COMPLEX ANALYSIS STUuDY (GUIDE

1. Equivalences Of Holomorphicity For a domain D C C, f(z) = u + v is holomorphic in D if and

of
ly if == =0:
only if —=
(a) If and only if v and v satisfy the Cauchy-Riemann Equations
Proof:

O—ﬁ—1 £+12 (u—H'v)—} Qu _ v +z @—f—afu @@—@anda—u——@
0z 2\0x Oy - 2\0z oy) 2\0x Oy oxr 0Oy oy  Ox’
(b) If and only if f(z) € C*(D).

Proof:
First assume f’ € CY(D).

u(xo + h,yo) + iv(xo + R, yo) — w(xo, yo) — iv(zo, yo)

f(z) = f(z0) lim f(zo+h) = f(z0)

li = — 1
zgrzlo z— 2 h—0,heR h hlgb h
— lim u(zo + h, yo) — u(wo, yo) 1 <lim v(zo + N, yo) — U(l’o,yo)) _ Ou i v '
h—0 h h—0 h or (0,50) or (20,0
On the other hand "
lim f(z) = f(z0) _ lim f(20+lb)*f(20)
z—zp z— 29 h—0,h€R ih
— Im 1 u(zo, Yo + h) — u(o, yo) T <lim v(zo,yo +h) — U(fo,yo))] = (=) Ou v
h—0 1§ h h—0 h dy (20,50) Oy (@0.50)

Equating the real and imaginary parts for f’(zg), we get

ou Ov Ou Ov

or oy oy o

evaluated at (zg,yo). By part (a), f is holomorphic. Now assume f is holomorphic on D. Fix
z9 € D. For z near zg we may define y(t) = (1 — t)zg + tz and ~ : [0,1] — D.

of Lor dy Lor
J2) = 1) = JO ) = 160 = § Gz = [ Fra@ Gar= [ F )6 - a
Dividing both sides by z — 2y yields
f(z)=fz0) _ [1Of
LI [

Lo "o 0 0 ) )
— [ e+ [ |Saor- ] ar=Sen+ [ [Fow - Fe)|
Let € > 0. As 2L is continuous, there is a § > 0 such that

0z
‘3f of

0z (w) - 8z(z0) <€

whenever |w — zg| < §. Note that |y(t) — 20| = t|z — 20| < |z — 20| for t € [0, 1], therefore

L) - G| <




for |z — 2| < 6. Fixing |z — 20| < d, we have

/ 1 [wa)) - ‘;f(zoﬂ dt‘ <[ 1

It follows that

& ()~ 2 )

1
dtg/ edt = e.
0

. f(z) = f(z0) Of
Zlgrzlu z2—z29 5(20)'

2. Interaction of Holomorphic Functions
(a) O(D), the set of all holomorphic functions on D forms an algebra.
Proof:
Let f,g,h € O(D) and a,b € C. To be an algebra, the following conditions must hold:
e (f+g)-h=f-h+g-h
o flg+h)=f-g9+f-g
o (af) - (bg) = (ab)(f - g).

As the algebra multiplication is standard commutative multiplication, it suffices to show that if
f and g are any holomorphic function on D, then fg is as well.

o(fg) _of

dg B
9z £g+f£—09+f0—0.

So O(D) is in fact an algebra.
(b) Moreover, if f : D — E is holomorphic and ¢ : E — C' is holomorphic, then g o f is holomorphic.

Proof:
As f is holomorphic, f(z,y) = up(x,y) + vs(z,y) and gla,y) = uy(z,y) + v, (2, y).

u(z,y) +iv(z,y) =go f=glup,vp) =ug(us,vy) +ivg(uys,vy).
ou_ 0 Ou, Oy Dy D0y

9z~ 9z el v)) = 5 T g, e
and
Ov _ Ovg Quy | Ovg Ovy
dy  Oup Oy vy dy
As g is holomorphic,
Oug _ Ovg Qug _ 00y

an o an7an 8uf

and as f is holomorphic
(9Uf o 8’Uf an - avf

oxr Oy’ Oy Oz

So
Ju Ov Ou ov

9z 0y 0y o
so g o f is holomorphic.

(c) If u is harmonic on a domain F, f : D — E is holomorphic, then w o f is harmonic in D.
Proof:
Let zp € E. As E is a domain, there exists a » > 0 such that D(zy,7) C E. As D(zp,r) is simply

connected, on this set we can find some holomorphic g such that Re(g) = u. On D(z,7), go f is
holomorphic, so its real part is harmonic. Notice Re(go f) =uo f.

3. Harmonic Conjugates and Antiderivatives



(a) If f = w+iv is holomorphic, then u and v are harmonic. v is called the harmonic conjugate of w.

Proof: 5 5 5 5
By the Cauchy-Riemann Equations, P9 and &= %Y Thus
dr Oy dy ox

Fu u_oou dou_ 0o o ( o
0x2  Oy?  OxOxr Oydy 0Oxdy Oy ox )’

As f € C™(D), order of differentiation can be changed, so

Pu o o o _
0x2  oy?  Oxdy Oxdy

The computation to show v is harmonic is identical.

of Og

Lemma 1. If f g are C' functions on a simply connected set D and if 5 = 92 on D, then there is
y x

a function h € C?(D) such that
oh oh
a. = fa A =49
Ox y

on D.

Proof:

For (z,y) € D, set

) = | e+ / " g(a,s)ds,

where (a,b) € D. As D is simply connected, these integrals exist. By the Fundamental Theorem
of Calculus

h
%(w, y) =g(z,y).
Again by the Fundamental Theorem of Calculus and since g € C1(D),

Oh

N v 9 v 9
Sre = s + 5 [awsis = fan)+ [ o = s+ [ 5

:f(x,b)—&-f(x,y)—f(%b)Zf(x,y).

(b) Given a harmonic function u on a domain D, if D is simply connected u has a harmonic conjugate
v such that F = u+ 4v is holomorphic in D. Give a counterexample if D is not simply connected.

Proof:
Let f = ——u, g = % As u is harmonic, we have of = 99 on D. Since f,g € CY(D), by
Jy Oz Oy  Ox
Lemma 1, there exists a v € C?(D) such that
Ov Ou Ov ou
—_— = f = — =, = = g = —_—
ox dy’ Oy Ox

By the Cauchy-Riemann Equations, F' = u 4+ iv is holomorphic.

Let D be the punctured unit disc. u(x,y) = In(x? + y?) is harmonic on D. Moreover, u along
with the function v(z,y) = 2tan~!(y/z) satisfies the Cauchy-Riemann equations. However, v is
not defined everywhere on D, so u + iv is not holomorphic on D.

(c) If f is holomorphic in a domain D, prove that if D is simply connected then there exists a
holomorphic function F' such that F'(z) = f(z) on D. Give a counterexample if D is not simply
connected.

Proof:



0 oh
Let f = u+iv. Let ¢ = u, h = —v, then by the Cauchy-Riemann equations we have 99 _

oy Oz’
By Lemma 1 there exists a real C? function f; such that
% = = U % = h = —
or I " dy '
Now let g = v, h=u. Again by the Cauchy-Riemann equations, we get a—g = gh so by the Lemma
there exists a function f such that
6f2 q % —h=u
or 77 3y '

Let F = f; +if,. Fis C? and by the above equations F satisfies the Cauchy-Riemann equations,
so F' is holomorphic. Finally,

0 1/0 .0 ofr  Ofa Ofy  0f1 1 i

0z 2 (&T Z8y>(f1+f2) (ax * 8y>+ (&T Oy 2(u+u)+2(v+v) !

Let D be the punctured unit disc. Let f(z) = 1/z. f is holomorphic on D. Assume there exists a

holomorphic function F such that F'(z) = f(z). Let v = 9D(0,1). By calculation f f(z) = 2mi.
gl

However, by the Fundamental Theorem of Calculus, 7{ f(z) = F(v(1)) = F(v(0)) = 0. Sono F
v
can exist.

4. Cauchy’s Theorem, Morera’s Theorem and Cauchy’s Integral Formula

(a) Cauchy’s Theorem -
D is a bounded domain in C with piecewise C! boundary. If f is holomorphic in D and f € C(D),
then

f(2)dz =

oD

Proof:
By Stokes’ Theorem,

_ f Of 4= of _
an(z)dz—/Dd(f(z)dz)—/ <azd —l—a— )/\d —/ngz/\dz—i-OdE/\dZ—O.

(b) Morera’s Theorem
Let D be connected. If f € C(D) and for any simply closed piecewise C'! curve v in D we have

% f(2)dz =0, then f is holomorphic in D.
8!

Proof:
Fix zy € D. Define a function F : D — C as follows. Given z € D choose a piecewise C! curve
¢ : [0,1] — C such that ¢(0) = zp, ¢(1) = z. Set

~ [ fwydu

¢

It is not yet clear that F' is well-defined. Let 7 be any piecewise C! curve such that 7(0) = zq,
7(1) = z. Let u be the closed curve ¢ U (—7). u is piecewise C''. By assumption we have

O—?(f dw—/f Ydw — /f
Let F =U+iV.

Fix z = (z,y) € D and ¢ going from zj to (x,y). Choose h € R small enough so that (x+t,y) € D
for 0 <t < h. Let l;(t) be the line segment connecting (z,y) and (z + h,y). Let ¢, = @ Ul

h
Fu+mwF@w>mf@MwAfWMwbjWMwﬂfu+@m



Taking the real part of this equation yields

U(a:—&—h,y})L U(x,y) hRe/o f('z“)ds:%/o Ref(z + s)ds

Letting h — 0 on both sides yields that

oUu
e (2) = Ref(z).
Similar calculations yield that
ou oV
6y —Im f, Imf,a—y = Ref.

Thus F is holomorphic. Thus F’ = f is holomorphic.

(c) Cauchy’s Integral Formula
Let D be a bounded open domain in C with piecewise C' boundary. Let f(z) be holomorphic in
D and f € C(D). Then
1 f(w)

L S A CO D.
270 Jop w— 2 w=fl),z €

Proof:

U g (P Y G U PR Y G (P
OD(z,€)

2mt Jop w — 2 21t Jop, W — 2 27 w—z

where D, = D\D(z,¢€) for some € > 0 such that D(z,¢) C D. By Cauchy’s Integral Theorem we

have )
1 1 T
O S g, L S) g L[S g,
2mi Jop w — z 270 Jop(z,e) W — 2 2mi o ee
= o [ r o=t L[ a0 = 5
= ) z + ee’ o z).

(c’) Generalized Cauchy’s Integral Formula
Let D be a bounded open domain in C with piecewise C ! boundary. Let f(z) be holomorphic
in D and f € C(D). Then

K f(w)

_ k

Proof:
For z € D,
ok 1 f(w) 1 ok [ f(w) 1 oF 1
(k) - i - I
FE) = 2% 27i aDwfzdw 2mi Jop 02F (wz)dw 27t Jap f(w)azk ( z)dw
|
LI R (),

2mi Jop (w — 2)k+1

(d) Mean Value Property
If f is holomorphic in D(zp, R), then

1 27

f(Z()) — % i f(rezo-‘rria)de

for 0 <r < R.



Proof:
By Cauchy’s Integral Formula

27 i o
f(Z ) 1 /lZZOI_r Mdz _ 1 /O Mriewdﬂ _ i f(’/‘@ZOJrrm)d@,

0) =5 == -
278 2 — 29 2mi ret? 27 Jo

using the substitution z = zg + re®.
(d”) If w is harmonic in D(zg, R), then

Proof:
Since u is harmonic and D(0, R) is simply connected, there exists a harmonic function v such
that f = u + iv is holomorphic. By the Mean Value Property,

. 1 o zo+rif 1 o zo+7rif i o zo+1i6
u(20)+iv(20) = f(20) = o ; flre )df = %/0 u(re )d@—f—%/o v(re )db.

Equating the real parts of both sides yields the desired result as v and v are real-valued.

5. Applications of Cauchy’s Integral Formula
(a) Liouville’s Theorem
Any bounded entire function is constant.

Proof:
Let z9o € C, R > 0. Let |f| < M.

e L4 W
f (ZO) - 2 wa(]l_R (w — z0)2d .

1 (2™ |f(z0+ Re®® s M [T M poue
|f'(20)| < ﬁ/o W|Rzee|d9§ ok ), d@:E e oY

So f/(z9) = 0 for all z5 € C. So f is constant.
(b) Linear and Sublinear Growth. Let f(z) be entire.
f(2)

i. If f is sub-linear growth (i.e. lim T = 0), then f is a constant.
Z—r00 zZ

Proof:
By Cauchy’s Integral Formula

, 1 w
PO =5 b e

T 2mi =g (W —2)
1 |f(w)] L7 (f(Re)] R?
f(z S—j{ ————dw < — de.
TS e fen @17 =2y \T R ) ETp
i0
As R — oo, <|f(RR€)|) — 0 by assumption. So f’(z) = 0. So f is constant.

ii. If f(z) is polynomial growth (i.e. there is some positive integer n such that |f(z)| < ¢, (1 +
|z|™)), then f(z) is a polynomial.

Proof:
Let z € C and R >> 2|z| + 1.

(nt+1) () — (n+1)! f(w) w
7 (2) ‘(£%Rw)d

27i — )2



e Re®) R (n+1)! (> ¢,(1+R") R
(n+1) (] < (n+1) / |f(Re do < / n g0 B2 0,
SO ) G R RS e Jy B R
So f is a polynomial of degree at most n.
(c) If f is holomorphic in a domain D, then f is analytic in D.
Proof:

Let zg € D, ro > 0 such that D(zp,r9) C D. By Cauchy’s Integral Formula, for 0 < R < 7,
z e D(ZQ, R),

1 1 1
fz)=— f(w) dw=— f(w) dw=— ‘74 (w) ——dw.
270 Sy z|=r W — 2 27 Jjwy—zo)=r W — 20 — (2 — 20) 270 Jjw—zg|=r (W — 20)(1 — Z222)
Note that [— | < 1. So
w — 2o

_ b fw) o (z—zo>" _ — 1 f(w) <z—z0>"
/@) ZWijI{w—zU=Rw'ZO,§ w— 2o dw 712_()27ri%w_z[)|=3w2’0 w — 2o dw

since the sum converges uniformly on 0D(zg, R). By Cauchy’s Integral Formula

= w 0 £(n) (5
f(z) _Zzlﬂ_ljl{ L)n_i_ld’w(z—zo)" — ZfT('O)(Z_ZO)n
n=0 n=0

w—zo|=R (w - ZO)

So this sum converges uniformly on D(zp, R) and has radius of convergence at least rg and the
radius of convergence is given by lim sup | {/a.,|.

n—oo
(d) Uniform Limits of Holomorphic Functions
Let f; : D — C for j = 1,2,... be a sequence of holomorphic functions on an open set D in

C. Suppose that there is a function f : D — C such that, for any compact subset K of D, the
sequence f; — f uniformly on K. Then f is holomorphic on D.

Proof:
Let zyp € D be arbitrary. Choose 7 > 0 such that D(zp,r) C D. Since {f;} converges to f
uniformly on D(zg,r) and since each f; is continuous, f is also continuous on D(zg,r). For any

z € D(z,7),
1 ; 1 j 1
£(2) = lim f;(2) = lim 7]{ 52 gy = L lim £i) gy L O
j—o0 500 2700 Jy—zg|=p W — 2 270 J | = GO0 W — 2 270 Sy zg|=r W — 2

The interchange of integral and limit is justified by the fact that, for z fixed, f;(w)/(w — 2)
converges to f(w)/(w — z) uniformly for w in the compact set {w : |w — zo| = r}.

(d’) If f;, f, D are as in the Theorem above, then for any integer k,

(2) 500~ (2) 1

uniformly on compact sets.

Proof:
As we have shown that

- b fiw) oL G
fi(2) 'ﬁw—m:r — ,ﬁw_m:r 7(2)

211 w— 2 21

uniformly, we similarly have that

k! fi(w) k! f(w)
fj(k)(z> - 2mi fiw—zo—r (w— :;k+1 = 2mi jl{u—zo—r (w— Z))kJrl dw = f(k)(z)

as f is holomorphic.



(e) Fundamental Theorem of Algebra
Let pn(z) = anz™ 4+ -+ + ag, an # 0 be a polynomial of degree n > 1. Then p,(z) must have a
zero in C.

Proof:

1
Assume toward contradiction that p,(z) # 0 on C. Then e is entire. There exists R > 1 such
PnlZz
that for |z| > R,
1 n n

So
1 < 2
pu(2)| %|an||z|" = lan|
As B is continuous it has a maximum on the compact set D(0, R). Let M be this maximum.
Pm(Z
Therefore
1 2
<M+ —
Pn(2)| |an|

for z € C. Therefore

1
@ is constant, implying p,(z) is constant, contradicting that n > 1.
Pn(Z
Therefore p,(z) has a zero in C.
(f) Uniqueness Theorem
If f(2) is holomorphic in an open connected domain D and if f(z) = 0 on an open subset of D,
then f(z) =0.

Proof:

Let zp be an accumulation point of Z(f).
n

Claim: 9an (20) = 0 for all n € Z*. Assume toward the contrary that this is not the case. Then
z
ono
there is some ng such that 3 {(zo) # 0. Then, on some disc D(zp,7) C D, we have
ZTL
=[O (2 — 20)?
CEDY (5 f) 220
=ngp

Hence the function g defined by

(%) = :i (i)jf(%)(z—?g)j"”

is holomorphic on D(zg,r). Notice that g(zp) # 0 by our choice of ng. As zg is an accumulation
point, there exists a sequence {zx} C Z(f) such that z; — 2. Note that g(z) = 0 for all z;. By
the continuity of ¢ this implies g(zp) = 0. So £ (zy) = 0 for all n.

As f(z) = Zan(z — 20)" for z € D(zp,70), where ro = dist(zp,0D). By definition of a,, we
n=0

have that f(z) =0 on D(zg,r0). If D(z9,79) # D, then there exists some z1 € D(z0,70), 21 # 20

such that there is a 7, > 0 such that D(z1,71) C D and D(z1,71) N (D — D(20,70)) # 0 since D

is open. So we may continue inductively as D is connected to find {z;} such that

D(zj,r;) =D

e

7=0

and f(z) = 0 on each D(z;,7;). So f(z) =0 on D. Note that if f(z) # 0, then Z(f) must be
discrete.



(f?) Factorization of a Holomorphic Function.
Let f(z) be holomorphic in D, f Z0 on D. If zg € D such that f(zp) = 0, then there exists
some k € Z* and a holomorphic function g where g(zy) # 0 such that f(z) = (z — 20)*g(2).

Proof:
Since f(z) # 0 on D, there is some k such that k is the first positive integer such that
F®(z0) # 0. So

() 4
f(z)= Z ! (' 0) (z —20)?, z€ D(z0,70)-

F(2) = (2 — 20)" (z — 20)?
' =0 (J+k) ’
Let 0 r(j+k)
o) =4 3= U

(f(Z))k if z€ D\D(z,7)

zZ— 2
g(z) is holomorphic in D(zp,r) and, when z # 2o, (Zf(zz))k is holomorphic on D\{z0}. So

— 20

g € C(D). So g is holomorphic in D and

(F) (2,
olzo) = T 2

and
f(2) = (2 = 20)*9(2),z € D.
6. Isolated Singularities and Laurent Series

(a) A Laurent Series for a meromorphic function f(z) about an isolated singularity zo is given by

o0
F)= ) an(z—20)",
n=—oo
1 f(z) . . . . .
where ap, = — ¢ —————dz, where 7 is a positively oriented simple closed curve enclosing
2mi J., (z — 20)"*

2o in the annulus of convergence of f(z). The annulus of convergence of a Laurent series is given
by A(zo,r, R) = D(z0, R)\D(20, 1), where

1
r=limsup {/|a_,| and R=
n—oo

limsup,,_, %

an|

Proof:Let r < 81 < |z — 20| < s2 <.

_ ! f(w) 1 f(w)
f(z) - 277” fiw_ZOI_SQ Edw — Tm ‘7{1”_20_51 mdw
f f(w) dw = % f(w—) ' ! dz =

lw—zo|=s2 W~ % lw—zol=ss 1 = 5 W= 20

flw) s~ (=2 fw) s~ (==) o f(w)(z — %)
fw—zd—sQ w — Zo ZO (w - ZO)kdw - fw—z0|—s2 w — 20 ;0 (U} — Zo)kdw a fw Z — ZO J+1 o = dw

j= —z0|=s2 j—q

Now




where the geometric series converges since |z — zg|/s2 < 1. As this is independent of w, we may
switch order of integration and summation to obtain

fw) S CORN Y
fjw—zol—SQ S Z <?{w_20|_32 (w— Zo)j+1d ) (z = 20).

=0

For s1 < |z — 29|, & similar argument justifies that

-1

fw) o A C) RN Y
]{w—zo—ﬁ w—zd Z <~7|§w—zo—s1 (w_ZO)j+1d > ( O) .

Thus
= 1 f(w j
f(z) = j;oo (27” fwzeh - _(ZO;j+1 dw> (2= 20).

To find the annulus of convergence,
o0
Z an(z —20)"
n=0

converges on D(zp, R) where R is given by

1

limsup,, .. /]an|
-1 oo
DRI e
— 20)

n=-—00 n=1

R =

converges when

1
zZ— 20

1 1
<R = — |z—2| > =— =1 < r=limsup V/|a_y|

limsup,, . V/|a—n| - R- s 00
So our sum converges on r < |z — zg| < R = A(zo,7, R).

(b) Isolated Singularities.
Let f be a meromorphic function in a domain D.

i. Removable: zy € D is a removable singularity of f if and only if lim f(z) € Cif and only if

(Riemann Lemma) lim (z — z9) f(z) = 0 if and only if f(z Z an(z — z0)"

Z—r20

Proof:
(Riemann Lemma for Removable Singularities)

o (== 20)2f(2) if 2 #
B Z— 2 z) if z# 2z
9(z) = { 0 if 2=z
As f is meromorphic, there exists some 6 > 0 such that g is holomorphic in D(zg, §)\{z0}.

lim 9(2) = 9(z0) = lim (2 — 20)f(2) =0

zZ—r2z0 zZ — ZO zZ—r 20

by assumption. So ¢’(z9) = 0. Therefore g is holomorphic in D(zg,d) and g(zo0) = ¢'(20) = 0.
g(z) is therefore analytic in D(z,d) and for z € D(zo,d),

2. g (4 > 4(n) oo
9(2) = Z g n(' 0) (z=20)" = Z g n(' (z—20)" Zan 2—20)" = (2—20)? Z ant2(z—20)"

n=0 n=2

10



Therefore, when z # zg,

(2= 20)*(2) = (2= 20)> Y anta(z = 20)" = f(2) = Y anta(z — 20)"

Thus we have that lim f(z) = aa. So zp is a removable singularity of f.
Z—Z20

Assume zj is a removable singularity. Then lim f(z) = ¢ so lim (z — z9) f(2) = 0c = 0.
z—20 Z—20

o0 o
If £(2) = 3 an(z — 20)", then lim (= - — dim S an(z — 20)™ = 0. So 2 is
f(z) nzz;)a (z — 20) en Zgrzlo(z 20)f(2) zgl;lonz:%a (z — 20) 0 zp is

removable.

ii. Pole: zy € D is a pole of f if and only if lim f(z) = oo if and only if there is some k such
Z—r20

that ZILIIZl()(Z — 20)"1f(2) = 0 if and only if f(z) = Z an(z — 2z0)".
Proof:
Since li_}rn f(2z) = oo, there exists some § > 0 such that f(z) is holomorphic in D(zg, §)\{z0}
z z0
1
and |f(2)] > 1 on D(z0,8)\{z0}. Let g(z) = ——. Then g(z) is holomorphic in D(zg,d)\{z0}

f(2)
and |g(z)] < 1 on D(z9,6)\{20}. By the Squeeze Theorem, lim (z — 29)g(z) = 0. By
Z— 20

Riemann’s Lemma, 2 is a removable singularity for g. So g is holomorphic in D(zg,d) and

1 (o)
Z1LH;0 g(z) = ZILHJO 7@ =0. g(z) = 7Z%an(z — 20)" for z € D(zp,9) and let k be the number

such that ay is the first coefficient not equal to 0. Note that £ > 1. We have that
9(2) = (2= 20)" > angi(z — 20)" = (2 — 20)"ha(2),
n=0

where h is holomorphic in D(zg, d) and h(zg) = ar # 0. Therefore

1 1 _ h(2)
IO =0 = @ ~ G-l
As g(z) #0 on z € D(z9,0)\{20}, h1(2) # 0 in D(zp,d). So h is holomorphic and h(z) # 0.
So for z € D(zp,0)\{20}

lim (2 — 20)*" ' f(2) = lim (2 — 20)h(z) = 0.

Z—20 Z— 20
iii. Essential Singularity: zo € D is an essential singularity of f if and only if lim f(z) does
zZ— 20
not exist if and only if (Casorati-Weierstrass) f(D(zo,7)\{z0}) is dense in C for any r > 0 if
o0

and only if f(z) = Z an(z — z9)" where there are infinitely many n < 0 such that a,, # 0.

n=—oo

Proof:
Suppose there is some r > 0 such that f(D(zo,7)\{20}) is not dense in C. So there is some
1

wy € C and € > 0 such that |f(2) — wg| > € for all z € D(z,7)\{z0}. Let g(z) = 7 —wy
Z) — Wo

¢ is holomorphic in D(zp,7)\{20}. So 2o is an isolated singularity of g. Moreover,

1
=———<e = i - =0
9N = T =] =€ lim (2 —20)9(2)

11



By Riemann’s Lemma z is a removable singularity of g. Therefore lim g(z) = ¢. If ¢ = 0,

zZ—20
then
lim f(z) = lim wo + —— = o©
z— 20 z—20 9(z)
So zp is a pole of f.
If ¢ # 0, then
1 1
lim f(z) = lim wo + —— = wo + —.
z—20 2520 g(z) c
So zg is a removable singularity of f. Both of these are a contradiction. Therefore wy must
be a limit point of f(D(zo,7)\{z0})-
If f(D(z0,7)\{20}) is dense in C for any r > 0, then there exists a sequence {z;} C
D(zo,7)\{20} converging to zy such that f(z;) — 0 and a sequence {w;} C D(z0,7)\{z20}
converging to zo such that f(w;) — 1. So l'i)m f(z) does not exist.
z 20

(c) Residue Theorem

Suppose D is an open simply connected set in C and that z1,...,z, are distinct points of D.
Suppose that f : D\{z1,...,2,} — C is a holomorphic function and - is a closed, piecewise C'*
curve in D\{z1,...,2,}. Then

s § 101 = jilReS(f ere=2) (g f 2 e):

Proof:
o0

Let Sj(z) be the singular part of f at z = z;, i.e. if f(z) = Z an(z — z;)", then S;(z) =
-1 -

Z an(z —z;)". Then f(z) — Z S;(z) is holomorphic in D. By Cauchy’s Theorem
j=1

n=-—oo

So

1
Note: —
2 Sy 2z — z5
(¢’) Computing Residues

Let f be a function with a pole of order k at zy. Then

dz is an integer.

k—1
Res(f(2) = 20) = oy () (= 0" D],

Proof:
By the Residue Theorem, for some r > 0,

2)(z — 20)*
Res(f(2);2 = 29) ! 7{_ _ f(z)dz=1‘7{_ _ f((z(—zo)’?)'

" 2mi

12



By the proof above, f(z)(z — 29)* has a removable singularity at zo, so it may be extended
to a holomorphic function on D(0,r). By Cauchy’s Integral Formula

2)(z — 2zo)F AN
1 IO 2P 2 (2) G-,

276 Jiseso)=r (2= 20) 0z

7. Evaluating Improper Integrals
27
(a) R(cosf,sinf)df, R is a rational function.
0

.. ; _ 1
We use the parameterization, e = z. As |z2| =1, Z = —, so we have
z

1 1 . 1 1
cosz=—=|z+—-], smz=—\|z——1.
2 z 21 z

, . 1
As z =€ dz = ie%dfh, so —dz = df. Our integral can then be written
iz

/ R(1<z+1),1.<z—1>).ldz.
2|=1 2 z) 2 z 12

~ P(z)
() /_oo Q(x) dz, Q(z) # 0 on R, deg(Q) > deg(P) + 2.

If z9,...,2n € Ri are the roots of Q(z), then consider the curve

where R is large enough so that {z;} C Dg.

P(m> = (Z) Z = 7TZ €S P(Z) Z:Z
ENGTES Kl TE R ZR ( ’“)'

(c) / o i (x) # 0 on (0,00), deg(Q) > deg(P) + 2.
Let Q :U) =14az™ +---+apz™, a; #0. Let n = ged(ng, ..., ng). Consider the curve

where R is large enough so that all roots of Q(z) with argument between 0 and 27 /n are in Dg.

z a: Z z27r/n
) R _ z27r/nd
“Z es( Ol Z’“) ngR / 0™ e, a)" Qrez%/" '

13




= ) [

where z1, ..., 2z are the zeros of Q(z) in Dg for R large enough.

(d) / R(zx) cos(x)dxr = Re (/ R(x)e”da:), where R(z) is a rational function.

Fact: / f(z)e®dr = QWiZRes (f(2)e"%; 2 = z), for z, € RZ so long as f(re'’) — 0 as

r — 00 uniformly for 6 € (0, 7T)_.

(e) [,° R(z)z%dz, a € ((=1,0)U(0,1)) NQ, R a rational function.
For degR < —2, consider the curve
Cr
.D]'\-
G,) R
]
r

2mi Z Res PG) 12 = 2k R Ye*dz+ R(2)z%dz+ | R(ze*™)x%e'“*"dr— [ R(x)z%dx.
Z Cr Cr

R

r—0t,R—o0 o0 9 Rl o
0 —l—/ R(z)x“dx — €' ma/ R(z)a%dz — 0 = (1 — ™) / R(z)x“dz.
0 0

() / R(x)Inxzdz. Consider the curve
0

/8D, i R(z)Inzdz = /TR R(z) lnxdx—i—/_T R(z)(In |:E|—|—i7r)dx—/cr R(z)In zdz—l—/ R(z)In zdz.

_R Cr

8. Argument Principle

(a) Argument Principle o
Let f be a meromorphic function on a domain D, f continuous on D, 0D has piecewise C'*
boundary. If F' has neither poles nor zeros on 0D, then

1 f’(z)dz
2mi Jop f(2)
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(b) Rouché’s Theorem
Let D be a bounded domain with piecewise C! boundary. Let f,g be holomorphic in D and
continuous on 9D. If

1f(2) +9(2)| < [f(2)[ +19(2)], 2 € OD,
then #Zp(f) = #Zp(9)-

(¢) Hurwitz’s Theorem

Let {f.}, f be holomorphic functions in a domain D C C. f,(z) is nonzero for z € D. If f,, = f
uniformly on any compact subset of D, then either

fz)=0 or f(z) #0 for z € D.

Corollary If f,, — f uniformly on D and f(z) # 0 on D, then there exists some N such that
fa(z) #0forn > N,z € D.

Proof:

Let zp € D. As D is open, there exists 7 > 0 such that D(zo,7) C D. Let § = min{|f(z)] :
z € 0D(zp,7)} > 0. By uniform continuity, for z € 9D(zo, ), there exists some N such that
for any n > N,

1)~ a2 < 5.
We also have 5
5 <@ =G+ 1faz)].
Therefore
1£(2) + (=fu ()] < |f(D) + ] = ful2)].

S0 #Zp (a0 m () = #Zp(egr)(fa)- So, in particular, as f(z0) # 0, fa(20) # 0. As z was
arbitrary, f,(z) # 0 for z € D.

(d) Gauss-Lucas Theorem
Let p(z) be a polynomial. Then all the zeros of p/(z) lie in the convex hull of the zero set of p(z).

Proof:
Let p(z) =a H z —aj).

i}
~
—
I
~—
3
—

If 2 is a zero of p’ and p(z) # 0, then

1
Zz_aj =0.

j=1

Multiplying top and bottom of each term by z — a; respectively, we get
> -
|z —a;?
Rewriting this, we have
n n
1 _ 1
- |z= -
2 EEDE Z o= a, P

Taking the conjugate of both sides, we have z is a weighted sum with positive coefficients that
sum to one. So z is in the convex hull of the roots of p.

Note that if p(z) = 0 also, then as z is a root of p it is in the convex hull of the zero set of p(z)
already.

15



(e) Open Mapping Theorem
If f is holomorphic and nonconstant in a domain D, then f: D — C is an open mapping.

Proof:

Let O be open in D. Let wy € f(O). Then there exists a zp € O such that f(z9) = wo, i.e.
f(20) —wo = 0. By the Uniqueness Theorem, there exists a § > 0 such that D(z,d) C O and
f(z) —wo # 0 on D(z0,0)\{20}. Let e = min{|f(z) — wo| : |z — 20| = 6} > 0, which exists by
compactness and choice of 4. It suffices to show D(wg,€) C f(O), that is, for any w € D(wy,€),
f(2) —w = 0 has a solution in D(zg,d), then D(wq,€) C f(D(z,0)) C f(O). It suffices to show,
for w € D(wo,€),

_ 1 (f)-w) 1 f'(2)
Foeo = 0 =50 o T 0 B i T
Set . )
g(w) = ——dz.

2mi 8D (z0,6) f(z) —w
By the Argument Principle, g(w) is integer-valued on D(wq,€). From the definition, g(w) is
continuous on D(wy,€) as € = min{|f(z) — wo| : 2 € 9D(zp,0)}, so for z such that |z — zg| = 4,
|f(z) — w| > 0. Moreover, f(z0) = wo. So g(we) > 1. By continuity, g(w) = g(wy) > 1. So
D(wq,€) C f(O). So f is an open mapping.

(f) Maximum Modulus Theorem

Let f be holomorphic in a domain D. If there is some zyp € D such that |f(z)| < |f(z0)| for all
z € D, then f is constant.

Proof:
Let zy be as above and assume toward contradiction f be nonconstant . Then f is an open
mapping, so there exists some ¢ > 0 such that D(f(z9),d) C f(D). However, there exists a point

on 0D(f(z0),9), for instance, with modulus greater than |f(zp)|. This contradicts our choice of
zp. So f must be constant.

Corollary If f is holomorphic in a bounded domain D and f is continuous on D, then the
maximum of f occurs on 9D.

Minimum Modulus Theorem If f is holomorphic in a domain and f # 0 on D, then if there
is some zp € D such that |f(z0)| < |f(2)| for z € D, then f(z) is constant.

1
Proof:Define g(z) = — and apply the Maximum Modulus Theorem to g(z).
z

9. Conformal Maps
(a) Schwarz Lemma
Let f: D(0,1) — D(0,1) be holomorphic and f(0) = 0. Then
(i) |f(2)| <z for z € D(0,1)
(ii) If f/(0) = 1 or | f(20)| = |20] for 20 € D(0,1)\{0}, then f(z) = e%“2,0 € [0,27).

Proof:
: f(z) : , : . 1 1
(i) Let g(2) = — By Riemann’s Lemma, g is holomorphic in D(0, 1), |g(z)| = m|f(z)| < m
for z € D(0,1).
1
For r < 1, |g(z)| < = for z € D(0,r) by the Maximum Modulus Principle. Letting r — 1~
T

we have |g(z)| < 1, i.e. |f(2)] < |2|. Note also that this implies that g : D(0,1) — D(0, 1).
(ii) If zo # 0 and |f( )| = |zol, then lg(z0)] = 1, which by the Maximum Modulus Theorem

implies |g(z)| =1, i.e. g(2) =€¥,0 € [0,27). So f(z) = ez

If f/(0) =1, then

SR € R () I GO |
f(o)_lli% z—0 _il—% z =1
which implies |g(0)| = 1. Again by the Maximum Modulus Theorem, g(z) = €%, so f(z) =

etz

16



(b) Schwarz-Pick Lemma
Let f: D(0,1) — D(0,1)

1—f(0)f(2)
" f(z) = f(a) z—a
ii) Let a € D(0,1). Then - < — | for z € D.
) Lot @ PO Then |y | = [T=e| €

Proof:
(i) Let g(z) = % Then g : D(0,1) — D(0,1). Note g(0) = 0, so by Schwarz Lemma,
l9(2)] < 2], ie.

f(z) = £(0)

< |z| for z € D(0,1).
1= f(0)f(2)

a —

(if) Let a € D(0,1) and define ¢, (=) = +— ;Z Then ¢o(0) = a. Note that f o ¢, : D(0,1) —
D(0,1). By the above argument,

foa(z) = foda(0)

1= f0¢q(0)f o da(z)

< |z| for z € D,

or after simplification

/0 6al2) = f(0)

L= f(a)f o da(2)
As this holds for all z € D(0, 1), we may plug in ¢, ' (2) = ¢4(2) into this function. Therefore

fO(baO(ba(Z)—f((I) f(z)—f(a)

1—f(a)fodaodalz)| [1—fla)f(2)

< |z| for z € D.

a—=z

< ¢a(2)| =

for z € D.

1—-az
. | oy < LR
orollary If f: D(0,1) — D(0,1), then |f'(2)| < o for z € D(0,1)
— |z
Proof:
By Schwarz-Pick, after rearrangement

f(z) = f(a)

zZ—a

L F@e)|

1—az

<

Letting a — z, we have

/ 1- f 2 1-— f 2
o< | 0G| 120
as [f(2)],[2] < 1.
C : / _ 1- ‘f(20)2
orollary If there is a zp € D(0,1) such that |f'(z0)| = o then
f(z) = f(z0) | _|z—2
1 JG0f()|  1T-mz|

Proof:
Proof follows from the Maximum Modulus Theorem.

(c) Image of Boundary under Biholomorphic Maps
Let Dy, D be domains in C. Let f : Dy — D3 be biholomorphic. Then f(0D;) C dDs.

17



(d) Characterization of Aut(D(0,1))
Let ¢ € Aut(D(0,1)), a € D(0,1) such that ¢(a) = 0.
1
Let g(z) = ¢(2) - _GZZ. Then g : D(0,1) — D(0, 1) is holomorphic, g(z) # 0 on D and |g(z)| — 1
as |z| = 1. By the Maximum and Minimum Modulus Theorem, min{|g(2)| : |z| = r} < |g(2)| <
max{|g(z)|L|z| = r} for z € D(0,r). Letting r — 1~, we have 1 < |g(z)| < 1 for z € D(0,1). So

g(z) = €% for 6 € [0,27). So ¢(2) = e pa(2) = ew%.

(e) Mobius Transfoms
b

A Mébius Transfom is a rational function of the form f(z) = %’ where ad — bc # 0. For any

cz

two circles I';, Ty € C, there exists a Mdbius Transfom T that maps I'; — T's where 21, 29, 23 €

Iy, 2 # zj, wy, we, w3 € I'y, T(Zj) = Wj.

Proof:
We use the real line as an intermediate step. Consider first

_Z—Zl Z9 — 21
S(Z)i Z—Z3/<22—Z3>

Then
S(Zl) =0
S(ZQ) =1
S(z3) = 00
So S': Fl — R.
Consider now
S(w) _w—w <w2 —w1>
w — w3 w2 — W3
Then -
S(wi) =0
S(wz) =1
S(z3) = 00
Define T'(z) = S~' 0 S. Then
T(z) = S‘l 0S(z) = 5_1(0) = wy
T(z2) =St oS(z)=5"11) =ws

(f) Conformal Maps
I R2 — D(0,1)

18



II. {z € C: Re(z),Im(z) > 0} — D(0,1)

19



V. Given two circles Cy,Cs in C that intersect at P, Q, where P € C. Let « denote the interior
angle between C and C5 at P. Let S be the area bounded by C; and Cs.
S — D(0,1)

VI {z € (C.: a <Im(z) < b} — D(0,1)
— (,T i
vl E-a))
e
e e

&=

2 =2 )

let-a)é

20



VIL D(—1,1)nD(—1/2,1/2) — D(0,1)

(g) Normal Families
(i) Let D be a domain in C and let {f,} be a sequence of continuous functions on D and f is
continuous on D. f, is said to converge to f normally in D, if, for any compact K C D,
fn — f uniformly on K.
(ii) Let D be a domain and F be a family of continuous functions on D. F(D) is a normal family
if, for any sequence {f,} C F, there is a subsequence {f,, } and f € C(D) such that f,, — f
normally on D.

(iii) Montel’s Theorem
Let D be a domain in C, F(D) is a family of holomorphic functions on D. F is a normal

family if and only if F is uniformly bounded on compact subsets of D.

(h) Riemann Mapping Theorem
Let D be a simply connected domain in C, D # C. Then, for any given point pg € D, there is a
unique biholomorphic map ¢ on D such that ¢ : D — D(0,1), ¢(pg) = 0,¢'(po) > 0.
Uniqueness of Riemann Mapping Theorem Let ¢1,$2 : D — D(0,1), ¢;(po) = 0, ¢;(po) >
0 for j = 1,2. Tt suffices to show f = ¢ 0 ¢; ' : D(0,1) — D(0, 1) is the identity. Note first
that £(0) = ¢z 0 @7 (0) = ¢2(po) = 0. Second note that

1 , 1
o) - P g

So f(z) = €z by Schwarz’s Lemma. As f’(0) >0, § = 0, so f is the identity, as desired.

> 0.

F1(0) = ¢5(671(0)) (¢11) (0) = ¢h(po)

Lemma Let f be a one-to-one holomorphic function f : D — D(0,1), f(po) = 0, f'(po) > 0,
f not onto, then there exists a holomorphic ¢ : D — D(0,1), g one-to-one, g(py) = 0,
g'(po) > f'(po)-

Proof:
As f is not onto, there is a w ¢ f(D). The function 1]“(2);(11}) is nonzero on D. As D is
—wf(z
simply connected, we can define h(z)2 = lf(Z);(U))7 where h(Z) is a holomorphic function.
—wf(z

Let
_ |W (20)| h(z) = h(20)

W(z0) 1~ h(z0)h(z)

9(2)
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Notice that g(z9) =0, g : D — D(0,1) and g is one-to-one. Also,

/ |h/(20)‘ 1+ |w0| / /
g (z0) = = f'(po) > f'(po)-
1—1[h(z0)]* 2/ uy|
10. Reflection Principle (a) Let f(z) be holomorphic on D, D C R2, (a,b) C DNR. If f(z) is continuous
on DU (a,b) and f(z) is real-valued for z € (a,b), then f(z) can be extended to a holomorphic
function on D, = D U (a,b) U D* where D* = {z:Z € D}.

Corollary Let D be a domain contained in D(zg,7) so that T' = {zy + re?® : 6; < 6§ < 6},

I' € DND(z,r). Assume f is holomorphic on D, continuous on DUT and f is real valued on
2

I'. Then f extends to a holomorphic function on DUI'UD* where D* = {Z0+r: :z € D}.
Z— 20

11. Infinite Products (a) H(l + zj) converges to z # 0 if and only if Z In(1+ z;) converges in C.
j=1 j=1

(b) H(l + z;) converges absolutely if Z |In(1 + z;)| converges. H(l + z;) converges absolutely if
j=1 j=1 j=1

oo
and only if Z |z | converges, for |z,| < 1.
j=1
(c) Weierstrass Factorization Theorem
Let D be a simply connected domain in C, let f(z) # 0 be meromorphic on D. Then
hl (Z)

hQ(Z)

where g, h1, ho are holomorphic on D, where Zp(h1) = Zp(f) counting multiplicity and Zp(he) =
P(f) counting order.

f(z) = e’

Example Prove that if D is a simply connected domain and f(z) is holomorphic and nonzero on
D, then f(z) = e9), where g(z) is holomorphic on D.

Solution:

f'(2)

f(z2)
Consider the function e=F(2) f(z).
We claim this is a constant function. As it is holomorphic, it suffices to check its derivative
is zero.

(e—F(z)f<Z))/ =e @ P f2) + e O (2) = e T (—F(2)f(2) + f(2))

As f(z) is nonzero on D, the function

is holomorphic on D. Let F'(z) =

e F@ (LG py L)) = @ () =
o (L e 4 ) (0 =o.

Therefore e~ F(*) f(2) = €'®, or after rearrangement
f(Z) — eF(z)-&-ioz.

As F(z) is holomorphic on D, setting g(z) = F(z) + i« yields the desired result.

(d) Mittag-Leffler Theorem
Let D be a domain in C, {z,} a sequence in D without a limit point in D. Let

-1
S, = Z a,, (z — 2, )¥ for some N, > 1.
k=—Np

Then there is a meromorphic function f on D such that f —.5,, is holomorphic at a neighborhood
of z,.
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12. Harmonic Functions

(a) Harmonic Function
w: D — R is harmonic if Au=0in D.
(b) Dirichlet Boundary Value Problem

For a continuous ¢ on dD(0, 1), consider the conditions

Au(z)=0 if ze D(0,1)
u=¢ on 0D(0,1)

This has the unique solution

2 . 2 )
u(z) = i/o |1|Z.¢(ew)d9.

27 1— ze=0)2
Proof:
We first show that u(z) is harmonic. We begin by writing
1— 2 0 —1i6
] e 4 € 1

|1 —2e~#2 ¢ —z e~ %
Therefore, for z € D(O 1),

0 —i0 2
o [ [T o) - L [ oeas

u(z) = 27 J, o

The first integral is a holomorphic function (so it is harmonic) on D(0, 1) since €% /(e? — 2) is
holomorphic in z on D(0,1). The second integral is harmonic, since its derivative with respect to
z is 0. The final integral is a constant, so it is also harmonic on D(0,1). So w is harmonic.

It remains to show that u is continuous at the boundary, i.e.

lim wu(z) = ¢(20)

Z—20

for zp € 0D(0,1).
Notice first that ) )
1 T 1— g
— ———df=1
21 Jo o |1 — ze"19)2 ’
therefore

27 _ 2
o(z0) = = / Sl YRR

27 |1 — ze—i0)2
where 29 € D(0,1). Consider now the function
1 27 1 ‘Z|2 4
E() =5 | g (8(e) - do.
) 27r/0 11— ze—0)2 (¢(e") = d(20))

As ¢ is continuous, for any € > 0, there exists some § > 0 such that for |6 — 6y| < & we have
#(e?) — ()| < e. Therefore,

1 27 1—
[E(2)| < */0 R o 2 |6(e") = ¢(20)| db

< 2 — ze~10
1 1—|z)? 1—|2)? M 1—|z|?
BNy R SLE IRy S I
27 Jig—go|>5 |1 — 2e7| l0—6o]<s |11 — 2ze7 "] T Jig—go|>s |1 — 267"

where M = maXzeaD(0,1){¢(?)}- )
Notice |1 — ze™| > 6.33 — |e! — |z|e?®]. So
11 [%2(6/6)%
E(?)| < —— —— 0
[E(2)] < 77/0 576 Te=0,

as desired.



(¢) Harnack’s Inequality
Let u be a nonnegative harmonic function on D(0, R). Then for z € D(0, R),

R ||

R+ |z|
u
R+ |z|

R— |z

(0) <u(z) <

u(0).

Proof:
Without loss of generality, we may assume u is continuous on the boundary. Recall

1 o i0 R? — |Z‘2

Now
R —|oP _ R -]oP _ R+l
[Re?® — 22 = (R—|z[)2 ~ R—|z|’

From these two above equations, we have

R+lz| 1 [*7 W0 R+ ||
< — = .
u(z) < R— |7 2r /0 u(Re")do B |Z‘u(0)

Similarly, note that
R |2 R | R
[Re®® — 2> = (R+|2])> R+ |z
which yields the other inequality.
(d) Corollary

Let u be a positive harmonic function in a domain D. For any compact K C D there exists a constant
Ck dependent only on K and D such that

max{u(z) : z € K} < Cgmin{u(z) : z € K}.

Proof:
Let 1 > § = dist(0D, K). As K is compact, there exist finitely many points z1,...,z, € K such
that UD(z;,0) covers K. For any z; and z € D(z;,d) N K, we have

1+ 1z 146
< < 2 .
1—1z| 1-96
> ) > .
u(z) > 1+ |Z|U(Z]) =] +5U(ZJ)
Therefore ) 9
140 1456 1-6 1456
u(z) < T 5u(zj) = <1_5> mu(zj) < <1—(5> u(z).
2
Let Cx = (14_3) . Then, we have

max{u(z) : z € K} < Cgmin{u(z) : z € K}.

(e) Harnack’s Principle

Let {u;} be a sequence of harmonic functions on D such that for z € D, u;(z) < u;41(2). Then either
u; — oo uniformly on compact sets, or there is a harmonic function w on U such that u; — u
uniformly on compact sets.

Proof:
Without loss of generality u,(z) > 0, as otherwise we can replace this sequence with v,(z) =
Un(2) — ui(2).
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Let zp € D. We have two cases.
Case 1: lim up(z) = 0.
n—oo

Then, for any K C D, by Harnack’s Inequality, there is some Cx > 0 such that

1
un(z) > =—un(20),2 € K,
Ck
So lim wu,(z) = oo uniformly on K.
n—oo
Case 2: dislim, oo un(20) = ¢o < 00.
In this case, for any K C D there exists some C} such that
un(2) < Crun(z0) < Clep < 00.

Then lim w,(z) =: u(z) is finite. Let K — D. Then there exists a function v on D such that
n—oo

lim u,(z) = u(z), for z € D.

n—oo

Notice if m > n, um,(2) —u,(2) >0, so
0 < um(z) —un(z) < Ck (um(z) —un(z)) = 0

as m,n — oo, m > n. By Cauchy’s Test we have uniform convergence.
It remains to show u is harmonic in D.
Let zp € D, r < dist(zg9,0D). Consider D(zg,r).

2m 2
11—z ;
U/n,(ZO + TZ) = % /(; ]-_th“un(zo + Tele)de, AS D(O, 1)

. Letting n — oo, we have by uniform convergence,

27 2
1—|z| .
= — _— 0)do
u(zp + rz) 5 /0 = 26719|2u(zo + reif)

is harmonic at zg. Therefore u is harmonic on D.
(f) Example
Show that if f : D(0,1) — D(0,1)\{0} is a holomorphic function, then max{|f(2)|? : |z| < 1/5} <
min{|f(z)| : |z| £ 1/7} and furthermore find a f(z) to show that this inequality is sharp.

Solution:
As f is holomorphic and nonzero, In|f(z)| is harmonic. Consider the harmonic function u(z) =
—In|f(z)| > 0 is harmonic on D(0,1). We apply Harnack’s Inequality to u to obtain

1— 2| 1+ |z

T |Z|(—1H|f(2)|) < -hlf(z)l < = ‘Z|(—1n\f(0)|)«
Exponentiating this yields
errit L o 1 o ¢y 1
FO) — 1f(=) — |£(0)]

Notice then we have e

|f(2)] = e =FT£(0)],

so for |z| < 1/7, as a minimal value
/
min{|f(2)]} 2 ¢ F(0)] = e~ (0)]
Similarly, we have

1— 12|
+ |2]

1+ 2|
— |z

(=2In[f(2)]) < —In|f(2)?] <

(=21 [f(0)]),

—_
—_
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or
17(2)[2 < e 257 £(0)],

which on |z| < 1/5, reduces to

max{|f ()]} < e 257 | £(0)] = e~4/3|£(0)],

which gives us the desired result.
To show that the bound is sharp, consider the function

g(z) = e 5.
14+1/7 1-1/5
Then min{g(z) : |z| < 1/7} = e 1177 = ¢~4/3, Similarly, max{g(z)? : |z| < 1/5} = e >TF1/5 =
e=4/3,
(g) Maximum Principle for Harmonic Functions

If w is harmonic in D and there is some zg € D such that u(zg) > u(z) for z € D then u(z) = u(z).

Proof:
By the Mean-Value Property

1 27 )
u(zg) = g/o u(zo +re?)dh,0 < r < dist(0D, zp),

SO 9
1 us

0 (u(zo + re™) — u(z)) db.

As u(zp) > u(zo + re') for all r, 0, by continuity, we have
u(z9) = u(zo + re®)

for all r, 8. Therefore, for any z € D, as D is open and connected, there exists a path ~y, : [0,1] — D
such that +,(0) = zq, 7.(1) = z and overlapping discs on points z1,...,2; of v, with radii r;
respectively. As we get equality in each disc, by transitivity, we get u(zp) = u(z).

(h) Automorphisms of Annuli

Define A(0;1,R) = {z € C: 1 < |z|] < R}. A(0;1,Ry) and A(0;1, R3) are biholomorphically equiva-
lent if and only if Ry = Rs, where Ry, Ry > 1.

Proof:

If we assume R; = Ry the result holds as the identity map suffices.

Conversely, assume there exists a biholomorphic map ¢ : A(0;1, Ry) — A(0;1, Ry). ¢! is contin-
uous, so ¢ is proper, therefore ¢ : 9A(0;1, Ry) — 0A(0;1, Re). We claim ¢(0D(0,1)) = dD(0,1)
and ¢(0D(0,R1)) = 0D(0, Rs) or ¢(0D(0,1)) = 9D(0, Re) and ¢(0D(0,R1)) = dD(0,1). This
holds as the continuous image of a connected set is connected since if otherwise, by connect-
edness, without loss of generality (the other case is identical) ¢(0D(0,1)) C 0D(0,1). Then if
dD(0,1)N¢(0D(0, Ry)) # 0, we have ¢(9D(0, Ry)) is not connected as dD(0, R2) C ¢(0D(0, Ry)).
Assume first the case where |¢(z)| =1 for |z| = 1 and |¢(z)| = Rs for |z| = Ry. Consider

u(z) = log|¢(z)| -

Then u(z) = 0 when |z| =1 or |z| = R;. By the Maximum and Minimum Principles, u(z) = 0 on
A(0;1, Ry). Therefore

9(2) ¢(2)
log | —; Ry | 0 = g Ry | — L,
zTog Ry zlog Ry

or after simplification, ¢(z) = ewz%. As ¢ is holomorphic, log Ry /logR; is an integer. As ¢ is
injective, log Ra/log Ry = 1, i.e. Ry = Ry as desired. So biholomorphic maps in this case are of
the form ¢(z) = e%2.

Assume now that |¢(z)| = Rp for |z| = 1 and |¢(2)| = 1 for |z| = R;. Consider ¢(z) = ¢(R1/2).
Then [1(2)| = 1 for |2| = 1 and |[¢)(2)| = Ry for |2| = R;. As we have seen above, 9(z) = ¥z
and Ry = Ry. Therefore ¢(2) = e Ry /2.
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13. Sub-harmonic Functions (a) Definition 1
u € C?(D) is sub-harmonic if Au > 0.
(b) Definition 2
w is sub-harmonic if

i. u is Upper Semi-Continuous,

1 27 .
ii. u(z) < 2*/ u(z 4 re?)df for appropriate 7.
T Jo

(c) Sub-harmonic Functions

For u € C?(D), these two definitions are equivalent.

Proof:
Assume first that Au > 0. By Green’s Theorem, for n normal to 9D at z,
0 0
2 do — Y do = / Auv — AvudA.
ap On ap On D
So
1 [ 9 m 8 \z—z0|1 1 [0 |z — 20| 1
— v d@z— g——df — — — log ——— —d#f
2 Jg u(zo +re”) 2 Jo 871 oo 2 Jo aﬂu(z—kre ) log roor
11 —
=—— Alog 2=y ) — Autog E=700 g4,
r 2T D(z0,7) r T
1 _
We have — log |2 = 7| =0,,, SO
2
11 — — 1
-— Alog 12 Z0|u(z)—Au log MdA = u(zo)—i——/ Aulog |2 = |DA > u(zp).
72T JD(z0,r) r r 27 D (z0,r) r

1 [? :
Assume now that u(zg) < 7/ mu(zo + re?)df for all 7 < dist(z0,0D). By the identity
T Jo

established in what we have shown above,

1 [ 1
— df = Aul 7dA
5 u(zo + re'?) u(zo) + — 5 /D(Z(J , ulog 0l
Therefore we know that L
0< — Aulog dA.
2m D(zo,r) |Z - ZO‘

We claim Au(zg) > 0 for all zg € D. If not, then fix zo such that Au(zg) < 0. Then there exists
an 7o < r such that Au(z) < —ep for z € D(zg,r0). Then we have

0< / Aulog dA < — / log ———dA <0,
D(z0,70) ‘Z - Z0| D(z0,70) |Z - Z0|

a contradiction. This proves our claim.

(d) Jensen’s Inequality

If w is subharmonic and ¢ is convex on the range of u then

1 2m " 1 2m "
_ 3 < _ 3 .
o) (271_ /0 u(z +re )d0> <5 /0 pou(z+re?)dd

Proof:
We have
1 2 y n . o0 n . 1 2
- % _ 10y < 0y -
¢(27r/0 u(z +re )d@) qb(];u z+re A0k>_; (Zlu z+re )) Afy, = o7 ),
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(e) Examples of Subharmonic functions

log | f| is subharmonic

(f) Hadamard Three-Line Theorem

Let f be holomorphic on S(a,b) = {z+iy : a < x < b} and define M (z, ) = max{|f(z)| : Re(z) = z}.
Assume M (a, f), M(b, f) < co. Then if |f(z)] < BeAl*l on S(a,b), for real numbers A, B, then
M (z, f) is finite and log(M (z, f)) is convex.

Proof:

The proof proceeds by cases.

Case 1: Assume f(z) is bounded on S(a,b). Then there is some M < oo such that |f(z)] < M.
Therefore M(z, f) < M for x € [a,b]. It remains to show that log M (x, f) is convex. log M (x, f)

. e . b—=x Tr—a
is convex if, since we may write x = a+ b,
b—a b—a
—z —a
log M(z, f) < log M (a, f) + log M (b, f).
—a —a

Notice that this is equivalent to

) bz c—a
|f(z +iy)| < M(z, f) < M(a, f)>=< M (b, f)*=,
for y € R,z € [a,b]. This, in turn, is equivalent to
J(2)M(a, f)~ 7= M(b, )77 | <1

since |a®| =
Define g(z > F(2)M(a, /)5 M(b, £)72 . Then

lg(a +iy)| = | f(a +iy)|M(a, /)" <1,
lg(a +iy)| = [f(b+iy)[M (b, f)~" < 1.

1
for some € > 0. Then |gc(a + iy)| < 1, |ge(b+iy)] < 1. For
z

Define now g.(z) = g(z)1
x € [a,b], |y| >> 1. Then

gela +iy)| < MM(a, f)~ =4 M(b, f)~ 5=+ — < M min{M(a, f), M(b, f)}~*

1 1
€ly] elyl’
for y > LM min{M((a, f), M (b, f)} . Then, by the Maximum Modulus Principle, |g(z)| < 1 on
S(a,b). Letting € — 0T, we have |g(z)| < 1, which proves our claim.
Case 2: |f(z)| < BeAll.
Consider the function

ge(2) = f(2)M{(a, f)" 5= M(b, f)~ =4 ",

Then we have )

|ge(a + iy)| < Ueclo+in)” = e<@®=v") < gea®,

and similarly
2
l96(b+iy)| < e

For x € [a,b], |y| >> 1 we have
\9e (@ +iy)| = | £(2)| M (a, )55 M(b, )~ 52 @) < BeAll min{M(a, f), M(b, f)} eV’

— BeAWb+y)+eb?—ey? min{M (a, f), M (b, f)}—1 <1

for y appropriately large. Therefore, [g.(z)| < e for z € S(a,b). Letting € — 0 yields
bz s
|f(z)\M(a,f) b—“M(b, f) bma < 1

for z € S(a,b) as desired.
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(g) Hadamard Three-Circle Theorem
Let f(z) be holomorphic in A(0;r,R) and define M(r,f) = max{|f(re?®)| : 6 € [0,2m)},. If
M(r, f), M(R, f) < oo, then log M (e, f) is convex on (logr,log R).

Proof:
Let S ={x+iy:y € R,logr <z <log R} and define F to be

so F is holomorphic on S and |F(z)| = |f(e*)|. Then we have |F(logr+iy)| = |f(re®)| < M(r, f)
and similarly |F(log R+ iy)| < M(R, f). Then, by the previous theorem, we have

log R—log rq log rg—log r

£ (roe)| = |F(logrro + it)| < Ma, f) Feioe M (v, f) e

14. Jensen’s Formula (a) Jensen’s Formula

Let f be holomorphic in D(0, R), f(z) # 0 for z € 9D(0, R) and f(0) # 0. Then, if ay, ..., a, are the
zeros of f in D(0, R) counting multiplicity, then

n R 1 27 )
1 log — = — 1 ©)|d8.
oBlf0) +3 log o = 5 | oslre)

Proof:
Let £2)
z
9(2) = =
n (z—ay)
Hj:1 ( R?—a;z )
Then g(z) # 0 for z € D(0, R) and
i f Reig) i
o(re) = W p(rem).
Hj:1 ‘ szfjjz

By the Mean-Value Property,

1 27 . 1 2 .
logl(0)| = 5= [ Togla(Re™)ldp = 5 [ tog| 1 (Re") ab.

Further

" R
=log|f(0)] + > log —,
j=1

|aj]

f(0)

log [g(0)[ = log p———
[T %

completing the proof.
(b) Application of Jensen’s Formula

Let f : D(0,1) — D(0,1) be holomorphic and f(0) = 271°. What is the best upper bound for the
number of zeros of f in D(0,1/2)?

Solution:
Let 1/2 <r < 1anday,...,a, be all the zeros of f in D(0,7) such that f(re®) # 0. By Jensen’s
Formula )
- r 1 4 .
1 0 log — = — 1 #)|do < 0
oB 0]+ Yooe 3 | teelsre)iao <o,
SO

Zlogﬁ < —log|f(0)] = 10log2.
j=1 J
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Without loss of generality, the zeros of f in D(0,1/2) are aq,...,ar, k <n. Then

T T
— < log — < 10log 2.
2 a;| <2 log jay =8

j=1 j=1
—_— r r
For a; € D(0,1/2), logm > log 1/—2, SO
j
10log2 > szlogi > klogi
= 2 oe = Hes Ty

or after simplification, we have
log2
k<1022 forall 1/2 <r < 1.
log 2r

Letting r — 17, we have k& < 10.

15. Special Functions
(a) The Gamma Function

I'(z) = / t*~te~tdt,
0

which is holomorphic for Re(z) > 0. Note by integrating by parts, we get

T(z) = %I‘(z +1),

and continuing in this method, we get

1
z4+1)---(24+n)

I'(z) I(z+n+1),
2(
which defines a meromorphic function on Re(z) > —(n+1) with simple poles at z = 0, —1, -2, ..
for any positive integer n.
Note also, that I'(n) = (n — 1)! for positive integer values n, so

9

z—k 1 _ (—1)*

Res(I'(z);z = —k) = lim L(z+k+1) = Ty Py oy 1)F

S a1 k)

(b) The Riemann Zeta Function

(=3,

n=1

for Re(z) > 1.

¢(z) can be extended to a meromorphic function with a simple pole only at z = 1 and with residue
1 there.

¢(z) also satisfies the following functional equation:

¢(2) = 227" Lsin (%) T(1—2)C(1 - 2).
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