

Method 1. We can use the above formula to evaluate it.
Since 1 + 22 = 0 if and only if z = £4, and

(Inz)* = (Imd)*  (wi/2)> =

Res(i =% ="~
and (In 2)? (In(=i))?  (37i/2)> on?
R =5 ~ " ~u

15



Thus (In 2)?
nz .
ReS(m, Z) + RGS(i —

Therefore,

/ nxdxzw%—ZM/i dr = 7% — 2wt = 0
o 1+a22 o 1+ a2 2

Method 2. Let D = {2 =7re® € C: |2| < R,0 < § < 7} with R > 1.
Then

and

In2 — © Inz 0lnr 4 mi © Inz ™
T 2% / ——d /7—1d 022/ — > d —
/8D31+222 R—o0 Jo 1422 m+oo 14172 (=D)dr+ o 1+ 22 ZE+7TZ2

Therefore,

Remark. The above argument can be applied to certain rational functions
R satistying R(—x) = R(z). More precisely, we have

THEOREM 1.6 For any rational function R(z) = Pp,(2)/Qn(z) with n —
m > 2, Qn(x) #0, and R(—x) = R(x) on [0, 00),
/0 R(z)Inzdx = m{];) Res(R(z)(In z), zx) — 5/0 R(:c)d:c}

where 29, -+, 2, are the poles of R(z) in R3.

Method 3. In fact, using the substitution = — 1/x,

>~ Ingx 1 Inx >~ Ing
dr = / d / d
J 2™ T hir2™ T L 2™

T Inx >~ Ing
- d / d
A

= 0.

The arguments are done. [

16



1.4 Homework 1

e Applications of Residue theorem to real integrals; branches of the logarithm

1. Evaluate
R
/0 1+ sin’@

2. Evaluate
S |
[
o 1+ab
3. Evaluate
/o 1+ 210 o
4. Evaluate
21 d@
0o 5+ 3cosf
5. Evaluate
% gin? gz
/ 5 dx
0 T
6. Evaluate
© cos? x
[F oy,
o 1+22
7. Evaluate
co pl/4
[
o 1+4+a3
8. Evaluate
/ i dx
o sinhxzx
9. Evaluate i
oo e§
dx
—0o0 8 + er

10. Evaluate

© Inx © Inx
ar, | d
/0 1+22" Jo 1+ 3™
11. Let v : [0,00) = C be defined by v(t) = t*> + it. Prove that there is a
branch f(z) of the logarithm on C \ ([0, c0)).
12. Prove or disprove: If f is holomorphic on D(0,1) such that f(z)® is a

polynomial, then f is a polynomial.

17



2 The Zero Set of Holomorphic Functions

Let D be a domain in C and let f be holomorphic function on D. Let Zp(f)
denote the zero set of f on D counting multiplicity and #(Zp(f)) denote
the cardinality of Zp(f). Then the following hold:

1. If f # 0 then Zp(f) is at most countable.

2. If Dy is any compact subset of D, then #(Zp(f) N Dy) is finite.
Question: How can one determine #(Zp(f) N Dy)?

2.1 The Argument Principle and its Applications

EXAMPLE 13 Consider f(z) = 2'° on D(0, R) for any R > 0. We know
that #ZD(O,R)<f) = 10.

To understand the intuition behind the argument principle, consider these
formal calculations:
R627ri

R

10 = —1
21 ng

1 / 10\/
= — log 277)'dz
\z|:R( & )

271
1 10/
270 Jiz|=r 210

n

Let

(2 = 2).
j=1
be a polynomial of degree n. Then

fl<z> n
o) - 2

Jj=1

z—z

If D is a bounded domain with piecewise C' boundary in C such that
21, -+, 2 € D and z; € D when j > k then

1 f’
z =y =k
2mi Jop f(z 2mi Jop z — z]

In general, we have the following theorem.

18



THEOREM 2.1 (Argument Principle) Let D be a bounded domain in C
with piecewise C* boundary. Let f(z) be holomorphic in D and f € C(D)
and f(z) #0 on 0D. Then

L ore,

where #(Zp(f)) is the number of the zeros of f in D counting multiplicity.

Proof. Let Zp(f) = {z1, -+, 2.} be the set of zeros of f in D counting
multiplicity. Then

n
HZ_ZJ

where H(z) is holomorphic in D and H(z) # 0 on D. Then

f'z) _ ( -
ER E R

Zj

Thus,

1 f'(2) 1 H'(z)
ds — / / dz=0+n. 0
2mi Jop f(z) “ = oni Jop H(z 2722 oD Z — Z; - o

EXAMPLE 14 Let p(z) be a polynomial such that p(z) # 0 when Re z < 0.
Prove that p'(z) # 0 when Rez < 0.

Proof. Let zq,---, z, be the zeros of p counting multiplicity. Then

2) :anﬁ(z—zj)

Then

n
= z—z]

Since Rez; > 0, if Rez < 0, then

Therefore, p’(z) #0on Rez <0. 10



2.2 The Open Mapping theorem

THEOREM 2.2 (Open Mapping Theorem) Let D be an open set in C and
let f be holomorphic on D. Then f(D) is open.

Proof. It suffices to show that for any wg € f(D), there is an € > 0 such
that D(wg,€) C f(D). Let zg € D such that f(z9) = wg. Choose § > 0 such
that

D(z9,0) C D, f(2) # wp, for z € 0D(z,0).

Let !
€= §min{|f(z) —wy| : z € 0D(20,6)}.

For w € D(wy, €), define

N(w) = ! ') dz.

T omi /BD(zo,(S) f(z) —w

Then N(w) is well-defined on D(wy,€) and is continuous on D(wy,€). By
the argument principle, N(w) is an integer-valued function. Thus N(w) =
N(wg) > 1. Therefore, D(wg,€) C f(D). 0

2.3 Rouché Theorems

THEOREM 2.3 (Rouché Theorem I) Let D be a bounded domain in C
with piecewise C' boundary. Let f,g € C(D) be two holomorphic functions
on D such that

1F(2) +9(2)| < |f )|+ |9(2)], ze€dD.
Then #(Zp(f)) = #Zp(g).

Proof. Notice that

\M+1’<1+\f(z), 2 € dD.

9(2) 9(2)

Thus 58 ¢ [0,00) for z € 0D. Then h(z) =: log g(—j)), where log is the
principle branch, is holomorphic in a neighborhood of 0D. Then

1
0 = 7/ dh
271 Jop (Z)

20



1
= —/ h'(z)dz
2m1 Joap

_ 1 AD(logf(z)),dZ

2mi 9(2)
Lpore) g0,

2mi Jop f(z)  g(z) :
= #(Zp(f)) — #(Zp(9))

where the last equality follows by the argument principle. This implies that
#(Zp(f)) =#(Zp(g)). U

THEOREM 2.4 (Rouché Theorem II) Let D be a bounded domain in C
with piecewise C1 boundary. Let f,g € C(D) be two holomorphic functions
on D such that

1f(2)] < |g(z)|, =z€aD.
Then #(Zp(g9 — f)) = #Zp(9g).

Proof. On 0D,

g+ (f=al=1fl<lgl <lgl +[f — gl

By Rouché Theorem I,

#(Zp(g)) = #(Zp(f — 9)) = #(Zp(g = [)).

The proof is complete. [

2.4 Applications and Examples
EXAMPLE 15 Find the number of zeros of

f(z)=2"4+32+1
on the annulus A(0;1,2).

Solution. Notice that

#(ZA(0;1,2)) = #(ZD(OJ)) \ #(Zm)-

21



Let g(z) = —2'. Then
1f(2) +9(2)| =82 +1] <7 <2 =g(2)], =2€dD(0,2)
By the argument principle,
#(Zp0,2)(f)) = #(Zp(02)(9)) = 10.
On the other hand,
lg(z)|=1<2<|32+1], 2z€0D(0,1)
Then by the argument principle,
#(Zpo1)(3z + 1+ 2'%) = #(Zpo(3z + 1)) = 1.

Therefore,
#(Zaoan(f)) =10-1=9. 0

EXAMPLE 16 Find the number of zeros of
f(z)=2"-102+9
on the unit disc D(0,1).
Solution. Since f(1) =0 and
fR)=GE-1DE+22++2-09),
when |z] < 1,
|§9:zk—9] >9—9]z| >0
k=1
Therefore, #(Zp,1)(f)) =0. @
EXAMPLE 17 Find the number of zeros of

f(z) = 2% — 2

in the disk D(0,2).

22



Solution. Since
f(2) = 2% — 2 =ze*(z —e?),

#(Zpo2)(f)) = #(Zpo2)(z —e7?)) + 1. Let

z

g(z) =z—e"*
Then
g(z) =z 41y —e “cosy+ie “siny = (xr —e “cosy)+i(y +e siny)
and

x—e Tcosy =0

9(2) =0 = {y—i—e‘zsiny:O.

Notice that g(z) = z — e™* with ¢'(z) > 0, g(—2) < 0 and ¢(2) > 0. Thus,
there is only one zy € (—2,2) such that g(zp) = 0. Notice that since 2 < 7,
y+e “siny#0 ify+#0,and y e (—2,2).

Therefore,
#(Zpoa(f))=1+1=2. @

2.5 Hurwitz’s Theorem and Applications

THEOREM 2.5 (Hurwitz’s Theorem) Let D be domain in C and let f,, f
be holomorphic in D such that f, — f uniformly on any compact subset of
D asn — oo. Then

a) If fu(2) #0 on D for all n, then either f(z) #0 on D or f(z) =0 on
D.

)

b) If f(z) # 0 on D then for any compact subset K of D there is an
N = Nk such that f,(z) #0 on K whenn > N.

Proof.

a) If f =0 on D, then we are done. Assume that f #Z 0 on D. If there
is a zg € D such that f(z9) = 0, then there is a 6 > 0 such that
D(z9,0) C D and f(2) # 0 on D(20,6) \ {20}. Let

e =min{|f(2)| : |z — 20| = 6}.
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Then € > 0. Since f,, — f uniformly on 0D(z,?), there is a N such
that if n > N then

|f(2) = fu(2)] < €/2, 2 € 0D(20,9)
By Rouché’s theorem,
1 < #(Zp(20.6)(f)) = #(Zp(o0) (f = (f — f1)) = #(ZD(20.6)(fn)) = 0.
This is a contradiction.

b) Choose a bounded domain D; with smooth boundary such that K C
D1 C 51 C D. Let

e =min{|f(z)| : 2 € D1} > 0.

Since f,, — f uniformly, there is NV such that if n > N one has
€
Fule) ~ F2)] < &
Then with the same argument as above

0 =3(Zp,(f)) = #(Zp,(f = (f = fn)) = #(ZD,(fn))-

The proof is complete. [

2.6 Examples/Applications
EXAMPLE 18 Prove that there is N such that Y5, 2—’: # 0 in D(0,3).

Proof. We know
N _k

z z
ZH—)Q

k=0
uniformly on D(0,3) as N — oo and e* # 0 on C. Therefore, there is N such
that

N Zk 1 —
]Zy—ez\ < §min{\ezl :z2€ D(0,3)}, ze€ D(0,3)
k=0 V"

Therefore, S, Zk—f has same number of zeros in D(0,3) as the e* has on

D(0,3). Thus
k

NZ
Y = #£0, z€D(0,3). 0
= k!
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EXAMPLE 19 For any compact subset K C D(0,1), there is N = N
such that Y0 _(k +1)2F £ 0 in K.

Proof. Thereis a 0 < r < 1 such that K C D(0,7). We know S0 _,(k +
1)zF — (1 — 2)~% uniformly on D(0,7) as k — oo. Therefore, there is an
N = N, such that

N 1

H#(Zpon (D (k+1)2")) = #(Zpo(

= (1 —2)?

2.7 Homework 2

e Zeros of holomorphic functions/ Argument principle and Rouché’s theorem.

1. Let P(z) be a polynomial of dregree n. Let zy € C be any fixed point.
Find

P'(2)
i
R0 Jjo—sol—rr P(z)

2. Let D be a bounded domain in C with piecewise C' boundary. Let
f(z) € C(D) be holomorphic in D with all zeros {z,-+,2,} C D
counting multiplicity. Let g be holomorphic in D and continuous on
D. Evaluate

f'(2)

op f(2)

3. Let P(z) be a holomorphic polynomial of degree at least 1 so that
P(z) # 0 in the upper half plane R2 = {z € C : Im 2z > 0}. Prove that
P'(2) # 0 on R%

g(z)dz

4. Find the number of zeros of the following given functions in the given
regions.

(a) f(z) =28 +52"—20, D= D(0,6);
(b) f(z) =2 —3224+2, D= D(0,1);
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10.

(¢) f(2) =2""41024+9, D= (D(0,1)
(d) f(z) =2+ 10ze*™ —9, D = D(0,1)
(e) f(z) =2%*—2z, D= D(0,2).

Let f(z) be holomorphic in D(0,1) so that f’(0) = 0. Prove that f is
not one-to-one in D(0,0) for any J > 0.

Prove that for any 0 < r < 1, there is N = N(r) such that m > N(r)
Y 2"#0, zeD(0,r)
n=0

Let f : D(0,7) — C be holomorphic and one-to-one such that f is
continuous on D(0,7). Prove that

VN §f' ()
o (w) = 27rz'/8D(o,r) mdf, w e f(D(0,r)).

N ~w—f(0)
Y@ =5 fooion 76— 70 T = F10

. Show that if f is a polynomial of degree > 1, then the zeros of f’(2)

are contained in the closed convex hull of the zeros of f. (The convex
hull of Z(f) is the smallest convex set containing Z(f).)

Suppose that f is holomorphic and has n zeros, counting multiplicities
in a domain D. Can you conclude that f’ has (n — 1) zeros in D? Can
you conclude anything about the zeros of f?

Let f: D(0,1) — D(0,1) be holomorphic so that f(0) = f/(0) =--- =
f™=19(0) = 0. Prove that
[f() < 2",z € D(0,1).

Show that if there is a zp € D(0,1) \ {0} so that |f(20)] = |z§| then
f(2) = €2 for some 0 € [0, 27).

26
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3 The Geometry of Holomorphic Mappings

3.1 The Maximum Modulus Theorem

As we know, a nonconstant holomorphic function is an open mapping. An
application of this fact is the following theorem:

THEOREM 3.1 (Mazimum Modulus Theorem) Let D be a domain in C
and f a holomorphic function in D. If there is a zo € D such that

1f(2)] <|f(z0)l, z€D, (3.1)

then f must be a constant.

Proof. Method 1. If f # constant on D, then f is an open map. Hence,
f(D) is an open set and f(zp) is an interior point of f(D). This contradicts
(3.1).

Method 2. Let D(z,7) C D. Then

fwwz%;lWMJ@mm@.
Then 1
Fel< g [ IfRIdAG)
and 1
05 257 Jopuny (T E = 1f(20))dA(z) < O

Since the integrand is continuous and |f(z)| — |f(20)| < 0 on D(zp,r),
|f(2)| = 1f(20)| =0, z€ D(z,7).
This implies that
AP = AlFE)P = Alf(zo) P = 0.

So, f is a constant on D(zp, ). To finish the theorem we can use either of
the following two arguments:

e Argument 1: The proof thus far implies that {z € D : f(2) = f(z0)} is
an open and closed set in D. Since D is connected, f(z) = f(20) on D.
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o Argument 2: For any point z € D, choose finitely many points
z1,++, 2, and positive numbers rqy,---,r, such that z = z,,rg = r
and

Zj ED(Zj_l,Tj_l), jzl,,n

Since f = f(zo) on D(z0, 7o) implies that f(z1) = f(20), [f(21)] = [f(2)]
in D(z1,7r1). By an induction argument, f(z) = f(z,) = f(20).

0

Corollary 3.2 (Minimum Modulus Theorem) Let D be a domain in C and
f holomorphic in D with f(z) # 0 on D. If there is a zy € D such that

1f(2)] = |f(=)l. z€D, (%)
then f must be a constant.
Proof. Apply the maximum modulus theorem to 1/f(z). @

EXAMPLE 20 Let f be holomorphic in D(0,1) and continuous on D(0, 1)
such that |f(z)] = 1 when |z| = 1. Then f must be rational.

Proof. It is clear that f has only finitely many zeros, say {z1,---,2,}
counting multiplicity. Recall that ¢, (2) = 7L ;ZZ is a bijective, continuous
J

1
self-map of D(0,1), which is a holomorphic and bijective self-map of D(0,1).
Moreover, since ¢.;(z) is one-to-one and holomorphic on D(0, 1), ¢ (z) # 0
on D(0,1); hence z; is a simple zero of ¢.,. Consider

f(z)

__J¥ D
My one) 7 0 €PN

9(2)

which is holomorphic in D(0,1) and continuous on D(0,1). Moreover,
lg(2)| = 1 when |z| = 1. By the maximum and minimum modulus theo-
rem, g = e for some 6 € [0,27). Therefore,

1) = ¢ I 0,2

is rational. 0O
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3.2 Schwarz Lemma

THEOREM 3.3 (Schwarz Lemma) Let f : D(0,1) — D(0,1) be holomor-
phic such that f(0) = 0. Then

(a) |f(2)| < |z| for all z € D(0,1) and equality holds at some point zy # 0
if and only if f(2) = ez;

(b) 1£(0)| <1 and |f'(0)| =1 if and only if f(z) = e“z.

Proof.
(a) Let
_f(3)
9(2) = =
Then ¢ is holomorphic in D(0, 1) and
f) 1
l9(2)| = <-, lzl=r
r r

By the maximum modulus theorem, [g(z)] < * on D(0,r). Let r — 1°.

Then |g(2)] <1 on D(0,1). Therefore, |f(z)| < |z| on D(0,1). If [f(2)] = |2|
holds at some 2y # 0 then |g| has an interior maximum if and only if g =
constant of modulus 1; i.e. g(z) = € for some 6 € [0, 27).

(b) Since g(0) = f(0), (b) follows from the maximum modulus theorem.

3.2.1 Schwarz-Pick Lemma

In the Schwarz lemma, we needed to assume that f(0) = 0. What happens
if f(0) # 07

THEOREM 3.4 (Schwarz-Pick lemma) Let f: D(0,1) — D(0,1) be holo-
morphic. Then for any a € D(0,1), we have

(a)
‘ f(z) = fla)
1— f(a)f(z

zZ—aQ

){s\ . 2€D(0,1)

1—az

and
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(b)

|f'(a)] < 11‘_'f|<j|§' a € D(0,1).

(¢) If equality holds at some point in D(0,1) \ {0,a} in either part (a) or
(b), then '
F(2) = b1 (€7 6a(2))
for some a € D(0,1).
Proof.
(a) We know that
a—z
bal2) = 1—za
maps D(0,1) — D(0,1), is one-to-one and onto, and satisfies that ¢,(0) = a,
bu() = 0 and ¢ (6u(2)) = 2. Let
g(z) - ¢f(a)<f o ¢a(z))

Then ¢ : D(0,1) — D(0,1) is holomorphic and

9(0) = ¢4 (f(a)) =0
By the Schwarz lemma, |g(z)| < |z|. Thus

01a) (f(2))] < [dal2)], 2z € D(0,1).

(b) By part (a),

‘f(Z) - f(a)‘ Pt — fa)f(2)]

z—a 11— az|
Let a — z. Then

rel< TR sepo.

If equality holds, then by Schwarz’s lemma,
D1 (f(¢a(2))) = €.

Therefore, ‘
f(z) = ¢f(a)(eza¢a(z))'

The proof is complete. 0

30



EXAMPLE 21 Find all entire holomorphic functions f such that |f(z)| =
1 when |z| = 1.

Solution. It is clear that f has only finitely many zeros in D(0,1), say
{z1,++, 2z, } counting multiplicity. Then

g(z) = /2)

ahrwe £0, z€D(0,1)

is holomorphic in D(0,1) and continuous on D(0,1). Moreover, |g(z)| = 1
when |z| = 1. By the maximum and minimum modulus theorems, g = %
for some 0 € [0, 27). Therefore,

f(z) = & f[l@J.(z).

If z; # 0 then f has a pole at z = 1/Z;. However, f is entire; thus, z; = 0
for all y = 1,---,n. Therefore,

f(z) =e?2".

EXAMPLE 22 Let f : R2 — D(0,1) be holomorphic. Prove that |f'(i)| <
1= (@)

Proof. Let C(z) =ii2: D(0,1) — R? with C(0) = i. We consider

14z

g(z) = foC(z): D(0,1) = D(0,1)

Then o
/1) = FCEICE) = FCE s
Therefore,
el < L
Then
P LIS SV BV T
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3.3

Homework 3

e Maximum Modulus theorem, Schwarz’s lemma and holomorphic mapping.

1.

Let f: D(0,1) — D(0,1) be holomorphic so that f(0) = f/(0) =--- =
f™=Y(0) = 0. Prove that

[f()] <" 2z €D(0,1).

Prove that if either there is a zg € D(0,1) \ {0} so that |f(z)| = |2{]
or [f™(0)| = n!, then f(z) = €?z" for some 6§ € [0, 27).

Use the Open Mapping Theorem to prove the Maximum Modulus The-
orem of holomorphic function: Let f be holomorphic in a domain D so
that | f(z)| < [f(z0)| for all z € D and some fixed zy € D. Then f(z)

must be constant.

Let fi(2), fo(2), -+, fu(2) be holomorphic in a domain D. Suppose
there is a zg € D so that

2: 1f5(2)] < Z 1fi(20)|, z€D.

Prove fi,---, f,. are constants on D.

. Construct a conformal holomorphic function f: D(0,1) — C\ {0}.

Let f(z) : RZ — RR% be holomorphic. Give a statement of Schwarz-
Pick type lemma and verify your statement.

. Let f(z): D(0,1) — D(0,1) be holomorphic so that |f(z)| = 1 when

|z| =1 and f(0) = f’(0) = f”(0) = 0 but f”(0) = 3!. Find all such f.

Let f and ¢ be holomorphic in a domain D and continuous on D.
(a) Assume that |f(2)| = |g(z)| for all z € D. What is the relation
between f and g7

(b) Assume that |f(z)| = |g(2)| for z € 9D and |f(z)| < 10|g(2)| on
D. What is the relation between f and g7

(¢) Assume that |f(z)| = |g(2)] for z € OD and 5|g(z)| < |f(2)] <
10]g(2)| on D. What is the relation between f and g?
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8. Let f : D(0,1) — D(0,1) be holomorphic such that f(0) = 0. Let
Y =f, fi(z) = f771(f(2)) for j > 2. Prove that f7(z) — 0 uniformly
on any compact subset K of D(0,1) unless f(z) = ¢?z for some 6 €
0, 27).

3.4 Conformal and proper holomorphic function maps

Definition 3.5 Let f(z) = u(z) +iv(z) : D — C be a C* map. We say that
f 1s a conformal map if f is an angle preserving map which means for any
2o € D and any two curves y; : (—1,1) — D with v;(0) = zy we have the
angle between (f ory)’(0) and (f ov2)'(0) (at f(20)) is the same as the angle
between 1 (0) and ~5(0) (at z).

THEOREM 3.6 Let f: D — C be holomorphic and f'(z) # 0 on D. Then
f is a conformal map on D.

Proof. For any z; € D, consider any two C' curves v, : (—=1,1) = D with
7;(0) = 2. Then the angle between v;(0) = |7/(0)]e?* and ~4(0) = |4(0)]e
is 05 — 0. Notice that

75(0) _ |71(0)|ei(92701)
7(0)  [71(0)]

and

(f272)(0) _ f'(20)73(0) _ 75(0)
(fo2)'(0)  f'(20)7(0)  7(0)

This proves the statement. 0

EXAMPLE 23 f(z) =e¢*: C — C\{0} is a conformal map since f'(z) # 0
on C.

EXAMPLE 24 Find a conformal holomorphic map f : R: — C\ {0}.

Solution. Let f(z) = ¢ : R% — C\ {0}. It is easy to verify f is is a
conformal map since f'(z) # 0 on R?.

Definition 3.7 Let Dy and Do be two domains in C. Let f(z) : Dy — Dy
be a continuous map. We say that f is a proper map if f~1(K) is compact
in Dy for any compact subset K of Ds.
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THEOREM 3.8 Let f : Dy — Dy be a proper holomorphic. Then f :
0Dy — 0D,. (Here, if D; is unbounded, then we consider oo € 0D;.)

Proof. For this proof, consider Dy and D, as subsets of CU {oco} with the
topology given by the one-point compactification of C. With this topology,
Dy and D, are compact subsets of C U {oo}.

Let {z,}52, be a sequence of points in D; such that lim,, .. 2, = 20 € 0D
or lim, . 2, = co. We will show f(z,) — 0D,. If it is not true, then there
is a point wy € Dy such that there is a subsequence { f(z,,)}32; such that
f(#n,) = wo as k — oo. Then there is € > 0 such that D(wp,2¢) C Ds.
Then f~'(D(wo,€)) is compact set in Dy. But {2} 5 C f7H(D(wy,€)) for
some N. This contradicts with {z,, } converges to boundary of 9D;.

Proposition 3.9 If f: D(0,1) — D(0,1) is a proper holomorphic map such
that f € C(D(0,1)), then f is a rational map.
Proof. Since f: D(0,1) — D(0,1) is proper,

lim |f(2)] = 1.

|z]—1

Since f € C(D(0,1)), f has only finitely many zeros in D(0, 1), say, 21, -, 2n
counting multiplicity. Consider
e
H?:l ¢Zj (Z)
which is holomorphic in D(0, 1), continuous on D(0,1), and has no zeros in

D(0,1). Moreover, |g(z)| = 1 when |z| = 1. By the maximum and minimum
modulus theorems, g = ¢ for some @ € [0, 27). Therefore,

f@=Wﬂ%w

9(2) £0, z€D(0,1),

The proof is complete. 0

Definition 3.10 f : Dy — Dy is called a biholomorphism if it is a bijective
holomorphic function with holomorphic inverse.

Proposition 3.11 If f : Dy — D, is a biholomorphism then f is proper
holomorphic.

Proof. Let K be any compact subset of D,. Since f~! is continuous,
fHK) is compact in D;.
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3.5 Automorphism groups

Definition 3.12 Let D be a domain in C. Let Aut(D) = {f : D —
D is biholomorphic}. We define an operation o on Aul(D) as follows: For

any f,g € Aut(D), we define f o g(z) = f(g(2)).

Proposition 3.13 (Aut(D),o) forms a group, which is called the automor-
phism group.

Proof. It is easy to verify. [
Question: How does one find Aut(D) explicitly?
EXAMPLE 25 Aut(D(0,1)) = {e?¢, : a € D(0,1),0 € [0,27)}

Proof. Since f : D(0,1) — D(0,1) is one-to-one and onto, there is
a € D(0,1) such that f(a) = 0. Moreover, since f is one-to-one, its zero is
simple. Then

/()

9(z) = 6u(2)

is holomorphic in D(0,1), g(z) # 0 in D(0,1) and |g(2)| = 1 when |z| = 1.
By the maximum and minimum modulus theorems, g(z) = €¥. Thus,

f(z) = ei%a(z), z € D(0,1).

The proof is complete. [

EXAMPLE 26 Let Aut(C) = {¢pap : a,b € C,a # 0} where ¢op(z) = az+D.

Proof. It is clear ¢,;, € Aut(C). On the other hand, if ¢ € Aut(C), then
¢ : C — C is proper. Thus, lim, ,, ¢(z) = +0o0. Thus ¢ is a polynomial.
Since ¢ one-to-one, ¢ is linear and non-constant: ¢(z) = az + b with a # 0.
0

EXAMPLE 27 Aut(C\ {0}) = {u0(2), dao(3) 1 a € C\ {0}}
Proof. For any biholomorphic map f: C\ {0} — C\ {0},
f:{0,00} — {0, 00}

So either f(0) =0 and f(oo) = o0 or f(0) = co and f(oco) = 0. This implies
that f(z) = az or f(1) = az.
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EXAMPLE 28 What is Aut(C\ {0,1})?
Proof. For any biholomorphic map f: C\ {0,1} — C\ {0, 1},
f:{0,1,00} = {0,1,00}.

Then f must satisfy one of the following six cases:

f(0) =00, f(o0) =0,f(1) =1 <= f( ):i
and
f(1) =00, f(0) =1, f(0) =0 <= f(2) = il
f(0) =00, f(0) =1,f(1) =0 < f(z):Z;1
£(1) =00, £(50) = 0.4(0) = 1 4= f(2) = 1
Therefore,
AUt(@\{OJ}):{Z; i; 1=2 zil; 1iz’ Zgl}

EXAMPLE 29 Prove that Aut(C) = {2t : qd — be # 0}.

cz+d

Proof.

Case 1. If f(o0) = 00, then f(2) = az + b with a # 0.
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Case 2. If f(z) = o0, let g(w) = f(z0 + =) then g : € — C is one-to-one
and onto and g(co) = co. Thus,

g(w) = aw + b.
Thus,
1 a a+b(z—z bz +a — bz
15 Py S B k) °
zZ— 20 zZ— 20 zZ— 20 zZ— 20
and

—bzp — (@ —bzy) = —a#0. O
EXAMPLE 30 Find Aut(R?%).
Proposition 3.14 Let f: Dy — Dy be a biholomorphic map. Then
Aul(Dy) = {f o do [ : ¢ € Aul(Dy)}

Therefore,
Aut(RY) = C"Aut(D(0,1)) o C

where C'(z) = iT_rZ is the Cayley transform which maps the upper halp plane
to the unit disc.

3.6 Mobius transformations

Let
az+b a(z+b/a)
cz+d ¢z +d/c)
Let Siz = 2+ b, Soz = az with a > 0, S32z = €2 and S,z = % Then S
is a combination of S7, S, S5 and Sy:

Sz =

1) If c#0and a =0, then Sz =

1
§(z+d/c)’
2) If c=0 and a # 0, then Sz = a(z + b/a);
3) If a,c # 0 then

oy — ccz(z+b/a) _ ccb(z—i-b/a) _a b/c— ad/c?

z+d/c z+d/c! ¢ z+d/c
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Definition 3.15 We say that C' is a “circle” in C if C' is a real line or real
circle in R?.

THEOREM 3.16 A Mobius transformation S maps “circles” to “circles”.
Proof. A real circle can be written as
AlzP+B(z4+2)+Ci(z—2)+ D=0
where A, B, C, D are real. A straight line can be written as
A(z+72)+ Bi(z —2z)+ C = 0.

It is easy to verify that Si, S, and S3 map “circles” to “circles”. Let w =

Syz = % Now we verify that S; maps “circles” to “circles”. Notice that

Az +B(z+2)+Ci(z—2)+ D=0
1 i 7 —

A +B(w+w)—|—(]i(w w)
|wl? |wl? |wl?

<= A+ B(w+w)+ Ci(w — w) + D|w|* = 0.

+D=0

This is a “circle”.

3.7 Cross ratio

We know
e Two points in C uniquely determine a line, and a line fixes oo.

e A circle is uniquely determined by three points.

Question. How does one find a Mobius transformation .S that maps a given
“circle” to another given “circle”? Equivalently, how does one find a Mébius
transformation that maps three given points in C to another three given
points in C?

To answer the above question, start with three points {z1, 22, 23} and an-
other three points {wy,ws, ws}. First, find Mobius transformations S, ., .,
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and Sy, wyws that map {21, 2, 23} and {wq, w2, w3} to {0, 00, 1} respectively.
Then
S = (Swlyw%wii)ilSZl,Z%ZS

maps {21, 22, 23} to {wy, we, ws}. We construct S,, ., ., as follows:

Z— 2123 — %2
Sz1,z2,z3(z) = 2 — 2921 — 2o = (Z; 21732723)'

(z; 21, 22, 23) is also called the cross ratio.

THEOREM 3.17 Moébius transformations preserve the cross ratio, i.e.
(Sz;821, 82, S23) = (2; 21, 22, 23) -

Proof. It is obvious that
(Sj2; Sj21, Sjz2, Sjz3) = (2521, 22, 23), 1< j <3

and

229 Z1%
(542’; 5421,542275423) = 72221723(2; 21, %2, 23) = (2;2’1, 22, 23)- 0
1 2273

3.8 Properties of the Cross Ratio
3.8.1 Symmetric points

1. We know that z and Z are symmetric with respect to the real line.

2. Let L be a line. Two points z and z* are said to be symmetric with
respect to L if [z,2*] L L and dist(z, L) =dist(z*, L).

3. Let C ={z € C: |z — 2| = R} be a circle. Two points z and z* are
said to be symmetric with respect to C' if

*

Z — 20

(1) > 0 and (ii) |z — zo||2* — 20| = R%

zZ— 20

Lemma 3.18 If z and z* are symmetric with respect to the circle |z — z| =

R, then

2

2=z +

zZ— 20
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Proof. Notice that

-z |-zl R
z—z  |z—2| |z— 2
Therefore
R2
=2+ ——. 1O
zZ— 20

In particular, notice that if zq, 29, 23 € IR and z* = Z, then
*- JR— T~ . JR— .
(2%; 21, 20, 23) = (Z; 21, 20, 23) = (25 21, 22, 23)

Proposition 3.19 Let C' be the circle centered at zy with radius R. Let
21, 22,23 € C' and z and z* are symmetric with respect to C. Then

(Z*; 21, %2, 23) = (Z; 21, %2, 23)-

Proof. This follows from

(" - r_
22, 2, 23) = (ZO+Z—ZO’ZI’Z2’23)
R2
= (ﬁ;%—Zo,ZQ—ZO,Zs—ZO)

R? R? R? R?

(7 — ) — —_ ) — — ) — —
Z—Z0 R1 — k9 R2 — 20 k3 — X0
= (2 —Z0;Z1 — Z0, %2 — Z0, 23 — Z0)
(z
(

— R0,%1 — R0,%2 — 20,”3 — Zo)

THEOREM 3.20 Mdbius transformations preserve symmetry; that is, if
z and z* are symmetric with respect to a “circle” C' then Sz and Sz* are
symmetric with respect to S(C).

Proof. Since
(52*;521,5227523) = (2*321,2’2,23) = (Z; 21722,23)

and

((S2)*, 521,82, S23) = (Sz; Sz1,S29,S23) = (2; 21, 22, 23)
Therefore, Sz* = (Sz)*.

40



EXAMPLE 31 Find a conformal map which maps the upper half plane to
the unit disc.

Solution. Let )
z—1

z+i
This map is called the Cayley transform. Since S is a M&bius transformation
with

Sz =

S0=—-1, S1=—i, Sco=1¢€ {|z| =1},
S maps the real line to the unit circle. Since additionally Si = 0 and S €

Aut(C), S maps the upper half plane to the unit disc biholomorphically
(hence conformally). O

3.9 Construction of conformal maps

Suppose two “circles” C7 and (5 intersect at exactly two points z; and zs.
Let D be the region bounded by C and Cy and vy, 72 be the arcs from z; to
25 on the circles C7, Cy respectively. We want to construct a conformal map
S which maps D onto the unit disc. Let the angle between the two circles at
z1 be 6. Consider the map

zZ— Z21

fi(z) =

Z — 29

which sends z; to 0 and 2, to co. Since f; is a Mobius transformation, fi(7y1)
and f1(72) are rays emanating from the origin. Without loss of generality,
suppose the angle between f(71) and [0, c0) measured counter-clockwise from
the positive real axis is less than the angle between f(72) and [0, 00) mea-
sured counter-clockwise from the positive real axis. Suppose 0, be the angle
between f(71) and [0,00). Then we let

fol2) = ez

and

fa(z) = (2)™/°
Then f30 fy0 f; maps the region D to the upper half plane. Then the Cayley
transform takes it to the unit disc. (See Figure - Conformal Map 1)

EXAMPLE 32 Find a conformal map f which map upper half disc to the
unit disc. (See figure - Upper half disc to unit disc)
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fir2) fitn)

hz) ==

i fa(z) = e 1z

C(z) = 55 fa(z) = 2%
- -

Figure 5: Conformal Map 1

Solution. Let

z+1

2= fi(z) = S_1

which maps the upper half disc to the first quadrant of the plane. Let
Zy = fg(Z) = Z%?
which maps the first quadrant to the upper half plane. Let

zZ—1
zZ+1

23 = f3(2) =

maps the upper half plane to the unit disc. Compose the functions.

EXAMPLE 33 Find a conformal map f which maps the region D between
the two circles |z + 1| = 1 and |z + 1/2| = 1/2 to the unit disc. (See figure -
Region between two circles to unit disc)

Solution. Let z; = % which maps D to the region D; between the two lines
x=—1and x = —1/2. Let z5 = i(z; + 1)2m, which maps D; to the region
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1= ZQZZ%
- » St Bt WS

Figure 6: Upper half disc to unit disc

Dy={z=z+1iy:0<y <} Let zz =e*, which maps D; to the upper

half plane. Let z4 = erz, which maps the upper half plane to the unit disc.

EXAMPLE 34 Find a conformal map f which maps the region D = {z €
C:|z|<ly> —g} to the unit disc. (See figure - conformal map 4)

Solution. Let p = ?(1 — i) and ¢ = g(l + 7). The angle 6 between the

circle |z| = 1 and the line y = —g is

2 2
ezﬁ—arg(\g_—l—i\é_):7r—arg(1-|-i):32-

Set

Then
\/_ B \/__
27)_7\/_ =

and z maps D to D1 ={z € C:z = |z|¢", T < 0 < 7}. Let

z1(p) =0, z(— -1

29 =€ ™%y
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23 = e*2

>

Figure 7: Region between two circles to unit disc

Then 2, maps Dy to Doy ={z€ C:z=|z]e?,0 <0 < 2T} Let

4/3

Then z3 maps Dy to the upper half plane. Use the Cayley transform to map
the upper half plane to the unit disc. 0

3.10 Homework 4

e Maximum Modulus theorem and holomorphic mappings.

1. Prove or disprove that there is a sequence of holomorphic polynomials
{pn}:2, that converges to X uniformly on the unit circle {z € C: |z| =

1.

2. Let f(z) be meromorphic on C so that |f(z)| = |sinz| when |z| = 1.
Find all such f.

3. Let f(2) be entire and 1-1. Show that f must be linear.

4. Let D be a domain in C. We say that Aut(D) is compact if for every
sequence {f,}22, in Aut(D), there is a subsequence {f,, } and an f €
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10.

2 2(149)

2—¥2(1-4) ‘ i
Zp=e 1z
—_—

#—>
p=L1-1)

4/3
23:Z2/

Figure 8: conformal map 4
Aut(D) so that f,, converges to f uniformly on any compact subset of
D. Give an example of a domain D where Aut(D) is not compact.
Find Aut(D) where D = C\ {|2| <1} ={2 € C: |z] > 1}.

Let © be a domain in C. Let ¢ : Q@ — D(0,1) be a biholomorphic
mapping and ¢ : D(0,1) — Q be a biholomorphic map. How are ¢ and
1 related?

Find all proper holomorphic maps from the whole plane C to itself.

Let D be a bounded domain and let ¢ be a conformal mapping of D
to itself. Let zy € D so that ¢(zy) = zp and ¢'(zy) = 1. Prove that
¢(z) =z for all z € D.

Find all proper holomorphic mapping from C\ {0} to itself.

Construct a conformal map (i.e. f'(z) # 0) ¢ which maps

{ZGC:M <1l,Imz> —i}

V2

to the unit disc.
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11. Let T be a Mobius transformation. Let C be a circle in C = C U {oo}.
Let z € C and z* be the symmetric point of z with respect to C. Prove
that 7'(2*) is the symmetric point of Tz with respect to T'(C).

12. Construct a linear fractional transformation that sends the unit disc to
the half plane that lies below the line x + 2y = 4.

13. Find a conformal map which maps the strip between the two lines
r+y=1and x +y =4 to the unit disc.

14. Find a conformal map which maps C \ [1,00) to the unit disc.

3.11 Midterm Review

There will be five problems on the test. The material on the test includes
the following;:

1) Application of Residues theorem: Evaluate some real integrals

I. 2™ R(cos@,sinf)df where R(x,y) are rational function of z and

y. Ex:
27 1
J——
0 a-+cosx

IL J5° 5 P(‘T jdz with deg(Q) > deg(P) + 2 and Q(x) # 0 on [0, 00).

I, >t _“"dx with deg(Q) >deg(P) + 1.

_OOQ
© gsin x © ] —cosx
[y, [Tl
0 T 0 T

In partlcular

V. [5° isde

1+a3
V. I g P(‘T x*dz with deg(Q) > deg(P) + o + 2.

VL foo P(xg In zdz with deg(Q) > deg(P)+2 and Q(z) # 0 on [0, c0).

2) Argument Principle and Applications.
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[. Open mapping theorem

#(Zp(f)) = ! /aD ﬂfl(z)dZ, f(z) #w, =ze€aD.

T omi z) —w

If f(2) = h(z) [Tj=1 (2 — 2;) then

/ h/ n 1
P MG 3
f(2) h(z) =17 T
II. Example: if f is a polynomial of deg> 1. If f(z) # 0 on Imz > 1

then f'(z) # 0 when Imz > 1.

3) Rouché’s Theorem, Hurwitz’s Theorem and their applications.

Example: Find #Z 40,12 (2" — 22° + 10);

Example: Prove that there is N such that n > N Z]kvzo 2 %4 0 on
D(0,3/4).

4) Maximum Modulus Theorem/Minimum Modulus Theorem

Example: Let fi,---, f, be holomorphic in a domain D in C. Suppose
that there is a point 2y € D such that

_zf:llﬂzn < zf;|fj<20>|, veD

Prove that f; must be a constant for all 1 < j <n.

Example: Find all entire holomorphic functions such that |f(z)| = 2
when |z| = 1.

5) Schwarz lemma and Schwarz-Pick lemma

Example: If f : D(0,1) — D(0,1) such that f(0) = f(0) = --- =
f™(0) = 0. Prove that |f(2)| < |z[**' on D.

6) Proper, biholomorphic maps
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7) Automorphism group Aut(D)
8) Mobius transformations

9) Conformal mappings.

3.12 Normal families

THEOREM 3.21 Let D be a simply connected domain in C such that D #
C. Then for any point zg € D there is a unique biholomorphic map f : D —
D(0,1) such that (i) f(z) =0 and (ii) f'(20) > 0.

Proof. First we prove that if such a map exists, then it is unique. Sup-
pose that there are two biholomorphic maps fi,f : D — D(0,1) such
that fj(20) = 0 and fi(20) > 0. We will show that fi = fo. Then
g = fao fit: D(0,1) — D(0,1) is a biholomorphic map with g(0) = 0.
Moreover,

f2(20)

/ 0 —
g'(0) £ (z0)
Similarly, g~! = f, o f; * also satisfies g7*(0) = 0 and
f1(z0)
f2(20)

Thus, ¢’(0) = 1 and by the Schwarz lemma, g(z) = z. Therefore, fi(z) =
fa(2) on D.

In order to prove the existence portion of the proof, we need the theory of
normal families 0.

>0

(g71)'(0) = > 0.

Definition 3.22 A family F of holomorphic functions on a domain D 1is
said to be a normal family if for any sequence {f,}52, C F there is a subse-
quence { fn, }321 and a holomorphic function f on D such that

Jow = f

uniformly on any compact subset of D. In this case, we say that f,, converges
to f normally in D as k — oo.
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EXAMPLE 35 F = {f.(z) =: nz : n € N} is not a normal family on
D(0,1).

Proof.  Note that f,(0) = 0 for any n € N and f,(3) = n/2 — oo as
n—oo. [0

Definition 3.23 Let F be a family of continuous functions on a domain D.
We say that

(i) F is locally bounded if for any compact subset K of D there is a constant
Cx > 0 such that

lf(2)| <Ck, z€K,feF

(i1) F is bounded pointwise if for each point z € D there is a constant C,
such that
[ <C., feF

(11i) F is equicontinuous on D if for any € > 0 there is a 6 > 0 such that if
21,20 € D and |z1 — 23| < & then |f(z1) — f(22)] < € for any f € F.

THEOREM 3.24 (Arzela-Ascoli Theorem) Let F be a family of continuous
functions on a compact set K. Then F is a normal family on K if and only
if F is both bounded and equicontinuous on K.

THEOREM 3.25 (Montel’s Theorem) Let F be a family of holomorphic
functions on a domain D. Then F is a normal family on D if and only if F
18 locally bounded on D.

Proof. If F is a normal family, then by the Arzela-Ascoli theorem, one has
that F is locally bounded. Conversely, assume that F is locally bounded on
D; we will show that F is a normal family. Let {D.}°°, and {D,}°, be
two sequence of domains in D such that

1. ﬁ; C D,,, D, bounded and D! — D increasingly as n — oo
2. OD,, C D is piecewise C'.
3. Let M,, be the constant such that

f(z)| <M, z€D,feF.
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For any f € F and 21, 2 € D},
e Fw) )

|f(z1) = f(z2)| = ‘27”. /aDn (W = 21)(w = 22)(22 zl)dw’

M,, - length(0D,,)

2rd(0D},0D,,)?

|20 — 21

It is clear that F is equicontinuous on Ei, n=1,23---.
Since F is bounded on Erll, by Arzela-Ascoli, for any sequence {f,}22, C

F there is a subsequence {f1,}2, which converges uniformly on bi and
for each k, there is a subsequence { fin}o2; of {fi—1,}o>, which converges

uniformly on ﬁ,lc. Let {gn}221 = {fun}rey. Then for all k, {g,}2>; converges
uniformly on E,lg to a holomorphic function g. Let

f(Z):gk(Z>, ZED%

Since D} is increasing, by the uniqueness theorem, f is well-defined and

holomorphic in D. Since any compact subset K of D is a subset of some E,lg,

the subsequence {g, }°°, converges uniformly to f on any compact subset K
of D as desired. 10

3.12.1 Examples for normal families

The Bergman space A?(D) consists of all holomorphic functions on D such
that
1B = [ 1F()PdAG)
D(0,1)

EXAMPLE 36 The unit ball in the Bergman space A*(D(0,1)) is a normal
family.

Proof. For any f € A%(D(0,1)),

‘f(Z)‘ < ||fHA2 ~ecD

~ /md(z,0D)’

Therefore, the unit ball F of A?(D) is locally bounded on D. By Montel’s
theorem, F is a normal family. 10
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The Hardy space H?(D) on the unit disc D(0,1) consists of all holomor-
phic functions f on D(0,1) such that

2m ; 1/2
£l = sup ([ 1F(re[d) " < oo,
0<r<1 0

EXAMPLE 37 The unit ball in the Hardy space H*(D(0,1)) is a normal
family.

Proof. For any f € H?(D(0,1)), by the Cauchy integral formula, we have

.1 fw)? Lo 2| fre®)]? I1f 112
2 7/ dw| < = 1 / Ve ) g < MWz
£ et ‘27ri aD(0,r) W — 2 w‘ DT L || rav= 21(1 — |z])

Thus,

£
IS i

Therefore, the unit ball F of H?(D) is locally bounded on D. By Montel’s
theorem, F is a normal family. 10

z€D

The Dirichlet space D(D(0,1)) consists of all holomorphic functions on
D(0,1) such that

171 = [, ) 1 CIPAAG) < co.

EXAMPLE 38 The unit ball in the Dirichlet space D(D(0,1)) is a normal
family.

The Bloch space B(D) =: {f : f is holomorphic in D, || f|z < oo}, where
1/1ls = 1£(0)] + sup{|f'(2)|dist(z,0D) : z € D}

EXAMPLE 39 The unit ball in the Bloch space B(D(0,1)) is a normal
family.
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3.13 The Riemann Mapping Theorem

THEOREM 3.26 (Riemann Mapping Theorem) Let D be a simply
connected domain in C such that D # C. Then for any point zy € D there
is a unique biholomorphic map f : D — D(0,1) such that (i) f(z) =0 and

(ii) f'(z) > 0.

The uniqueness portion was shown in Theorem 3.21. We need the next sev-
eral lemmas to prove the existence portion.

Remark: The map given in the Riemann Mapping Theorem is often called
the Riemann map.

3.13.1 Existence of the Riemann map

Lemma 3.27 Let D be a simply connected domain in C and w € C\ D.
Then there is a one-to-one holomorphic function h on D such that

(i) h(z)*)=2—w, z€ D

(ii) if b € h(D)\ {0} then —b & h(D).

Proof. Since z —w # 0 on D and D is simply connected, there is a
holomorphic function h on D such that h(z)* = 2z — w.

Let b € h(D). It is clear that b # 0. We claim that —b ¢ h(D).
Otherwise, there are z; € D and 29 € D such that h(z;) = b and h(z;) = —b.
Thus,

V=hz)=2z—w, bV =(=b=h(n)?=2zn—w

Thus, 21 = 29, and b = —b. This is a contradicts that b # 0. We now claim
that —b & h(D). By the open mapping theorem, for sufficiently small 9,

D(b,6)  h(D)\ {0}

Our proof thus far show that D(—b,d) N h(D) = (. Thus, —b & h(D). 0

Lemma 3.28 Let D be a simply connected domain in C and D # C. Then
for any zo € D, there is a one-to-one holomorphic function f: D — D(0,1)
such that

1. f(Zo) = O,’
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2. f(z) >0

Proof. Let w € C\ D. Then there is a one-to-one holomorphic function A
on D such that (z)? = z—w on D. Choose b € h(D)\{0}. Then —b & h(D).

Let

r = dist(—b,h(D)) >0
and

f(z) =:

2 (h(z) +b  h(z)+0b

where 6 is to be determined. Then f(z) is holomorphic on D, it is clearly
one-to-one and f(z9) = 0. f(D) C D(0,1) because

re' 1 1 )

Fel< it b=t

2'r r

Since h? = z — w,

hence,

, B ret? —h'(zo) B re' —1
) == <(h(20)+b)2) 2 (Qh(zo)(h("v“O)er)Z)’

which can be made positive by choosing 6 appropriately. [

Let F(D; z) be the set of all one-to-one holomorphic functions from D
to D(0,1) such that f(z9) =0 and f'(z) > 0.

Lemma 3.29 Let D be a simply connected domain in C with D # C. Let
20 € D and f € F(D;zy). If f : D — D(0,1) is not onto, then there is a
g € F(D; z) such that ¢'(z0) > f'(20).

Proof. Let w ¢ D(0,1)\ f(D) and let

 flr)-w
w(z)—w

Then ¢ : D — D(0,1) \ {0} is one-to-one, holomorphic, and

U(z0) = —w, V' (20) = f'(20) +Wf (20)(—w) = f'(20)(1 = |w]*).

£0.
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Since D is simply connected, there is a one-to-one holomorphic function h
on D such that h(z)? =(z) on D. Let

h(zo) h(z)—J(z@
7(20)| 1 = h(z0)Ia(2)

Then g is one-to-one, holomorphic and g(zg) = 0. We will prove that ¢'(zy) >
f(z0). Notice that |h(z)| = \/|w| and

g(z) = : D — D(0,1)

%)
| (1= h(z0)h(=0))*

g'(2) = (2

1 ()1 = w])

h(20)] 2(1 = [(20)|)
1 f'(20) (1 — Jw[?)
jw|  2(1 = |w|)

f'(20) (1 + [w])

N

> f/(Zo).

The proof is complete. 10

3.13.2 Proof of Riemann mapping theorem

Proof. Let F(D;z) be the set of all one-to-one holomorphic functions
from D to D(0,1) such that f(z9) = 0 and f’(29) > 0. Since D is simply
connected and D # C, by lemma 3.28, F(D; z) # (). Let

RD:ZQ =R= Sup{fl(ZO) : f € F(Du ZO)}

We claim that there is F' € F(D;z) such that F'(z) = R. By the last
lemma, F'is the Riemann map.
Choose {f,}22; C F(D;z) such that

RD§ZO = nh_{go frlb<20)

Since {f,}22, is a bounded sequence on D, by Montel’s theorem, there is a
subsequence { f,,, } and a holomorphic function f on D such that f,, — f
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uniformly on any compact subset of D. We claim that f € F(D;z). It is
clear that

f(20) =0, fl(20)=R

and |f(z)] <1 on D. By the maximum modulus theorem, |f(z)] < 1 on D
and f is one-to-one on D by Hurwitz’s Theorem. Therefore, f € F(D; z).
By the previous lemma and definition of R, we have f : D — D(0,1) is onto
and therefore the Riemann map. 10

We will call Rp.,, is the radius of Riemann map from D to D(0, 1) at z.

EXAMPLE 40 Rp(o1)z = 1=

1—]20l?

Proof. The Riemann map from D(0,1) — D(0,1) with f(z9) = 0 and
f'(z0) > 01is

. Z— 20
f(Z) N 1-— ZoZ
and 1
!
Rp0,1)2 = ['(20) = 1_7|ZO|2

The proof is complete. [

3.14 Homework 5

e Conformal holomorphic mappings and normal family.

1. Find a conformal map which maps D(0,1) onto D(0,1) \ {0}.
2. (Hard) Find a conformal map which maps D(0,1) \ {0} onto D(0,1).

3. Let F be a family of holomorphic functions on the unit disc such that
for any f € F,

27 .
/ [F(re®)|do < 1, for all 0 < r < 1.
0

Prove that F is a normal family.
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. Let F be a family of holomorphic functions on the unit disc such that
for any f € F,

FOR+ [ o PG <1

Prove that F is a normal family.

. Let F be a family of holomorphic functions on the unit disc such that
for any f € F,

|£0)] + (1 —|2])|f'(2)] < 1.

Prove that F is a normal family.

. Let D be a bounded domain in C and let ¢ be a conformal self-map of
D. Let zp € D so that

d(2) = 20 + (2 — 20) + O((z — 20)?)
Prove that ¢ must be the identity (i.e., ¢(2) = z).

. Let a € D(0,1) and let

Z—a

Pa(2) =

1—az

Define ¢} (z) = ¢4(2), and for j > 1, ¢?T1(z) = ¢, o ¢i(z). Prove that
{¢F122, converges normally to a holomorphic function f on D(0,1),
and find the function f.

. Let G be a simply connected domain in C so that D # C. Let F be a
family of holomorphic maps f : D(0,1) — G. Prove or disprove that
F is a normal family.

. Let F(D(0,1)) be a family of holomorphic functions on the unit disk
D(0,1) so that for f € F(D(0,1)), one has

(Re f(2))* # (Im (f(2))*, 2 € D(0,1).

Prove that F(D(0,1)) is a normal family in the sense that every se-
quence has a normally convergent subsequence or a subsequence that
conveges to oo normally.
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3.15 The Reflection Principle

Let D be a domain in C. Define the reflection domain of D with respect to
the real line IR
D* =Dy ={z:z€ D}

THEOREM 3.30 Let D be a domain in RZ such that (a,b) C D. Let f be
holomorphic in D, continuous on D U (1,b) and f : (a,b) — R. Then there
is a holomorphic function F' on D U (a,b) U D* such that F'= f on D.

Proof. Let
f(z), if z € DU (a,b);

Fz) = {f(z), if z € D*.
We will prove F' is holomorphic in D U (a,b) U D*.
First we show F(z) is holomorphic in D*. Fix 2z, € D*, and let wy =
Zo € D. Since F' is holomorphic in D

f(z) = Z an(z —wo)", |z—wo| <§
n=0
for some 6 > 0. Then

ZIZ Z—wo Z Z—UJO Z Z—ZO s

which is holomorphic in |z—z2y| < d. Therefore, F'is holomorphic in D*. Since
f(a,b) C R. It is easy to see that F'is continuous on D, =: D U (a,b) U D*.
One may apply Morera’s theorem or Cauchy’s theorem to prove that F' is
holomorphic in D, (see fall quarter, homework 6, problem 1.)

EXAMPLE 41 Let f(z) be holomorphic in R and is continuous on R2 U
(0,1). Let f(x) = cosx +isinx when x € (0,1) Find all such f.

Solution. Let
9(z) = f(2) — (cosz +isinz), ze€RZU(0,1)

Then g is holomorphic in IR% and continuous on R U (0,1) and g(z) = 0
when z € (0,1). By the reflection principle, g can be extended holomorphi-
cally to D, =: C\ ((—00,0] U [1,00)) and g(x) = 0 when =z € (0,1). D, is
a domain which includes (0,1). By the uniqueness theorem of holomorphic
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functions, g(z) = 0 on D,. Therefore, f(z) = cosz+isinz on R2U(0,1).  ©

Let D be a domain in D(zy, R), we define the reflection domain of D with
respect to the real line 0D(zy, R)

2

D* = Dip(zo.r) = 120 + :z € D(2,R)}

Z— 20

THEOREM 3.31 Let D be a domain in D(zy, R) and I" a portion of the

circle |z — z| = R such that T C D. If f is holomorphic in D, continuous
on DUT, and f|r : ' — IR, then there is a holomorphic function F on
DU (a,b) U D* such that F = f on D.

Proof. Let S be a Mgbius transformation from IR? onto D(z, R). Let
g(z) = f(S(2)) and (a,b) = S7'(T'). Then g can be extended to be holomor-
phic in D, = R} U (a,b) UR,. Thus

F(z) = g(S7'(2))

is holomorphic in S(D.) = DUTl' UD*. [

3.16 Homework 6

e Problems related to holomorphic extensions

1. Let f(z) be holomorphic on D(0,1) and continuous on D(0,1) such
that f(e) =2 for all § € [0,7/4). Prove that f is a constant.

2. Let f be holomorphic on ]R%r and continuous on IR%r U (0,1). Assume
that
f(z) =isin(z), x € (0,1).

What is f?

3. Let f(z) be entire such that f(z +iz) € R for all x € R. Assume that
f(i) = 0. Prove that f(1) =0.

4. Let L={x+iy:y=ar+b, v € R} bealinein C. Let R = {z =
r+iy e C:y>ax+b xc R} Suppose f is holomorphic in IR}
and continuous on IR} so that f(L) C L. Prove that there is an entire
function F so that f(z) = F(z) for z € R3.
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5. Let

Zi

nln

be holomorphic in D(0,1). Find all singular points on 9D(0,1) and
justify your answer.

6. Prove that every boundary point of

[e's] n!

f) =3 =

100
n=1 n

is a singular point.

7. Prove that every boundary point of

i -
= 2n
is a singular point.

8. Prove or disprove that there is a nonconstant holomorphic function f
on the domain

D={2e€C:|z+1|>1and |2 +2| <2}
and continuous on D with f(z) =0 when zisin S={2€ C: [z2+2| =
2 and Rez € (—2,-1)}.

3.17 Singular Points and Regular Points

Definition 3.32 Let D be a domain in C, f a holomorphic function on D; a
point zg € 0D is said to be a reqular point for f on D if there is a holomorphic
function F in D(zy,€) such that F = f on D N D(z,€) for some ¢ > 0. If
zo 1S not a reqular point, then we say that zy is a singular point for f on D.

EXAMPLE 42 Consider

=> 2", zeD(0,1).
n=0
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We know that

() = 1_1Z > € D(0,1).

It is easy see that z = 1 is a singular point for f on D(0,1), and every other
point in 0D(0,1) is a regular point.

EXAMPLE 43 Consider
f(z)=>"2", z€D(,1).
n=0

Prove that every point in 0D(0,1) is a singular point for f on D(0,1).
Proof. Consider

Z0 — 6i27rp/q, p,q S N7 ng(p7 q) = 1

Then . )
q— 00 q- e
f(rzo) = E (rzg)"! + Z(Tzo)"! = Z(Tzo)"! + Z r
n=0 n=q n=0 n=q

It is easy to see that

lim f(rzp) = +o0.
r—1-

So 2 is a singular point. Since {€™/¢ : p, ¢ € N} is dense in dD(0, 1), every
point zy € dD(0,1) is a singular point. @
EXAMPLE 44 Consider

oo n!

f&)=% 5 2€DO.D)

n=0

Prove every point in 0D(0,1) is a singular point for f on D(0,1).
Hint: Consider f'(z) instead of f(z).

4 Infinite Products

Let f be holomorphic in a domain D. If {z,- -, z,,} are zeros of f counting
multiplicity, then
f(z
o) = ot
j:l(z — 2j)

is holomorphic in D and has no zeros in D.

Question. If m = oo, what does []j2,(2 — 2;) mean?
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4.1 Basic properties of infinite products

Definition 4.1 Let {z,}>°, be a sequence of non-zero complex numbers. We
say that [[32, z, defines a complex number z if

n

lim H 2j =2
n—o0 4
Jj=1

When z # 0, then

j=1~j <
—— > —=1 asn— oo

Zn =

THEOREM 4.2 Let {z,}32, be a sequence of non-zero complex num-
bers.  Then []72; z, converges to a mon-zero complex number if and only
if 02 Inz, converges.

Proof. 1If >>°,Inz, converges to z € C, then
0 oo
Iz = =t M = o7
j=1

n

Conversely, if w,, = [I;-, z; converges to z # 0, then

Inw, = Z In z; + 2k, mt
j=1

where k,, is some integer. Then
Inw,. 1 —Inw, =2(k,y1 — k)i =0  asn — 0.

Therefore, there is an N such that if n > N, one has k, = ky. Therefore,

Inw,, = Zlnzj + kn2mi, n>N
j=1

Therefore,

Z Inz; = Inz + 2kymi.
j=1
The proof is complete. 0
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Definition 4.3 Let {z,}>>, be a sequence of non-zero complex numbers. We
say that [1721 2, converges to a non-zero complex number z absolutely if

o0
> |lnz;| < .

j=1
Therefore, we have
1) TI2(1 + z,) converges to non-zero complex number if and only if
221 In(1 + 2;) converges.
2) TI22,(1 + z,) converges to non-zero complex number absolutely if and
only if 3772, [ In(1 + 2;)| converges.

Notice that
2|

5 <In(l+ |z]) <2lz|, |z <1/2.
We have

THEOREM 4.4 [[>°,(1+z,) converges to a non-zero complex number ab-
solutely if and only if 0% |z,| converges and for all n, z, # —1.

Proof. Without loss of generality, we may assume that |z,| << 1. Then

Yn
14,

|In(1+ 2,)| = \/(ln 11+ z,)2+ 62, 6, =tan"

Assume that |z,| < 5. Then

2 1+,

< 2|y,|

and
2|z, <In(1 = |z,]) S In |1+ z,| < In(1 + |2,]) < 2|z,
Notice that ]
In|l+ z,| = 5 In[(1+ a:n)2 + yi]

If 2, > 0 and |z,,| < |yn|, then |z,| < 2|0,|. Otherwise, if —3 < 2, < 0 and
|z,| > |ynl, then z, + 22 + 3> < 0. Therefore,

X

1 n
In|l1+ 2z, = 5111[(1 +2,)? + 2] > In(l +2,) > 5 T <1/2
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If z,, < 0 then

1 T

1 n
In |1+ 2, :§ln[1+2xn+xi+y2] <ol fa) <55 wn <1/2

(\V]

Therefore
|zo] <2(|In |1+ z,|| 4+ 10n]) < 4|In(1 + z,)|, if |z, < 1/2.

In summary, we have

> |In(1+ 2,)| converges if and only if > |z,| converges . @

n=1 n=1

4.2 Examples

EXAMPLE 45 Determine if each of the following infinite products con-
verges:

(i) T2, (1~ )

(i) TIhza(1—1).

Additionally, show that the following infinite product converges and find its
value:

(i) TIZo(1 — ).

Solution.

(i) Since || = j% and 3222, j% converges. By the previous theorem, we

have 3222, (1 — j%) converges absolutely.

(ii) Observe that

- 1 n—1 1
H(l——):Hn =——=0 asm — oo.
n=2 n n=2 m

But [[72,(1 — %) does not converge absolutely.
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(iii) Notice that

ﬁ(l_l)_ﬁj—l—lj—l_m—l—l
i J? J ' 2

as m — oo. Therefore, [T2°,(1 — ]%) = % and it converges absolutely.
0

Definition 4.5 Let {f,}>2, be a sequence of holomorphic functions on a
domain D. We say that H;’-il(l + fn) converges absolutely and uniformly on
a compact set K C D there is a positive integer N = N(K) if

S (1 + fu(2)|

i=N
converges uniformly on K.

THEOREM 4.6 Let {f,}32, be a sequence of holomorphic functions on
a domain D. If H;”;l(l + fn) converges absolutely and uniformly on any
compact set K C D then

[T+ fu(2))
n=1
defines a holomorphic function on D.

Proof. This is straight forward. 0

4.3 Infinite Products and Factorization Factors

For each p > 0, we let

- )

(2) = { (L= 2)et 2l p >
11—z p=20

Lemma 4.7 For any non-negative integer p, E,(z) satisfies

(1) E,(0) =1,
(it) |Ep(z) = 1] < |27 if |2] < 1.
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Proof. It is obvious that £,(0) = 1. Now, we write

Ey(2) =14 by2".
n=1

Then -
E(z) =) nbyz""".
n=1
If p > 1 then

E(z2) = e AP ] 4 (1= 2) (L4 24+ 2P
— _ZP62+22/2+"'+zp/p
This implies that
(a) b, <0Oforn>1
(b) bpy=0if 1<k <p
(©) 0= By(1) = 1+ 532, by

Therefore,
|Ep(2) = 1] = | D2 0p2"| < |2 Y0 bal = [2PF. 0
n=1 n=1

THEOREM 4.8 Let {a,}>°, be a sequence of complex numbers such that
lim, . a, = co. Then there is a holomorphic function f on C such that

Z(f) =A{ai,ag,---}.

Proof. We define -
z
f(z) = H En ()
n=1 (n

It is clear that E,_1(Z) is holomorphic in € and E,_1(;) = 0 if only if

an

z = ay,, and it is a simple zero. But the previous lemma, we have

z z|"
Eo(Z)—1< P

a, la,|™’

if |2 < |ay|.

Therefore, the infinite product [[°°; E,_1(z/a,) converges uniformly on
any compact subset of C. Therefore, f is holomorphic in C and Z(f) =

{a17a27a37"'}' 0
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THEOREM 4.9 Let D # C be a domain in C and let {a, }5°, be a bounded
sequence of points in D without any accumulation points in D. Then there
is a holomorphic function f on D such that Z(f) = {ay,as,---}.

Proof. Since D # C, there is a a), € 0D such that |a,, —a}| = dist(a,, D).

Let . .
f) =T Bus ( - )

¥
z—aj

It is clear that E,_;(%=%) is holomorphic in D and E ,1(%) = 0 if only

e
z—a x

if z = a,, and it is a simple zero. By the previous lemma,

a, — a la, —ak|™
gyl al

n

TN i [a, — a3| < |z — 3.

z—a |z —ax|"’

For any compact subset K of D, since lim,_, |a, — a}| = 0, there is an N
such that if n > N then

|z —a’| > 2la, —a)| forall ze€ K.

This implies that f is well-defined and holomorphic in D. Moreover, Z(f) =
{a17a2,(l3,"'}. 0

4.4 Welerstrass Factorization Theorem

THEOREM 4.10 Let D be a domain in C and let {a,}5°, be a sequence
of points in D without any accumulation points in D. Then there is a holo-
morphic function f on C such that Z(f) = {a1, az,---}.

Proof. Case 1. If D = C, then lim,,_,, a, = oo. Theorem 4.8 shows the
existence of such holomorphic function f.

Case 2. D # C. Since {a, : n € N} has no accumulation point in D,
there is a 2y € D and 7 > 0 such that |a, — zo| > r. Let D = {1/(z — %) :
z € D} and a, = 1/(a, — 29). Then {a, : n € N} is a bounded sequence
in D. By the previous theorem, there is a the sequence {@*}>°, C 9D with
|G, — @*| = dist(é,, dD) and the holomorphic function

= an — a ~
g(z) = H E, 1 —"),z€D
n=1 2y
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such that
Z(g) ={an : n € N}

Since {a,}>>, and {a’}>°, are bounded, one has when z is very large,

(n, — Oy, (n, — Oy, | 1
‘En*l(az—;k )_1‘§‘az—; = on

Therefore, since E,(0) = 1, one can see that

lim g(z) =be C\ {0}.

Z—00

Let

F)=0(—) €D\ {ah flz) =t

Then f is holomorphic in D and Z(f) = {a, : n € N}. [
The following the Weierstrass’ factorization theorem for a meromorphic
function.

THEOREM 4.11 Let D be a domain in C and let f be a meromorphic
function on D then there are three holomorphic functions g, f1, fo on D such
that

1. Z(f) = Z(h);
2. P(f) = Z(f2);

3. J(2) = 143

where P(f) is the set of poles of f counting orders.

Proof. Let P(f) = {w,wq, -+, wp, -} be the poles of f in D counting
orders. Then, by the previous theorem, there is a holomorphic function f,

on D such that -
z
— 1 E,_. (=
=15 ()

Let

fi(2) = F(2) fa(2)
Then fi(z) is holomorphic in D and Z(f) = Z(f1). Moreover,
(

le
fa(z)
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THEOREM 4.12 Let f be a meromorphic function on C. Let Z(f) =
{zn : n € N} be zero set of f counting multiplicity and P(f) = {w, : n € N}
denote the set of poles counting order. Then there is a holomorphic function
g on C such that

_ 6g(z) fl (Z)

f(Z) - f2(2)

with

fil2) = ﬁ Bui (Z) and £i(z) = ﬁ B (X)),

W,
Proof. By the definitions of f; and f5, one has

o) o TR

fi(z)
is holomorphic in C and has no zeros in C. Since C is simply connected,
there is a holomorphic function g on C such that h(z) = e9*). This implies

that L)
) = o) I1VE)
f( ) fQ(Z)

4.5 Application to Singular Points

THEOREM 4.13 Let D be a domain in C. Then there is a holomorphic
f on D such that every point zog € 0D is a singular point for f on D.

Proof. Choose a sequence of bounded domains D,, in D such that 0D,, C D
and D, — D increasingly and

1 1
— < dist(9D,,,0D) < — if m # n.
2n n

Choose k, many points z,, in 9D, such that |z, — 2,;] > 27"7% and
0D, C U D(2,1,2™™). Then Z = {2z, : k = 1,--+, ky,n € N} is a set
of points in D having no accumulation points in D. Every point in 0D is
an accumulation point of Z. There is a non-constant holomorphic function
f on D such that Z(f) = Z. Then every point in dD is a singular point
for f in D. Otherwise, there is zg € 9D such that f can be extended to be
holomorphic in D(z, dy) for 6 > 0, but z, is an accumulation point of Z(f).
The Uniqueness theorem of holomorphic function implies f = 0. This is a
contradiction. O

68



4.6 Mittag-Leffler’s Theorem

Definition 4.14 A singular part about point zy is a function

-1

So(2) = 3 an(z —20)F, 2€C\{x}.

k=—m

Existence of the prescribing singular parts theorem

THEOREM 4.15 (Mittag-Leffier’s theorem) Let D a domain in C, and let
{2,359, be a sequence of points in D with no accumulation point in D. Let

-1

Sn(z) = Z anx(z — 2,) 7k

k=—mn,

be a singular part about z,. Then there is a meromorphic function f on D
and holomorphic in D\ {z, : n € N} such that f(z) — S,(z) is holomorphic
in a neighborhood of z,.

Proof. First, we assume that D is bounded. Then there is a sequence
{w, € 0D} such that

dist(2,,0D) = |z, —w,|, n € N.
Assume that there is a holomorphic function 7},(z) in D such that
T (2) — Sn(2)| <277, |z —wy| > 2|z, — wy|

Then we define
f(z)= i(Tn(z) —Sn(2)), z€D\{z,:neN}

Then f is holomorphic in D \ {z, : n € N}. In fact, for any compact subset
K C D\ {z, : n € N}, there is an N such that
|z —wy| > 2|z, —w,|, n>N,zeK.

Then >>0° (T, (2) — Sn(z)) converges uniformly on K. This implies that f is
holomorphic in D\ {z, : n € IN}. Since T,, is holomorphic, f is meromorphic
in D and has the singular part S, at z,.
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Next, we shall prove the existence of T),(z). Consider

1 1 1 > — )k:

_ _ Z (Zn Wp,

Z=2p 2= Wp— (2 —Wn) 2= Wy fThNE— Wy

Choose K, > n such that

o0 4 _ myp+1
Z 1/2 < 2_nm1n_{11, |w, — 2, }
k=Kn (X ke, [kl k] + 1)

Let
1 Ea

ta(z) = S (T,

Z— Wy = 22— Wy

When |z — w,| > 2|z, — 2,| we have

min{|w, — z,|™", 1}

(Zizm, langllk] +1)°

’ 1

Z— Zp,

—ta(z)| <27

Let

Mn
= Z an,_ktn(z)k
k=1

T, (2) is a polynomial.
When |z — w,| > 2|z, — w,]|, one has

|2 — zp| > |2 — wp| — |20 — wn| > |20 — wy|
and 1 1 1
to(2)] < ————
|z—zn|_|zn—wn|’ | (Z)|_|zn—wn|
and
S0 =T <3 lan—sl|(; Z)—m@\
k=1 n
< ’é L t
= Z|an k,‘|Z Zn’k 1— e’Z—Z - n(Z)‘
o |(ln —k|k 1 o
< : —ta(2) <27
e
The claim is proved and the theorem is proved. 10
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Second, we assume D = C.
Since lim,, o 2, = 00. When |z| < 2|z, one has

1 1 1

z—zn: znl—Z:_znkz%( n)

n

Following the argument above, one can find k,, such that

Mp kn ZE k
=) an:-’f( > e+1>
k=1 =0 “n

such that
|Sn(2) = Th(2)| < 27", when |z| < 2|z,|

With the same argument as the first case, one can complete the proof of the

theorem.
Third, When D # C and is unbounded. One may follow the proof the
Weierstrass Factorization theorem to deal with the case. Omit it here.

4.7 Homework 7
1. Determine whether []5°, (1 + (—1)"%) converges. Do the same for
2o (14 (-1,
2. For which z does [[2% (1 + 2*") converge?

3. If |z| < R, then prove that

- R-—z

= R2n+22n) R

11 (

4. Let f be entire and have a first-order (simple) zero at each of the
nonpositive integers. Prove that

f(2) = ze9@ 10:0[1 {(1 + j)ez/j}

for some entire function g.

5. Suppose that 0%, |ay, — 8,] < co. Determine the set of z for which

o0 Zz—Q
nel 5_g. converges normally.
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10.

Prove that

sin z 2 X nsinn
2SSy
T

sin(7z)

. Let {a,}5°, € D(0,1) be such that >o°,(1 — |a,|) < co. Discuss the

convergence of

ap Qp — 2

H B, (z), B, )
n=1

:m1—ﬁnz

Use Mittag-Leffler’s theorem to prove the following: Let {a;}32, be a
squence of ponits in a simply connected domain D without any accum-
mulation points in D. Then there is a holomorphic function f so that
Z(f) = {a;}32, counting multiplicity.

Suppose that g;, go are entire functions with no common zeros. Prove
that there are entire functions f; and f, such that

figr + fage = 1.

Construct a meromorphic function f on C so that N = {1,2,3,---} is
its set of poles and the singular part at z = n is

-1

Sn(z) = Z 3k(z - n)k7 n= 172737 e

k=—2n
Hint for Problem 6:
Consider .
0= -2 S
Prove that

(i) g is holomorphic in C.

(ii) g is bounded on z = £(n+ 1) +iy and 2 =z + £(n + 1/2).
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Conclude that g is a constant and ¢(0) = 0.

Hint for Problem 3: Prove that

ﬁ 1+ 22" = 1
n=0 Bl 1- Z‘
Notice that
f(z (1+ =2 H (14 2% (1+ =2 H
n=1 n=0
Write -
2) =1+ a,2"
n=1
Since

A2n = A, QG2p41 = G, Qo = 1,

a, = ag = 1 for all n. So,
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Final Review
Final Review = Midterm Review + the following materials
1. Proper, biholomorphic maps

EXAMPLE 46 (i) Find all proper holomorphic maps f on D(0,1) with
fe (DO, 1)).

(i1) Prove or disprove that there is a proper holomorphic map f : C\
{0,1} = D(0,1) \ {0}.

2. Automorphism group Aut(D)

EXAMPLE 47 Find the following:
(i) Aut(D(0,1))
(i) Aut(C\ {0})

(iii) Aut(C\ D(0,1))

3. Mobius transformations, Cross ratio

EXAMPLE 48 (i) Find a Mdébius transformation that maps 2i,i+1 and
—3 to the points 1 +1,—1 — i and 2 + 2i;

(i) Prove that the cross ratio has the following property: Let L be the
‘circle” determined by three points z1,zy and z3. Let z € C\ L and z*
be the symmetric point of z with respect to L. Then

(Z*; 21722722) = (Z; 21, %2, 23)~

4. Conformal mappings

EXAMPLE 49 (i) Find a conformal map which maps D = D(2,2) \

D(1,1) to the unit disc;

(i1) Find a conformal map which maps the unit disc to D(0,1)\ {0}.
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5. Riemann mapping theorem

EXAMPLE 50 (i) State the Riemann mapping theorem
(i) Prove the uniqueness portion of the Riemann mapping theorem.

(11i) Let D be a simply connected domain in C, D # C and zy € D. Prove
that F = {f : D — D(0,1) is one-to-one , f(zy) = 0} is not empty.

6. Normal families

EXAMPLE 51 (i) Let F be a family of holomorphic functions on D(0, 1)
such that f(0) =i and Im f(z) # Re f(2) for all z € D(0,1). Prove
that F is a normal family;

(ii) Prove that the unit ball in Hardy space is a normal family.

7. Reflection Principle

EXAMPLE 52 Let f be holomorphic in D = {z =x +iy : x > y} and it
is continuous on DU {(z +ix :x € [0,1]} and

f(z+iz) =sin((1 —i)x), x€(0,1)

Find all such f.

8. Infinite products

EXAMPLE 53 (i) State Weierstrass Factorization theorem;

(ii) Prove that [152, cos% converges absolutely;
(iii) Prove that |E,(z) — 1| < |z[P™! if |2] < 1;

(iv) Find an entire holomorphic function f on C such that zero set of f is
{2":n € N}.

9. Problems associated to singular points
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EXAMPLE 54 (i) Prove that every point zy € 0D(0,1) \ {1} is regular
point for f in D(0,1) and z = 1 is a singular point for f in D(0,1),

where
fly=3°

n2
n=1 n

(i1) Prove that every point zg € 0D(0,1) is a singular point for f in D(0,1)
where
Zn

=35

(i1i) Let D be a domain in C. Construct a holomorphic function f in D
such that every point zg € 0D is a singular point of f.
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