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1 Measure Theory and Topology

1.1 Measurable Sets

Problem 1.1.1. Identify which statements are true, which are false. Give a counter-example for the
false statements.
1) A finite union of open sets is an open set.
2) A countable union of open sets is an open set.
3) Any (even uncountable) union of open sets is an open set.
4) A finite union of compact sets is compact.
5) A countable union of compact sets is compact.
6) A countable union of measurable sets is a measurable set.
)
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Any (even uncountable) union of measurable sets is a measurable set.
UB;, = UB;

UPB; = UfOE
) UaBo = UaBa
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Problem 1.1.2. Let f, be a sequence of continuous functions on a complete metric space X with
fu(x) > 0. Let A ={x € X :liminf f,,(z) = 0}. Prove that A is a countable intersection of open
sets.

Problem 1.1.3. Let O, be a countable collection of dense open subsets of a complete metric space.
Prove that NO,, is dense.

Problem 1.1.4. Does there exist a Lebesgue measurable subset A of R such that for every interval
(a,b) we have pur (AN (a,b)) = *5%? Either construct such a set or prove it does not exist.

Problem 1.1.5. Let A be a collection of pairwise disjoint subsets of a o-finite measure space, each
of positive measure. Show that A is at most countable.

Problem 1.1.6. Let A C R be a Lebesgue measurable set. Denote the length of an interval I by |I].
(a) Suppose that m(ANI) < %|I| for every interval I. Show that A has measure 0.
(b) Suppose that the measure of A is positive. Show that there is an interval I such that if
|d| < |I|/3, then

(INA)+d)n(INA)#0

(c) Suppose that the measure of A is positive. Show that theset A—A = {z —y : z,y € A} contains
an open interval about 0.

Problem 1.1.7. Suppose A; C [0,1] is Lebesgue measurable with measure > 1/2 for each j =
1,2,.... Prove that there is a measurable set S C [0,1] with measure > 1/2 such that each z € S
is in A; for infinitely many j.

Problem 1.1.8. Are the irrationals an F, set? Justify.



Problem 1.1.9. Suppose E C R is such that ur(E) > 0 (pur is the Lebesgue measure on R). Prove
that there exists an interval I C R satisfying

3
pr(ENT) > ZHL(I)
Problem 1.1.10. Suppose f is a function of bounded variation on [a, b]. Define

G={(z,y) eR?:z € [a,b], f(z) =y}

Prove that G has Lebesgue measure 0.

Problem 1.1.11. Let Ej, ..., E, be measurable subsets of [0, 1]. Suppose almost every x in [0, 1] be-
longs to at least k of these subsets. Prove that at least one of Ey, ..., E, has measure of at least k/n.

Problem 1.1.12. Suppose that A is a subset in R?. Define for each z € R? p(x) = inf {|y — 2| : y € A}.
Show that B, = {x eR?: p(z) < r} is a closed set for each non-negative r. Is the measure of By
equal to the outer measure of A7 Why?

Problem 1.1.13. Let {E,} be a sequence of measurable sets in a measure space (X, X, u). Suppose
lim,, o0 By, exists, i.e., liminf,, . E, = limsup,,_,., F,. Is it always true that p(lim, o Ep) =
lim,, o0 t4(Ep)? Does it make a difference if the measure is finite? Prove or disprove by counterex-
ample.

Problem 1.1.14. Given a measure space (X,2(, p), let {A;} be a sequence in 2. Let A = U2, 4;
and suppose each 2 € A belongs to no more than k different 4;. Show that p(A) > + 370, u(A;)
(a) for k =2

(b) for k = 1999

Problem 1.1.15. Suppose p, (resp. pj) is the Lebesgue measure (resp. outer Lebesgue measure)
on R, and F C R. Let Ezz{ez:eeE}.

(a) Show that, if u} (E) = 0, then u} (E?) = 0.

(b) Suppose ur(E) < oc. Is it true that u} (E?) < 00?

Problem 1.1.16. Suppose (X, .A) is a measurable space, and Y is the set of all signed measures v
on A for which |v(A)| < oo whenever A € A. For vq,v5 € Y, define

d(vi,1n) = Zua [v1(A) —v2(A)]
S

Show that d is a metric on Y and that Y equipped with d is a complete measure space.

Problem 1.1.17. (a) For any € > 0, construct an open set U, C (0,1) so that Uc D QN (0,1) and
m(Ue) < e.

(b) Let A = U U®

{/n- Find m(A). Show that A°N (1/2,5/16) #

Problem 1.1.18. Show that either a g-algebra of subsets of a set X is finite, or else it has uncount-
ably many elements.



Problem 1.1.19. Let r{,r9,... enumerate all positive rational numbers.
(a) Show that

1
RY = Up(r =~ + —) # 0

(b) Show with an example that the r, may be enumerated so that

1 1
RY —Up(rp— —,rn+ =) =10
n n
Problem 1.1.20. Suppose that A C [0,1] is a measurable set such that m(I N A) < m(I)/2, for all
intervals I C [0,1]. Show that m(A) = 0.

Problem 1.1.21. Assume that E is a subset of R? and the distance between any two points in E is
a rational number. Show that E is a countable set. (Note that this is actually true in any dimension)

Problem 1.1.22. Does there exist a nowhere dense subset of [0, 1]? C R?
(a) of Lebesgue measure greater than 9/107
(b) of Lebesgue measure 17

Problem 1.1.23. Let f,, : R — R be Borel measurable for every n € N. Define E to be the set of
points in R such that lim, _,~ f,(x) exists and is finite. Show that E is a Borel measurable set.

Problem 1.1.24. Let A be a subset of R of positive Lebesgue measure. Prove that there exists
k,n € Nand z,y € A with |z —y| = 2%

Problem 1.1.25. Is it possible to find uncountably many disjoint measurable subsets of R with
strictly positive Lebesgue measure?

Problem 1.1.26. Let X be a non-empty complete metric space and let
{fn: X =R},

be a sequence of continuous functions with the following property: for each x € X, there exists
an integer N, so that {f,(z)}n>n, is either a monotone increasing or decreasing sequence. Prove
that there is a non-empty open subset U C X and an integer N so that the sequence {f,(z)}n>n
is monotone for all z € U.

Problem 1.1.27. Give an example of a subset of R having uncountable many connected components.
Can such a subset be open? Closed?

Problem 1.1.28. Let {f, : [0,1] — R}%%, be a sequence of continuous functions and suppose that
for all z € [0,1], fn(x) is eventually nonnegative. Show that there is an open interval I C X such
that for all n large enough, f, is nonnegative everywhere on I.

Problem 1.1.29. Construct an open set U C [0, 1] such that U is dense in [0, 1], the Lebesgue mea-
sure u(U) < 1, and that p(U N (a,b)) > 0 for any interval (a,b) C [0, 1].



Problem 1.1.30. Is it possible for a continuous function f : [0,1] — R to have
(a) infinitely many strict local minima?

(b) uncountably many strict local minima?

Prove your answers.

1.2 (Signed) Measure

Problem 1.2.1. Let u be a measure and let A, A1, A2 be signed measures on the measurable space
(X, A). Prove:

(a) if A L pand A < p, then A = 0.

(b) If Ay L pand Ag L pu, then, if we set A = c1A\1 + co\g with ¢p, c2 real numbers such that A is a
signed measure, we have A L pu.

(c) If Ay < pand Ay < p, then, if we set A = c1\1 + ¢ A2 with ¢1, ¢ real numbers such that \ is a
signed measure, we have A < p.

Problem 1.2.2. Let u be a positive Borel measure on R such that
lim x p4+(7) = xB(2)
t—0

u-a.e. for every borel set £. Show that y = 0.

Problem 1.2.3. Suppose a measure m is defined on a c-algebra 2 of subsets of X, and m* is the
corresponding outer measure. Suppose A, B C X. We say that A = B if m*(AAB) = 0. Prove
that = is an equivalence relation.

Problem 1.2.4. Let p be a positive measure and v be a finite positive measure on a measurable
space (X,2l). Show that v < u then for every € > 0 there exists 6 > 0 such that for every £ € 2
with u(E) < § we have v(FE) < e.

Problem 1.2.5. Suppose that p and v are two o-finite measures on the Lebesgue o-algebra of subsets
of RZ. Suppose that p < v and v < p. Show that there is a measurable set A such that v(A) = 0
and Radon-Nikodym derivative %(a}) >0 for all x € R\ A.

Problem 1.2.6. Let (X, 0, 1) be a measure space with p(X) < co. Given sets A; € o, ¢ > 1, prove
that
PO A7) = Tim (7 Ay).

n—oo

Give an example to show that this need not hold when pu(X) = oco.



2 Functions and Integration

2.1 Measurable Functions

Problem 2.1.1. Suppose {f,} is a sequence of measurable functions on [0, 1]. For = € [0, 1] define
h(z) = #{n : fu(x) = 0} (the number of indices n for which f,(z) = 0). Assuming that h < oo
everywhere, prove that the function A is measurable.

Problem 2.1.2. Let 2 = 0.n1ng... be a decimal representation of x € [0,1]. Let f(x) = min{n; :
i € N}. Prove that f(z) is measurable and a.e constant.

Problem 2.1.3. Let f,, be a sequence of measurable functions on (X, y1) with f,, > 0 and [y fudp =1
show that

lim sup f,ll/" <1 for paex
n—-4o00

Problem 2.1.4. Let f : [0,1] — R be continuous function. Define the signed Borel measure p on
[0,1] by du = fdm Assume

/ 2"dp=0,n=0,1,2,...
[0,1]

Prove that p = 0.

2.2 Integrable Functions

Problem 2.2.1. Let f be a nonnegative, Lebesgue measurable function on the real line, such that
the function g(z) = Y2, f(x+n) is integrable on the real line. Show that f = 0 almost everywhere.

Problem 2.2.2. Suppose f is a bounded nonnegative function on (X, ) with x(X) = oco. Show that
f is integrable if, and only if,

Z;nu{xEX:f(:c)>21n}<oo

n=0

Problem 2.2.3. Given a measure space (X,%, 1), let f be a nonnegative extended real-valued, -
measurable function on a set D € 2 with u(D) < co. Let D, = {x € D : f(x) > n}. Show that f
is integrable if and only if > u(Dy) < oo

Problem 2.2.4. Let f be a Lebesgue integrable function on the real line. Prove that

lim h f(z)sin(nz)dzr =0

n—oo J_

Problem 2.2.5. Suppose (X, 2, 1) is a measure space, and p(X) < co. Suppose furthermore, that
f is a nonnegative measurable function on X. Prove that f is integrable if and only if the series

> 2u({r e X : f(x) > 2"}
n=0

7



converges.

Problem 2.2.6. Let f be a real-valued integrable function on a measure space. Let {E,} be a
sequence of measurable sets such that lim,, o p(Ey) = 0. Show that lim, s [ B, fdu=0.

Problem 2.2.7. Let f be a nonnegative Lebesgue measurable function on [0,1]. Suppose f is
bounded above by 1 and f[o j fdz = 1. Show that f =1 a.e. on [0, 1].

Problem 2.2.8. Let f be real-valued continuous function on [0, 00) such that the improper Riemann
integral fooo f(z)dz converges. Is f Lebesgue integrable on [0, 00)? Prove or disprove by counterex-
ample.

Problem 2.2.9. (a) Show that an extended real valued integrable function is finite a.e.
(b) If f, is a sequence of measurable functions such that

Enj/mkoo

show that ) fn.(x) converges a.e. to an integrable function f and

/f—;/fn

Problem 2.2.10. Prove that the gamma function

F(x):/ t*le~tat
0

is well defined and continuous for x > 0.

Problem 2.2.11. Using the fact that Lebesgue measure m is translation invariant, that is, for every
measurable set F and z € R, m(E) = m(z + E), prove that for f € L*(R), and for all ¢ € R,

Af(m+t)dm=4f(x)dx

Problem 2.2.12. Let f be a real-valued uniformly continuous function on [0,00). Show that if f is
Lebesgue integrable on [0, 00), then lim, ,~ f(z) = 0. Does this still hold if f is continuous, but
not uniformly continuous? Prove or give a counterexample.

Problem 2.2.13. Consider the Lebesgue measure space (R, M, ur) on R. Let f be a ur-integrable
extended real-valued M -measurable function on R. Show that

lim /R @+ h) — f(@)|us(dz) = 0

Problem 2.2.14. Let S C R be closed and let f € L'([0,1]). Assume that for all measurable
E C [0,1] with m(FE) > 0 we have ﬁfEf € S. Prove that f(x) € S for a.e x € [0,1]



Problem 2.2.15. Assume f,g € L*(R). Define A(z) = [ f(z —y)g(y)dy. Show that A(z) € C(R)
and that lim,_, . A(x) = 0.

Problem 2.2.16. Suppose f : R — R is differentiable and f € L!
(a) Show that the Lebesgue measure of {z : |f(x)| > t} approaches 0 as t — oc.
(b) Show that the additional assumption that f’ € L! implies that f(z) — 0 as x — oc.

Problem 2.2.17. Given f is integrable over [0,1]. Show that there exists a decreasing sequence of
positive numbers, a,,, converging to 0, such that lim,, . a,|f(ay)| = 0.

Problem 2.2.18. Let f be nonnegative measurable function on R. Suppose Y fR f™ converges.

I ¢ LY(R).

Show that f < 1 a.e. and that 1

2.3 Convergence

Problem 2.3.1. Let {f,} be a sequence of continuous functions on [0, 1] with 0 < f,(z) < 1 for all
x € [0,1] and all n. Prove that:
(a) If for each x € [0, 1] we have lim,,_,o fn(z) = 0, then

1
lim [ fy(z)dz =0
0

n—oo

(b) Construct a sequence of {f,} so that lim, fol fn(z)dz = 0, but for each = € [0,1] the se-
quence {f,} diverges.

Problem 2.3.2. Let {fn} be a sequence of real-valued functions such that [%_|fn(z)|"?de < 1.
Show that there is a subsequence f,, such that floo 2705 f,,, (z)dz converge when k — oo.

Problem 2.3.3. Let (X,U, u) be a measure space. Let {f,} be a sequence of nonnegative extended
real-valued U-measurable functions on X. Suppose lim, .~ f = f exists p-a.e. on X and moreover

fn < f p-ae. on X. Show that
fdp = lim / fndp
/)( n—oo X

Problem 2.3.4. Let (X, A, i) be a finite measure space. Let { f,} and f be real-valued, .A-measurable
functions on a set D € A. Suppose that f, — f in measure p on D. Let F' be a real-valued, con-
tinuous function on R. Show that F' o f,, — F o f in measure u.

Problem 2.3.5. Let (X, A, u) be a measure space. Let {f,} and f be real-valued, .A-measurable
functions on a set D € A. Suppose that f,, — f in measure p on D. Let F be a real-valued,
uniformly continuous function on R. Show that F o f,, — F o f in measure pu.



Problem 2.3.6. Let (X, A, u) be a measure space. Let {f,} and f be real-valued, .A-measurable
functions on a set D € A. Suppose that f, — f in measure g on D. Let F be a real-valued,
continuous function on R. And that for all n, f,, f are uniformly bounded on D. Show that
Fo f, — Fo fin measure p.

Problem 2.3.7. Let f be an element and { f,} be a sequence in LP(X, 2, 1), where p € [1,00), such
that lim, o || fn — fllp = 0. Show that for every e > 0 there exists § > 0 such that for all n € N
we have

/ | fnlPdu < € for every E € A such that u(E) < §
E

Problem 2.3.8. Let f be an integrable function on a measure space (X, B, ). Show that:

(a) The set {f # 0} is of o-finite measure.

(b) If f >0, then f = lim,, ¢, pointwise for some increasing sequence of simple functions ¢, each
of which vanishes outside a set of finite measure.

(c) For every € > 0 there is a simple function ¢ such that

/If—¢\du<€
X

Problem 2.3.9. Let {f,} and {g,} be sequences of measurable functions on the measurable set E,
and let f and g be measurable functions on set E. Suppose f, — f and g, — ¢ in measure. Is it
true that f3 + g, — f + g in measure if

(a) m(E) < o0

(b) m(F) =

Problem 2.3.10. Let (X, A, 1) be a measure space. Let {f,} and f be extended real-valued .A-
measurable functions on a set D € A such that lim, .o f, = f on D. Then for every o € R we
have

(1) w{D: f>a} <liminfu{D: f, > a}

(2) p{D: f <a} <liminfu{D: f, < a}

Problem 2.3.11. Let (X, A, u) be a measure space. Let {f,} and f be a sequence of extended
real-valued A-measurable functions on a set D € A with u(D) < co. Show that f,, converges to 0

in measure on D if and only if
: | fn]
lim dp =20
nhoe /D T+ [fal

Problem 2.3.12. Given a measure space (X,%,u), let {f,} and f be extended real-valued -
measurable functions on a set D € 21 and assume that f is real-valued a.e. on D. Suppose
there exists a sequence of positive numbers ¢, such that

LY hen€n <00

2. [ |fn — fIPdp < ep, for some positive p < oco.

Show that the sequence {f,} converges to f a.e. on D.

Problem 2.3.13. Suppose that g and {f,} are in L?[0, 1], with fol | fn(z)?|dz < M < oo for all values
of n. Suppose that lim, o frn(x) = f(x) for each z.

(a) Show that f € L2[0,1].

(b) Prove that [, fn(x)dz — [, f(x)dz for each measurable subset E of [0,1].

10



(c) Prove that fol fo(2)g(z)dx — fol f(x)g(z)dx.

Problem 2.3.14. Let (X,2, u) be a measure space. Let {f,} and f be real-valued 2-measurable
functions on a set D € 2.

(a) Define convergence of f, to f in measure on D.

(b) Suppose f,, converges to two functions f and g in measure on D. Show that f = g a.e. on D.

Problem 2.3.15. Let f be a real-valued Lebesgue measurable function on [0, 00) such that
1. f is Lebesgue integrable on every finite subinterval of [0, c0).

2. limg 00 f(z) =c€R

Show that lim,_, % f[O,a] fdmp = c.

Problem 2.3.16. Suppose f,(x) € C1([0,1]) with f,,(0) = 1, is a sequence of functions such that

1
sup / () P < 1
n 0

Show that there is a subsequence of {f,,} which converges uniformly on [0, 1]. (Hint: First show
that {f,(x)} are equicontinuous). Hint from Will: After following the first hint above, use Ascoli’s
theorem.

Problem 2.3.17. If f,(z) > 0 and f,(z) — f(z) in measure then [ f(z)dz < liminf [ f,(z)dz.
(Remark: this is not just Fatou’s Lemma).

Problem 2.3.18. Let (X,2, 1) be a finite measure space. Let {f,} be an arbitrary sequence of
real-valued 2(-measurable functions on X. Show that for every ¢ > 0 there exists £ C 2 with
u(E) < e and a sequence of positive real numbers {ay} such that

lim a,f,(z) =0forz e X\ F

n—oo
Problem 2.3.19. Let (X, 2, ) be a finite measure space. Let f and { f,,} be real-valued 2(-measurable
functions on X and f, f,, € L?(X,2, 1). Suppose
1. limy, o0 fr = f, p-a.e.
2. ||fnll2 < C for all n € N.
Show that limy, e ||frn — f]l1 =0

Problem 2.3.20. Suppose m(X) < oo and f, converges to f in measure on X and g, converges to
g in measure on X. Prove that f, g, converges to fg in measure on X. (Note from Timmy: Give
a counter-example to show that this fails if m(X) = o)

Problem 2.3.21. Suppose that f,(x) is a sequence of measurable functions such that f,(z) converge
to f(x) a.e. If for each € > 0, there is C' < oo such that flfn(a:)\>0 | fn(z)|dx < e. Show that f(z) is
integrable on [0, 2].

Note from Will: That’s exactly how this problem appeared on the Winter 2000 qual. Note that
C does not depend on n. To see this, find an example where C' depends on n and on €, such that
the statement of the problem fails to hold.

11



Problem 2.3.22. Show that the Lebesgue Dominated Convergence Theorem holds if almost every-
where convergence is replaced by convergence in measure. (Hint from Will: First show that a.e.
convergence can be replaced by convergence in measure in Fatou’s lemma).

Problem 2.3.23. Let (X,3, 1) be a finite measure space, and let F denote the set of measurable
functions ,where we identify functions that are equal p-a.e. Define

_ If — g
5(f’g)_/X1—|—]f—g|dM

for f,g € F. Prove that § is a metric on the set F, and that (F,0) is a complete metric space.
Prove also that convergence is equivalent to convergence in this metric space.

Problem 2.3.24. Suppose that { f,,} is a sequence of real-valued Lebesgue measurable functions such
that

1
/ fu(z) — zldz — 0
0

when n — co. Is it true that f,(x) converges to = for almost every z in (0,1)? Why?

Problem 2.3.25. Let (X, M, 1) be a measure space.

(a) Suppose pu(X) < oo. If f and f, are M-measurable functions with f,, — f a.e., prove that
there exist sets H, B, € M such that X = H U (U2, Ey), p(H) = 0, and f, — f uniformly on
each F.

(b) Is the result of (a) true if (X, M, u) is o-finite?

Problem 2.3.26. Consider the real valued function f(x,t), where z € E C R"™ and t € I where [ is
an interval in the real line. Suppose

1. f(z,-) is integrable over I for all z € E.

2. There exists an integrable function g(¢) on I such that |f(z,t)| < g(t) for allz € F and t € I.
3. For some z( € E the function f(-,t) is continuous at ¢ for all ¢ € I.

Then show that the function F(z) = [, f(z,t)dt is continuous at .

Problem 2.3.27. (a) Let {¢,;:n € N,i € N} be an array of nonnegative extended real numbers.
Show that
lminf ) cn 2 ) liminen
‘€N ‘€N
(b) Show that if {c,;} is an increasing sequence for each i € N, then
Jim D eni =0 Jim o
3 3

Problem 2.3.28. Let f,, : [0,00) — [0,00) be Lebesgue measurable functions such that f; > fa >
.-+ >0. Suppose fn(z) = f(x) as n — oo, for a.e. = € [0, 1].

(a) Assume in addition that f; € L'([0,1]). Prove that lim,, .o fol fndx = fol fdx.

(b) Show that this is not necessarily true if f; ¢ L(]0,1]).

12



Problem 2.3.29. Let {qx} be all the rational numbers in [0, 1]. Show that

o0

1
Z Wiconverges a.e. in[0, 1]

k=1 V ‘x*Qk|

Problem 2.3.30. Evaluate the following
o0 71245?@ 72xd
n x

a) lim e
n—o0 J
T 3x
b) lim z% cos —dx
n—o0 J n

Problem 2.3.31. Find a sequence of pointwise convergent measurable functions f, : [0, 1] — R such
that f,, does not converge uniformly on any set X with m(X) = 1.

Problem 2.3.32. Does there exist a sequence of functions f,, € C([0,1]) such that

lim f,(x)=0

n—-+o00

for all = € [0,1] and

li n 0?

Either construct an example or prove such a sequence does not exist.

Problem 2.3.33. Suppose that f € L'(R). Show that for any a > 0

. —a _
nll)ﬂpoon f(nz) =0, for a.e x

Problem 2.3.34. Suppose that {a,} is a sequence of nonnegative numbers and {E,} a sequence of
measurable subsets of [0, 1]. Assume that there exists § > 0 such that m(E,) > ¢ and

[e.e]

g(x) = ZanXEn < oo for a.e x € [0,1].

n=1

Show that
oo
Z ap < 00
n=1

Problem 2.3.35. Let f be a nonnegative measurable function on R. Prove that if >°>° _ f(z +n)
is integrable, then f =0 a.e.

Problem 2.3.36. For each n > 2, define f,, : [0,1] — R as follows:

fulz) =

n? forme[%,%%—%]andizo,l,...,n—l
0 otherwise '

(a) Show that lim,, 40 fr, = 0 for a.e x € [0, 1]
(b) For g € C[0,1], what is lim;, oo f[O,l} fo(2)g(x)da?
(c) Is your answer to part (b) still valid for all g € L>°(0,1)7 Justify
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Problem 2.3.37. Suppose that f,, € L*(X, u) with ||fu]ls <1 and f,, — 0 p-a.e on X. Show that

for every g € L*3(X, ),
| fu@a@yinta) >0

Problem 2.3.38. Either prove or give a counterexample: If a sequence of functions f, on a measure
space (X, ) satisfies [ | fnldp < then f, — 0 p-a.e.

as n — oo

n27

Problem 2.3.39. For a nonnegative function f € L'([0,1]), prove that

1
lim / YV f(x)dx = m({x : f(z) > 0})

n—oo Jq
Problem 2.3.40. Compute
lim * nsin(z/n)
n—oo Jq x(l + x2)

Justify each step.

Problem 2.3.41. Give an example of a sequence of functions, f, in L'[0, 1] such that lim,, oo || fn|l1 =
0 but f, does not converge to 0 almost everywhere.

Problem 2.3.42. Show that if a sequence, f; in L'[0, 1] satisfies || fx|[1 < 27% for k > 1, then f, — 0
a.e.

Problem 2.3.43. Let f € C0,1] be real-valued. Prove that there is a monotone increasing sequence
of polynomials {py(z)}5°; converging uniformly on [0, 1] to f(z).

Problem 2.3.44. Suppose f [0,1] — R continuous
(a) Prove that lim,,_, fo z" f(x)dz =0

(b) Prove that hmn_monfo 2" f(x)dr = f(1)

Problem 2.3.45. Suppose g(z) = limy, 00 gn(x) for x € [0, 1] where {g,} are positive and continuous
on [0, 1]. Also suppose that fol gndx = 1.

(a) Is it always true that fo r)dr <17
(b) Is it always true that fo x)dxr > 17

Problem 2.3.46. Let f(z,y) be defined on the unit square S = {(z,y) € R?: 0 <2 < 1and 0 <
y < 1} and suppose that f has the following properties:

(i) For each fixed x, the function f(z,y) is an integrable function of y on the unit interval.

(ii) The partial derivative gf exists at every point (x,y) € S, and is a bounded function on S.
Show that:

(a) The partial derivative gf is a measurable function of y for each x.

(v
1 1
i | ey = [ @ ay
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Problem 2.3.47. Fatou’s Lemma can be written as: Let f,, be a sequence of nonnegative measurable
functions. Then

/lim inf f,dr < lim inf/fndx.

Show that this version is equivalent to: If f, is a sequence of nonnegative measurable functions,

and lim f, = f a.e, then
/fdx < lim inf/fnd:v.

Problem 2.3.48. Let {f,} be a sequence of nonnegative measurable functions on X that con-
verges pointwise on X to f, and f integrable over X. Show that if fX f=lim,00 fX fn, then
[ f =1limu_ [5 fn, for any measurable £ C X.

Problem 2.3.49. (a) Suppose f, is a sequence of nonnegative measurable functions on E and that
it converges pointwise to f on E, and that f, < f on E for all n. Show that [, fn = [ /-
(b) Let f be a nonnegative measurable function on R. Show that

dm [ =g

1/n
Problem 2.3.50. Evaluate lim 5 Z 5 gda:
n—oo Jo 14+ n%xs+nlx

Problem 2.3.51. Suppose f and g are real-valued on R, such that f is py-integrable, and g belongs
to Cp(R) (compact support). For ¢ > 0 define g.(t) = g(ct). Prove that

a)hmc—mo fR J9cdpr =0

b) lime o [ fgedur = g(0) [ fdur

Problem 2.3.52. Prove or give a counterexample: Suppose X is a finite measure space. Let {f,} be
a sequence of measurable functions on X that converges in measure on X to real-valued function
f. Then for each € > 0, there is a closed set F' contained in X for which f, — f uniformly on F
and m(X \ F) <e.

Problem 2.3.53. Let E be of finite measure. Suppose the sequence of functions {f,} is uni-
formly integrable over E. If f, converges to f in measure on FE, then f is integrable over F

and lim,,—soo fE fn = fE f.

Problem 2.3.54. Let p be the Lebesgue measure on R. Let f, = —%X[O,n]- Prove that f, — f =0
a.e., but

lim inf fnd,u</fd,u
R R

n—oo

Does this contradict Fatou’s Lemma?
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2.4 Uniform Cont./ Bounded Var./ Abs. Cont.

Problem 2.4.1. a) Let f be absolutely continuous on [e, 1] for each € > 0. Let f be continuous at 0
and of bounded variation on [0, 1]. Prove that f is absolutely continuous on [0, 1].
(b) Give an example of continuous function of unbounded variation on [2, 3].

Problem 2.4.2. Let (R,U, u) be the Lebesgue measure space, and consider an extended real-valued
(U)-measurable function f on R. Let B,(z) = {y € R: |y — x| < r}, with > 0 fixed. Define the
function g on R via

g(w) = /B,.(a:) f(y)du(y)

for x € R.
(a) Suppose f is locally p-integrable on R. Show that g is a real-valued, continuous function on R.

(b) Show that if f is p-integrable on R, then g is uniformly continuous on R.

Problem 2.4.3. Suppose that f € L'[0,1]. Let F(z) = [ f(t)dt. Let ¢ be a Lipschitz function.
Show that there exists g € L'[0,1] such that ¢(F(z)) = [; g(t)dt.

Problem 2.4.4. Let g be an absolutely continuous monotone function on [0,1]. Prove that, if
E C [0,1] is a set of Lebesgue measure zero, then the set g(E) is also of Lebesgue measure zero.

Problem 2.4.5. Let {f,} be a sequence of real-valued functions and f be a real-valued function on
[a, b] such that lim,_,~ frn(z) = f(z) for x € [a,b]. Show that

VP(f) < limint V,2(f.)

Problem 2.4.6. Let f be a real-valued, continuous function of bounded variation on [a, b]. Suppose
f is absolutely continuous on [a+ 7, b] for every n € (0,b—a). Show that f is absolutely continuous
on |[a,b].

Problem 2.4.7. Let f be a real-valued function on (a,b) such that the derivative f’ exists and
|f'(z)] < M for x € (a,b) for some M > 0. Let uj be the Lebesgue outer measure on R. Show
that for every subset E of (a,b) we have

pr(f(E)) < Mup(E)

Problem 2.4.8. Suppose p is the Lebesgue measure on R, F is a Lebesgue measurable subset of R,

and let .
F:{er:hm“( Nz, 2 +€]) :1}

e—0 €

Show that pu(E\ F) =0
Problem 2.4.9. Suppose f € L'(—o00,00), and let

z+1
o(z) = / F(t)dt

-1
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(a) Prove that [*_|g(t)|dt <2 [ |f(t)|dt
(b) Prove that g is absolutely continuous (that is, its restriction on any closed subinterval of R is
absolutely continuous).

Problem 2.4.10. Prove that the discontinuity points of a real-valued function f are at most count-
able if

(a) f is a decreasing function on [0, 1].

(b) f is a function of bounded variation on [0, 1].

Problem 2.4.11. Let C([0,1], p) be a space of continuous functions on [0, 1] with a uniform metric
p. Let F': C([0,1]) — C([0,1]) be given by

(8) (FF)(t) = / et sin(f (u))du

Prove that F' is uniformly continuous.

Problem 2.4.12. (a) Find Varg(cos(x)).
(b) Give an example of a function f such that Varj(f) = 0.
(c) Give an example of a function f such that Varj(f) = 2.

Problem 2.4.13. Let f be absolutely continuous on [0, 1] and P(z) a polynomial. Show that P(f(z))
is absolutely continuous on [0, 1].

Problem 2.4.14. Suppose that f is continuous and of bounded variation on [0, 1]. Prove that

() (%)
n n
Problem 2.4.15. Suppose f is Lipschitz continuous in [0, 1], that is |f(x) — f(y)| < L|x —y| for some

constant L. Show that
(a) m(f(E)) = 0 if m(E) = 0
(b) If E' is measurable, then f(FE) is also measurable.

n

Jim

i=1

2
=0

Problem 2.4.16. Assume that f is absolutely continuous, and that f and f’ are both in L'(R). Let
oo
gl@) =Y If(@+k)
k=0

Show that g € L>°(I) for any bounded interval I. (Hint: first prove for intervals with length < 1/2)
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2.5 LP/L*> Spaces

Problem 2.5.1. Let X be a measure space and let 1 be a positive Borel measure over X, with
u(X) < oo. Let f e L>®(X, ). For each positive integer n, we let

= / ()| ()
X

(a) Show that lim, e “22 = || f|lo if ||f]loo > O.

Qn

(b) Use part (a) to prove that lim,, (an)l/” = || flloo-

Problem 2.5.2. Let (X,4, 1) be a measure space. Let f € LP(X, U, u) N LI(X, 4 p) with 1 <p <
q < oo. Show that f € L"(X, 4, pu) for all p <r <gq.

Problem 2.5.3. Let f € LP([0,10]), p > 1. (a) Prove that hmt_>1+ (t— 1 fl
(b) Suppose [° 72| fdz < co. Prove that lim ot~/ [} f(z)dz = 0.

Problem 2.5.4. Suppose that fol 27 f]3dr < co. Show that limy ot ! fot f(z)dx =

Problem 2.5.5. Let 1 < p < ¢ < co. Which of the following statements are true and which are
false? Justify.
1 LP(R My, pur) C LYR, M, pr)
q(R mL,/LL) C LP(R S)JTL,,uL)
LP([2,5), My, pr) € L9([2,5], My, pr)
L9([2,5], M, pr) C LP([2,5], Mz, pr)

Problem 2.5.6. Let f € L%([O,E)],DZTIL,;LL). Prove that

iy [ 70
Problem 2.5.7. Let p,q € [1,00).
(a) Show that LP(0,00) is not a subset of L?(0,00) when p # q.
(b) If f € LP(R) and f is uniformly continuous on R, show that lim|, o f(x) = 0. Is the result
still true if f is only assumed to be continuous?

Problem 2.5.8. Let g(z) be measurable and suppose fab f(z)g(x)dz is finite for any f(x) € L2
Prove that g(z) € L2 (Note from Timmy: This is kind of an unfair question in that you have to
use the uniform boundedness property from Functional Analysis, what they probably forgot to say
was that instead of finite, that the integral of fg is uniformly bounded.)

Problem 2.5.9. If f(xz) € LP N L*> for some p < oo, show that

(a) f(z) € LY for all ¢ > p.
(b) [[flloo = Timg—se0 [ f| £a
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Problem 2.5.10. If f,(z), f(z) € L%, and f,(z) — f(z) a.e., then ||f, — fllz2 — 0 if and only if
[ fnllzz = [1f]z2-

Remark: You can actually prove the more general case, replacing 2 with p.

Problem 2.5.11. Let f be a Lebesgue measurable function on [0,1] and let 0 < f(x) < oo for

x € [0,1]. Show that
1
d — 1.
{/[0,1}f M} {/[0,1] f} =

Justify each step.

Problem 2.5.12. Consider LP([0, 1]). Prove that || f||, is increasing in p for any bounded measurable
function f. Prove that || f||, = || f|lcc When p — oo.

Problem 2.5.13. Suppose 1 < p < oo, f € L}(R,dz) and g € LP(R,dz). Define the function f * g
by (f *g)(z) = [ f(z — y)g(y)dy, whenever it makes sense. Show that f x g is defined almost
everywhere, and that f % g € LP(R, dz) with

1 gllp < £l llglls

Problem 2.5.14. Let f,, — f in LP, with 1 < p < oo, and let g, be a sequence of measurable
functions such that |g,| < M < oo for all n and g, — g a.e.. Prove that g, f, — gf in LP.

Problem 2.5.15. Let E be a measurable subset of the real line. Prove that L>°(E) is complete.
Problem 2.5.16. Let (X, 2L, 1) be a measure space and let f be an extended real-valued 2(-measurable

function on X such that [ |f|Pdu < oo for some p € (0,00). Show that
lim Wu{z e X :|f(z)] > A} =0
A—00

Problem 2.5.17. Show that L3([—1,00)) D L?([~1,00)) N L%([~1, 00))
Problem 2.5.18. Suppose that f € LP([0,1]) for some p > 2. Prove that g(z) = f(2?) € L'([0, 1]).

Problem 2.5.19. Suppose f is a Borel measurable function and fol 12| f(x)Pdx < oo. Show that
t

limt_5/6/ f(z)dz =0
0

t—0

Problem 2.5.20. If (X, ) is a finite measure space, 1 < p; < pa < 00, f > 0, and

sup A2 p(x : f(x) > N) < o0
A>0

prove that f € LP1

Problem 2.5.21. Let 0 < r < p < ¢ < oo. For f > 0 in LP(R), show that f = g + h where
g € L"(R) and h € LY(R). Furthermore, show that given b > 0, prove that g, h can be chosen so
that [|g[l < b"P|[f|[p and [|A]lg < bT7P| f]lp-
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Problem 2.5.22. Let A be the collection of functions f € L' (X, p) such that || ||y = 1 and [y fdu =
0. Prove that for every g € L*°(X, p),

1
Sup/ fgdp = =(esssup g — essinf g)
fealtx 2

Problem 2.5.23. Let f(x) be continuous function on [0, 1] with a continuous derivative f'(x). Given
€ > 0, prove that there is a polynomial p(x) so that

1 (@) = p(@)[loo + [1/(2) = P'(2)]]oc <€

Problem 2.5.24. Let X be a o-finite measure space, and f, : X — R a sequence of measurable
function on it. Suppose f, — 0 in L? and L*. Give a proof or counterexample to the following:
(a) fn —0in L!

(b) fn — 0in L3

(¢) fn — 0in L

Problem 2.5.25. Let f be a nonnegative measurable function and esssup f = M > 0. Then, if
pu(X) < oo, prove
i IBE

Problem 2.5.26. Let k+m = km and let f and g be nonnegative measurable functions. Show that

if0<k<1lork<0then
/ f9>( / FRdu)/( / gy

Problem 2.5.27. Let 0 <p<1land f > 0,9 >0, f,g € L?. Show that

1+ gllo = 11 £1lp + [gll

Problem 2.5.28. Suppose 1 < p < oo, f € LP([0,1]), and h(t) is the Lebesgue measure of the set
{z €[0,1] : |f(x)] >t} for 0 < ¢ < co. Show that [;° h(t)dt < oo if 1 < p < oo. Is this still true
for p = 17 Prove or find a counterexample.

2.6 Radon-Nikodym Theorem

Problem 2.6.1. Let v be a finite Borel measure on the real line, and set F'(x) = v {(—o0, z]}. Prove
that v is absolutely continuous with respect to the Lebesgue measure p if, and only if, F' is an ab-
solutely continuous function. In this case show that its Radon-Nikodym derivative is the derivative
of F, that is: g—z = F’ almost everywhere.

Problem 2.6.2. Let (X, %, u) be a o-finite measure space, and let ¥y be a sub-o-algebra of 3. Given
an integrable function f on (X, X, 1), show that there is a ¥p-measurable function fj, such that

/X fodp = /X fogdp
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for every Xp-measurable function g such that fg is integrable. (Hint: Use the Radon-Nikodym
Theorem).

Problem 2.6.3. Let f, g be extended real-valued, measurable functions over a o-finite measure space
(X, 2 1). Show that if fE fdu = fE gdy for all E € 2, then f =g on X p-a.e.

Problem 2.6.4. Let M denote the Lebesgue measurable sets on the real line. Consider two measures
on M: Lebesgue measure m and the counting measure 7. Show that m is absolutely continuous
with respect to 7, but that %—T does not exist. Does this contradict the Radon-Nikodym theorem?

Problem 2.6.5. Prove the following statement. Suppose that F' is a sub-c-algebra of the Borel
o-algebra on the real line. If f(x) and g(z) are F-measurable and if

/fdx:/gda:forallAEF
A A
then f(z) = g(z) a.e.

Note from Will: This is precisely how the above problem appeared on the Winter 2000 real
analysis qual. Note that the statement is in general false, as it appears above. One needs to add
the assumption that F' is o-finite. So prove the following:

(a) o-finiteness of F' does NOT follow from it being a sub-o-algebra of a o-finite o-algebra.

(b) Show that if o-finiteness is not required, then the statement of the problem is in general false.
(c) Prove the statement of the problem with the additional assumption that F' is o-finite.

Problem 2.6.6. Let 1 and v be two measures on the same measurable space, such that p is o-finite
and v is absolutely continuous with respect to pu.
(a) If f is a nonnegative measurable function, show that

fro- 4]

(b) If f is a measurable function, prove that f is integrable with respect to v if and only if f [g—Z]
is integrable with respect to u, and that in this case we also have equality as above.

Problem 2.6.7. Let A < p and p < A be o-finite measures on (X, X). What is the relationship
between the Radon-Nikodym derivatives Z—‘/\L and %?

Problem 2.6.8. Assume that v and p are two finite measures on a measurable space (X, M). Prove
that
v<p == lim (v —npu)t =0
n—oo

Problem 2.6.9. Suppose that we have v; < pu; and vo < us for positive measures v; and p; on
measurable spaces (X;, M;), (i = 1,2). Show that we have 11 X vo < g X pe and

d(Vl X 1/2)
d(p X p2)

_ v
dpy d/@y

(z,9)
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Problem 2.6.10. Suppose p and v are o-finite measures on a measurable space (X,.4), such that
v <pand v < pu—v. Prove that

quexaj:—1n—o

2.7 Tonelli/Fubini Theorem
Problem 2.7.1. Let f(x) be a locally integrable function on (0,00). We define

1 xX
ﬂm:/f@ﬁ
T Jo
for # > 0. Prove that if f(z) >0 on (0,00) and [;° f(x)dz < oo, then [;° F(z)dx = oc.
Problem 2.7.2. Let (X, 4, p) and (X,0, v) be the measure spaces given by
X =Y =1]0,1]

L[ - m - %[0’1]

where Bg ) is the Borel o-algebra, and p is the Lebesgue measure, v is the counting mea-
sure. Consider the product measurable space (X x Y,o(4 x 2U)) and a subset in it defined by
E={(z,y) e X xY :z =y}

(a) Show that E € o(4 x ).

(b) Show that
JoLfvsa it [Lf o] v

(c) Why is Tonelli’s Theorem not applicable?

Problem 2.7.3. Let fn(z) = §x_1 1;. Prove that for g € L'(R),

/ /fn(y —a)g(z)dz — g(y)

Problem 2.7.4. Let f be a real valued measurable function on the finite measure space (X, 3, u).
Prove that the function F(z,y) = f(z) — 5f(y) + 4 is measurable in the product measure space
(X x X,0(2 xX),ux p), and that F is integrable if and only if f is integrable.

dy — 0asn— o0

Problem 2.7.5. Let f € LY(R, My, ur). With h > 0 fixed, define a function ¢, on R by setting
1
on(x) = / f@®)dur(t) for z € R
2h [x—h,z+h]

(a) Show that ¢, is M -measurable on R.
(b) Show that ¢y, is continuous on R (hint from Will: actually continuity will imply Borel measur-

ability, hence measurability).
(c) Show that ¢, € L'(R, My, ur) and [|éplls < || f[|2
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Problem 2.7.6. Let (X, M, u) be a complete measure space and let f be a nonnegative integrable
function on X. Let b(t) = p{x € X : f(z) > t}. Show that

/ fdp = /O bt

Problem 2.7.7. If g is a Lebesgue measurable real function on [0, 1] such that the function f(z,y) =
2g(x) — 3g(y) is Lebesgue integrable over the square [0, 12, show that g is Lebesgue integrable over
[0,1].

Problem 2.7.8. Let A= {(z,y) € [0,1]>: 2 +y ¢ Q,2y ¢ Q}. Find [, y~/?sinzdmo.

Problem 2.7.9. Let f be Lebesgue integrable on (0,1) For 0 < z < 1 define

1
o) = [ 50

xT

Prove that g is Lebesgue integrable on (0, 1) and that

/01 g(z)dr = /01 f(x)dx

Problem 2.7.10. Evaluate o roo
/ / zexp(—z2(1 + y?))dzdy
0 0

Justify each step.

23



	Measure Theory and Topology
	Measurable Sets
	(Signed) Measure

	Functions and Integration
	Measurable Functions
	Integrable Functions
	Convergence
	Uniform Cont./ Bounded Var./ Abs. Cont.
	Lp / L Spaces
	Radon-Nikodym Theorem
	Tonelli/Fubini Theorem


