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Abstract

We consider the Laguerre Unitary Ensemble (aka, Wishart Ensemble) of sample covariance matrices
A = XX", where X is an N x n matrix with iid standard complex normal entries. Under the scaling
n=N+ |V4cN], ¢ > 0 and N — oo, we show that the rescaled fluctuations of the smallest eigenvalue,
largest eigenvalue and condition number of the matrices A are all given by the Tracy—Widom distribution
(8 = 2). This scaling is motivated by the study of the solution of the equation Az = b using the conjugate
gradient algorithm, in the case that A and b are random: For such a scaling the fluctuations of the halting
time for the algorithm are empirically seen to be universal.
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1 Introduction

Consider the sample covariance matrix A = X X* where X is an N X n matrix with iid entries with some
distribution F. Our main result is a limit theorem (see Theorem 1.3) for the condition number of these
matrices when! F ~ X,, X, has the standard complex normal distribution? and

a:=n—N = |[V4cN| +o(NV?), ¢>0. (1.1)

The study of this scaling is motivated by a computational problem discussed below. In the case that F ~ X,
we refer to the matrices {A} as lying in the Laguerre Unitary Ensemble (LUE).

OEmail: deift@cims.nyu.edu, govind_menon@brown.edu, trogdon@cims.nyu.edu (corresponding author).

IThe notation F' ~ X means that the random variable F' has the same distribution as the random variable X.

2The random variable X, = X1 + iX> where X1, X2 are independent Gaussians with mean zero and variance 1/2 is said to
have the standard complex normal distribution.



Main results. Define the Airy kernel

Kai(z,y) = All) Ai’(y; : si(y) Ail(m),

where Ai denotes the Airy function [20]. Then, define the Fredholm determinant
FQ(S) = det([ — ICAi‘L2((s7oc)))-

Here Kai|£2((s,00)) represents the integral operator with kernel Ka; acting on L?((s,00)). The function F5(s)
is the distribution function for the largest eigenvalue of a random Hermitian matrix in the edge-scaling limit
as N — oo and is known as the Tracy-Widom (B = 2) distribution [25]. For a positive Hermitian matrix
A, let Apax be the largest eigenvalue of A, A\pnin be the smallest and let K = Apax/Amin be the condition
number.

Fix ¢ > 0. We prove:

Theorem 1.1 (Smallest eigenvalue Apin). Assume A = XX* where X is an N x (N + «) matriz of iid
standard complex Gaussians and o = |vV4cN|. Then for allt € R

. C_)\min

Theorem 1.2 (Largest eigenvalue Apax). Assume A = XX* where X is an N x (N + «) matriz of iid
standard complex Gaussians, o = |V4ceN| and v =4N +2a+ 2. Then for allt € R

. >\max g _
N P (/2/ = t) = B (0).
Theorem 1.3 (Condition number k). Assume A = X X* where X is an N x (N + «) matriz of #id standard
complex Gaussians, o« = [V4cN|, and v = AN + 2a + 2. Then for allt € R

K—Y o — AN
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th P (c—lya—2/322/3 t) th P 1N t Fs(t)

History of the problem. The study of the eigenvalues, and in particular, the condition number, of
random positive definite matrices has a rich history in mathematics and statistics going back at least to
the seminal paper of Goldstine and von Neumann [10]. The exact distributions of the largest and smallest
eigenvalues of sample covariance matrices, with iid columns, were computed in [23] and [17], respectively, in
terms of infinite series and hypergeometric functions for any finite N and n. When F' is either a standard
real or standard complex Gaussian distribution and a = 0, Edelman [7] determined the scaling limit of the
smallest and largest eigenvalues and the condition number as N — oo,

Jim P (% < t) = Fi(t) := e/, (1.2)
It also can be shown that the condition number distribution is heavy-tailed for finite NV because the density
of Amin does not vanish near zero — Ay is exponentially distributed with parameter N/2 [7].

As noted by Johnstone? [15], a by-product of Johansson’s work on last-passage percolation [14] is that the
fluctuations of the largest eigenvalue of LUE with « fixed are given in terms of the Tracy—Widom distribution
Fy(t) as N — oo. When a@ = |[¢N], ¢ > 0, it can be shown that the smallest eigenvalue also has Tracy—
Widom fluctuations in the N — oo limit [1] and that the condition number has fluctuations given by the
convolution of two independent, but scaled, Tracy—Widom distributions. This result does not appear to be
explicitly stated in the literature but it follows from the asymptotic independence of the extreme eigenvalues
[2]. See [13] for the case of n > N3.

3 Johnstone [15] also proved a limit theorem when F is a standard real Gaussian.



In terms of interpolation between the limiting condition number distribution Fg(t) at & = 0 and the con-
volution of two Tracy—Widom distributions when o = |¢N |, we see that the scaling (1.1) is sufficiently strong
to force A\pin away from zero and give pure Tracy-—Widom statistics for the condition number. Assuming
independence of the smallest and largest eigenvalues, from Theorems 1.1 and 1.2 we have

)\max ~ V+V1/322/3§E}11)JE
Amin - c— ca—2/322/3€g[)”3.

Here ES%E and fgl)m are iid random variables with P( SI)JE < t) = F5(t). Then using a Neumann series we

have a formal expansion

)\max 14 v — 2 — 2 _
- — = - (a 2/322/3§é[)m +v 2/322/3§é%E +o(v 2/3)) . (1.3)

Amin &

If @ = [cN ], the first two terms in this expansion are of the same order and dominate the expansion. Thus,
it is clear why the convolution is involved. Also, for « = 0 it is clear that such an expansion cannot be
justified. In the case of (1.1), @ < v and just the first term is dominant. Lemma 4.6 rigorously justifies the
formal expansion in this case. It does not appear that the scaling (1.1) has been treated previously in the
literature.

Remark 1.1. Our calculations in this paper are for the case o = |(4¢N)7|, v = 1/2. Note that the first
term in the right-hand side of (1.3) is still dominant for 0 <y < 1. For this reason we anticipate a similar
Tracy—Widom limit theorem for the condition number for 0 < v < 1. In addition, we anticipate that the
conclusions of the numerical studies that we discuss below when v = 1/2 will be unchanged for 0 < v < 1.

Our method of proof makes use of the asymptotics of Laguerre polynomials {L;“)(x)}nzo which are
orthogonal with respect to the weight 2*e~*dx on [0, 00). These asymptotics are derived via the Deift-Zhou
method of nonlinear steepest descent as applied to orthogonal polynomials [4] (see also [3] for an introduc-
tion). For fixed «, this problem was addressed by Vanlessen [27] for the generalized weight x%e~?®)dx (see
also [21] for Q(z) = z). From the classical work of Szegt [24] and [27], the asymptotic expansion of Lg\‘;‘)(x)
as N — oo near « = 0 is given in terms of Bessel functions. Forrester [9] noted that this implies the statistics
of the smallest eigenvalue are given in terms of a determinant involving the so-called Bessel kernel.

As is seen in Theorem 1.1, under the scaling (1.1), the asymptotics of Laguerre polynomials is given in
terms of the Airy function, giving rise to the Airy kernel and producing Tracy—Widom statistics. This was
noted first by Forrester [9]. This transition from Bessel to Airy can also be seen by considering the weight
%~ *~t/*dg for varying t [28]. The difference here is that this transition is induced via the parameter «
that is naturally present in the Laguerre polynomials.

A computational problem. Our motivation for considering the scaling (1.1) comes from a computational
problem. In numerical analysis, the condition number of a positive-definite N x N matrix A is arguably the
most important scalar quantity associated to the matrix. Specifically, it controls the loss in precision that is
expected when solving the system Ax = b. The condition number can also be tied directly to the difficultly
encountered in solving the system by iterative methods. This is evident, in particular, in the conjugate
gradient algorithm used to solve Az = b [12]. The conjugate gradient algorithm is stated as follows (see [11]
for an overview): Given an initial guess xo (we use xg = b), compute ro = b — Axy and set pg = ry. For
k=1,...,N,

A1 rh-1)er

1. Compute the residual 4, = 74—1 — ar—1Api—1 where* ap_, = < 1 T
Pk—1, APk—1)¢2

(re, ) e

2. Compute py, = 1y + bg—1pg—1 where by = m
k—=1,Tk—-1/¢

3. Compute zp = Tr_1 + Qp_1Pk_1-

We use the notation yl%, = (y,y)e> = X, lys1? for y = (1,92, .., yn) € CV.



If A is strictly positive definite x, — © = A~'b as k — oo. Geometrically, the iterates z; are the best
approximations of x over larger and larger affine Krylov subspaces Ky,

|Azy — 0|4 = mingex, ||Ax — blla, K = x¢ + span{rg, Arg, ... ,Ak_lro}, ||x||?4 = (z, A_lxﬂz,

as k T N. In exact arithmetic, the method takes at most N steps: In calculations with finite-precision
arithmetic the number of steps can be much larger than N. The quantity one monitors over the course of
the conjugate gradient algorithm is the norm ||r|/,2. By [16],

2 —2k
Irulle <2 (14 =) ol (1.4

from which we see that the larger & is, the slower the convergence. It is remarkable that the bound (1.4)
does not depend explicitly on n, only implicitly through k. We note that (1.4) was derived in [16] under
the assumption of exact arithmetic, but (1.4) is also useful in calculations with finite precision, provided the
effect of rounding errors is anticipated to be small.

We are interested in the statistical behavior of the conjugate gradient algorithm (1)-(3) when A and b are
chosen randomly. Let b have iid entries distributed according to a distribution F' which may differ from the
matrix-entry distribution F'. We use the pair E = (F, F ) to refer to the ensemble, encoding the distribution
of the entries of both A and bin Ax =b. Let € > 0, E, N > 0 and n > 0 be given. For a pair (4,b) we define
the halting time T¢ g n.n = Te, g N n (A, b) to be the smallest integer such that ||7g||e2 = ||ri(A,b)|le2 < e. The
residuals in the conjugate gradient method decrease monotonically, thus ||74(A4, )| < € for k > T, g N n-

In [6], the authors performed a numerical study of T; g n., as a random variable. For n = N + [2V/N],
Monte Carlo simulations for different ensembles FE were used to show that the fluctuations

Te,E,N,n - ]E[TG,E,N,n]
Var[Te,EyN,n}

Te,E,N,n =

)

of T, g n.» had a universal limiting form®. The motivational goal of this paper is to further our understanding
of the universality that is observed in [6] under the scaling (1.1). To this end, we focus on the condition
number k = Kn,, = kn,n(A) of the matrix A and use the the rigorous results above, numerical simulations
of Te g,Nn [6] and Ky 4, and the estimate (1.4), to infer properties of the halting time distribution.

Numerical results presented in Appendices A.1— A.3 illustrate the sharply different behavior of the condi-
tion number and halting time distributions in the cases « =0, a = L2\/N | and oo = N. Universality appears
to depend critically on the choice a = LQ\/NJ: If « =0 or & = N, the histogram for 7. g v, does not
appear to have a universal form. The numerical experiments also reveal an interplay between the tightness
of the condition number distribution and tightness of the halting time distribution that is consistent with
the following upper bound on T, g v, which is obtained by taking a logarithm of (1.4):

1log |[roll¢2 — log € + log2
2 log (1 + %)

In order to use this bound to estimate the expectation of TEJ;E’N’”, 7 =1,2,... one must estimate

Te,E,N,n S

1 > 1
E|l—F/—— :/ —————dP(k < s). (1.5)
log’ (1 + %) 1 log’ (1 + \%)
We make some observations:

(i) Since log’ (1 + %) = O(s79/?) as s — 00, (1.5) does not provide an a priori bound on the higher
moments of T¢ g nn, IV and n fixed, if the distribution P(ky , < s) is heavy-tailed.

(ii) The right hand side of (1.5) may diverge as N — oo even when all moments are finite for finite N.

5By universal, we mean that the histogram for Te,E,N,n is independent of E for N sufficiently large and e sufficiently small.



(iii) When the system is well-conditioned, for example if Ky, = C+N~%, a > 0, C > 1, for a fixed, positive
random variable £ with exponential tails, all moments of T, g n, are bounded by an N-independent
constant.

In Appendix A.1, we present numerical experiments on both sy, and 7¢ g n ., in the ill-conditioned case,
n = N, assuming F is uniform on [—1,1] and F' ~ X, or F' is Bernoulli. The numerical results in Figure 11(b)
and 11(c) show that 7. g N, does not converge as n, N — oo (Note from Figure 11(b), in particular, that
the kurtosis for both distributions does not converge.). This case illustrates point (i): from [7] we see that
the condition number distribution has infinite expectation and hence the right hand side of (1.5) is infinite.
This is consistent with the numerical results, since the empirical mean of the halting time is (much) larger
than N. Since the maximum number of steps in the conjugate gradient method is N in exact arithmetic,
this also shows that round-off errors have degraded the accuracy of the computation.

The well-conditioned case, n = 2N, is considered in Appendix A.2. We assume F is uniform on [—1,1]
and F' ~ X, or F is Bernoulli. In contrast with the case above, the condition number xy ,, satisfies (iii) in the
limit N — oo with @ = 2/3 implying, in particular, by (1.5), that supy E[Te g, N.n],supy Var[Te g nn| < 0.
The numerical results in Figures 12(b) and 12(d) indicate that the random variable 7¢ g v, remains discrete
in the large N limit. Indeed, this is necessarily true for any sequence of integer-valued random variables
(Xn)n>0 with supy Var[Xn] < co: Clearly, in such a case the fluctuations

Xy — E[Xy]
Var[Xy]

cannot have a limiting distribution with a density. The only universal limit possible here is a statistically
trivial point mass.
Finally, we turn to the critical scaling, n = |2v/N| in Appendix A.3. It follows from Theorem 1.3 that

Elknn] = O(N), Varlky,] = ONY?), N = .

As in (ii), the estimates on the right hand side of (1.5) diverge as N — oo. This divergence is consistent
with an empirically observed divergence in the mean and variance of T¢ g n . Indeed, in contrast with the
well-conditioned case, such a divergence is necessary to obtain a non-trivial limiting distribution for 7. g v ».
Further, in contrast with the ill-conditioned case, the empirical mean of the halting time, while large, is
(much) smaller than N and rounding errors do not appear to play a dominant role.

The paper is organized as follows. In Section 2 we review the global eigenvalue density for LUE and
discuss its connection to Laguerre polynomials and hence to a Riemann—Hilbert problem. In Section 3, we
use classical Riemann—Hilbert analysis to rigorously determine the asymptotics of the Laguerre polynomials
that appear in the global eigenvalue density. In Section 4 we use these asymptotics to prove limit theorems
for the distribution of the largest and smallest eigenvalues, along with the condition number. This final
section contains the proofs of the main results. As the behavior of the conjugate gradient algorithm is
universal with respect to the choice of E above, it is sufficient to consider one particular ensemble. For this
reason we have decided to study the analytically tractable case £ = LUE. We include a table of notation to
guide the reader.

Acknowledgments. This work was supported in part by grants NSF-DMS-1300965 (PD), NSF-DMS-
1411278 (GM) and NSF-DMS-1303018 (TT). The authors thank Ivan Corwin, Anne Greenbaum, Ken
McLaughlin and Brian Rider for helpful conversations.
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2 The Laguerre Polynomials and the Laguerre Unitary Ensemble

2.1 The Laguerre kernel

We first recall the definition of the Laguerre kernel. These ideas are well-known and may be found in [9,
Section 2|. Let A = XX* where X is an N x (N + «) matrix of iid standard complex Gaussian random
variables. Then the eigenvalues 0 < Apin = A1 < Ag < --+ < Ay = Apax of A have the joint probability
density

N
1 iy
pN()\b---J\N):WH/\?e A H RYEP LS

Oy j5 1<j<k<N

The statistics of eigenvalues are more conveniently expressed as determinants involving Laguerre polynomials.
Recall that the Laguerre polynomials, {Lga)(x) 720, are a family of orthogonal polynomials on [0, 00),

orthogonal with respect to the weight e~ *z®. We normalize them as follows[20]

o 4 - —1)J
L) (@) = kya? +O@Y), k=& j,) !

Z L@ @)yt ag, _ 5 LU Fat])
/0 L7 (x)L; 7 (z)e "z dxféijT

. (2.1)

We then define the associated wavefunctions, orthogonal with respect to Lebesgue measure on [0, 00),

. 1/2
.]' —z/2, /27 ()
) (T Lt

/ (@) ()de = 6,
0

and the correlation kernel

N-1

Kn(@y)= > vi(@);(y), 0<z,y< oo

Jj=

The kernel Ky defines a positive, trace-class operator on L?([a,b]). Since Ky has finite rank, it is clearly
trace class. To see that K is positive, consider f € C*°((s,t)) with compact support and note that

t N—1

/St /: Kn(z,y)f(z)f*(y)dedy = /:/S ;J 0 ()5 () (2) £ () dady

-(/ t syt sas) ([ RoeY, “elea) =

2

/ (@) f ()




It is by now classical that the statistics of the eigenvalues A;... < Ay may be expressed in terms of
Fredholm determinants of the kernel Ky [3, 9] (which are well-defined since Ky is trace-class). In particular,
the statistics of the extreme eigenvalues are recovered from the determinantal formula

P (no eigenvalues in [a, b]) = det(I — Kn|r2([q,)))- (2.2)

By the Christoffel-Darboux formula [24], we may also write

N! <F(N +a+ DI(N + a)>l/2 <¢N1($)¢N(y) - ZDN(x)le(y))

’CN(I',y) =

(N + a) NY(N —1)! T—y
= 7]\” e~ (@+y)/2,,0/2) a/2 Lg\?)(y)Lg\?)_l(x) _ Lg\?)(x)Lg\?)_l(y)
T(N + o) Y z—y '

Thus, questions about the asymptotic behavior of Ky (z,y) as N — oo reduce to the study of the large N

asymptotics of Lg\‘;‘) and LS{;‘ll. What is new in this paper is the study of these asymptotics in the scaling
regime for «, see (1.1).

2.2 The Riemann-Hilbert approach to Laguerre polynomials

To compute the asymptotics of the Laguerre polynomials we use their representation in terms of the solution
of a Riemann—Hilbert problem and follow [27] for the general theory. We also refer to [21] for some explicit
calculations. We note that we use Riemann—Hilbert theory as opposed to using the integral representation
for Laguerre polynomials to determine the appropriate asymptotics. This is because in the scaling region of
interest the Riemann—Hilbert method gives a direct and algorithmic approach to the difficulties arising from
turning point considerations. Define the rescaled polynomials (cf. [21])

Pl _ 7(a) —
L; () = L; (ve), v =4N+2a+2, (2.3)
mj(z) = (~1Yjly I L (2) = 2" 4+ O™ Y). (2.4)
Here {m;(z)} are the monic orthogonal polynomials for the weight
wy(x) = z%e™"". (2.5)

This scaling is chosen so that the asymptotic density of the zeros of I:S\?)(a:) as N — oo is supported on the

interval [0, 1] (see [21] for « fixed). Following [8] we define

Cr+ [mnw,](2)
vz =| ™0 RN , z€C\R" 2.6
(Z) CN7T'N,1(Z) CNCR+ [WNfle}(Z) o \ ’ ( )
where Cr denotes the Cauchy integral operator
_ L[ f(s)
CFf(Z) = % s — ZdS,
and, by (2.1),
a1 (N = DIT(N + a)p=v/?+2

2
ey = ~5 - 1 (8w, (s)ds = — o

In the remainder of the manuscript we use the notation® Y *(z) = Y4 (2), z € I' to denote the boundary
values of an analytic function Y (z) from the left (—) or the right (+) side of as one moves along an oriented
contour I'. See Figure 1 for schematic of a contour I'. We also use the notation

Cif(2) := (Crf(2))™.

By general theory, the matrix Y (z) defined in equation (2.6), is the unique solution to the following
Riemann-Hilbert problem:

6We allow the 4 to be in either the sub- or super-script for notational convenience.



Riemann—Hilbert Problem 2.1. The function Y (z) satisfies the following properties:

1. Y (2) is analytic on C\ [0,00) with limits Y*(x) as z — x € (0,00) from above or below;

2. YT (z) =Y () [ (1) wul(x) } for x € (0,00); and
3. Y(2)=(I+0(z")) 2N as z — co. Here o3 = diag(1, —1).
We focus our effort on the analysis of Y(z), since this yields the asymptotics of Ky via the identity

0< 2,y <oo. (2.7)

)

Kn(a,y) = =2 <wg>7:é<y>[0 1]Y+1<5>_Y;<y>[1 0]"

ol

Indeed, the definitions of the limits Y'*, the weight w,, and the rescaled Laguerre polynomials (2.3), yield

the identity

ICN(JT, y) = ’U)E (l‘)wg (y)F(N ¥ a) T —
/2 ( *2N+1)lejg\?)(y)f’§\?—l(m) — f,g\?‘)(x)ig\?)_l(m)
-y

1 1
_ wi (w)wi (y) 7n(y)
eyt (27i xT—y
_ wi (2)ws (y) Yii (y)Yai (z) — Y11 (2)Ys (y)
27 r—y

Since det(Y (z)) = 1, this identity is equivalent to equation (2.7).

_|_

Figure 1: An example of an oriented contour I'.

The goal of the reminder of this section is to solve for Y'(z) asymptotically as N — oco. This requires a

series of explicit transformations or deformations:

e Y — T sothat T(z) ~ I as z — o0,
e T +— S so that the jump matrices for S tend uniformly to the identity matrix on closed subsets of

C\ [0,1], and
e S+ &£ where the jump matrices of £ tend to the identity matrix in L? N L.

This procedure is now standard and a general reference is [4]



2.3 The first deformation: normalization at infinity

Before we proceed we introduce additional notation to fix branch cuts. For v € R let

2 (2)] =27,

have its branch cut on (—o0, 0] such that (z)]_ > 0 for z > 0, i.e., the principal branch. By contrast, let
z— (2)7

—

have its branch cut on [0, 00) in order that (z)”, 4 > 0for z > 0, when the real axis is oriented left-to-right,

i.e. the limit from above is positive. Note that for Imz > 0, (2)7, = ()7 . If 2 < 0, then (2)”, = |z[|eI™.
We similarly define branches of the logarithm. The map

2 log_(2) = log(2),
denotes the principal branch of the logarithm, whereas
z = log_,(2),

has its branch cut on [0, o00) so that log_, | (2) > 0 for z > 1. It is then clear that

_ 10g<_(z)7 if ImZ > O,

In this notation the left arrow < is used for emphasis and signifies the principal branch. It is sometime
omitted when there is no confusion. Also /- is always used to denote the non-negative square root of a
non-negative number.

As in [5], we remove the polynomial behavior of Y (z) at infinity using the log transform of the equilibrium
measure as follows. In our case a/N — 0 as N — oo and the equilibrium measure (EM) is the so-called

Marchenko—Pastur distribution [19]
2 /1-s
du(s) = ;\/ . X0,11(s)ds, (2.8)

where x 4 denotes the characteristic function of the set A. We define the log transform

o(2) == / log_, (= — 5)dp(s). (2.9)

We also introduce the following functions to simplify the analysis of the asymptotic behavior of g as z — oo
and its jumps across the interval (0, c0):

o (2) ::2/02 (S_l)mds, 2€C\[0,00), (2.10)

s —

b (2) ::2/12 (S_1>1/2d8, 2€C\ (—00,1]. (2.11)

s <
Lemma 2.1. (i) For x >0, the upper and lower limits of g are given by

1

g (@) = / log o sldu(s) + i [ du(s)
1 1
g*(sc):/o log\x—s|du(s)—|—27ri—ﬂ'i/ du(s),
() — g () = —27i : s).
g () — g™ () = -2 /Odm

10



(ii) eN9Z) = 2N(1 +O(271)) as z — oo, uniformly in C \ [0,00).
(iii) For z >0

g5 (2) = =% (2) + 22 — (2log 2 + 1) + i, (2.12)
o1 (2) = im + ¢(2), (2.13)
¢ (2) = —im + ¢ (2). (2.14)

Proof. Parts (i) and (ii) follow directly from the definition of g(z) and log_, (z). To establish (iii), we first
show that

9(2) + ¢-(2)

extends to an entire function of z. First, it is clear that the function is bounded in the finite plane, and
analytic for Rez < 0. For Re z > 0 we check the boundary values. For 0 < Rez < 1 we have

5T+ 0 = g2 =2 [ du) +64(2) =)+ 05 (2, (215)
Now, if z > 1 we use (2.13) and (2.14) and (2.15) holds. This shows that g(z) + ¢ (z) is an entire function

because 0 and 1 would have to be bounded, isolated singularities. To establish (2.12) we turn to an explicit
integration of ¢_,(z). Consider for 0 < z < 1

z — 5 vz
o (2) = 21/ \/ ! . ®ds °Z 41/ V1 —t2dt = 2i(y/2(1 — z) + arcsin /2).
0 0

Then, we must consider the analytic continuation of this function so that it is analytic in C\ [0, c0). We find
that if § = arcsin y/z then

0 = —ilog,_(ivz £ V1 — 22).
If we take the (—) sign, we actually need = — 6 to consider the correct branch. From this, it follows that
2i(\/2(1 — 2) + arcsin /z) = 2 (2(z — 1))1/2 + 271 — 2log,_(i(z )1/2 +i(z— )L/i)
Define
vo(z) = () + (2 - 1Y

First, it can be shown that if ¢, (z) = ¢ € R then 2z > 1. But for z > 1, £1% () > 0 so that _, must map
into either the upper- or lower-half plane. We find that Im+_,(z) > 0 for z € C\ [0, 00). From this we find
the analytic continuation to the whole complex plane

6 (2) =2(2(z — 1)"/? = 2log, ¥, (2) +im, z€C\[0,00),

where log,  an be replaced with log_, because Im_,(z) > 0. Also, for this reason, log, _,(z) is analytic
anywhere _,(z) is. We also have

¢ (2) =2z —logz— (2log2+ 1)+ i+ o(1), g(z) =logz+o(1), as z— oo. (2.16)
This proves (2.12). O

We now use this proof to obtain a closed-form expression for ¢. (z). First, ¢_(z) — wi = ¢ (z) for
Imz > 0 and then for 0 < z < 1

e (2) =2(2(z — 1)Y? = 2log (i ()12, +i(z = D) + i
:2(,z(z—1))1/2—21055;(1(;2)1/2 +i(z— )1/2 )+ mi
=2(2(z — 1))/? — 2log_ ¥} (2), (2.17)
Ye(2) = ()2 + (-1 (2.18)

11



Therefore, the analytic continuation is given by

¢ (2) =2(2(z = 1))/? = 2log_ ¥ (2), z€C\(—o00,1].

and ¥ (z) >0 for z € C\ (—o0,1].
Define ¢y = 2N (2log2 + 1) and the matrix function

T(z) := e%ZN”Y(z)e_(Ng(Z)Jr%eN)”S, (2.19)
which solves the following problem.
Riemann—Hilbert Problem 2.2. The function T(z) satisfies the following properties:
1. T(z) is analytic in C\ [0,00) and has limits T £ () as z — x € [0,00) from above or below.
2. Tt (z) =T (z)Jr(z) for x € [0,00) where

2Neh (@) () ,
0 2No @) | if z € (0,1),
Jr(z) =
1 e 2Nok (2)—w(2)
0 1
w(z) = 2a+2)z — alogz.

], if ¢ € [1,00).

3. T(z)=1+0(z"1) as z — .

2.4 The second deformation: lensing

We factor the matrix Jr on (0, 1) as follows:

1 0 0 e~ (@) 1 0
Jr(x) = { e2N¢Z (z)+w(z) 1 } { —eW(=) 0 } { e2N¢T (m)+i(z) 1 |- (2.20)
This allows a lensing of the problem. Let Iy and I'y be contours as in Figure 2 and set

T(z), if z is outside the region enclosed by I'y and I'},
1 0 e .
() = T(z) [ _2NoL(DH0(s) ] , if z is inside the region enclosed by [0,1] and I'y,

T(z) [ 2N, (lz)w(z) (1) } ,  if z is inside the region enclosed by [0,1] and T'.

We obtain the following Riemann—Hilbert problem for S.

Riemann—Hilbert Problem 2.3. The function S(z) satisfies the following properties:
1. S(z) is analytic on C\ T,
2. ST(s) = 87 (s)Js(s) where Js is defined by

1 0 _
2N¢o (s)+w(s) 1 } , ifselully,
[0 e % ,
Js(s) = o(s) 0 } ) if s €(0,1),
[ —2N ¥, (s)—ir(s)
(1) C ] if s € (1,00).

12



r,

Figure 2: The jump contours I' for S. The region bounded by I'y and I'; is called the “lens”.

3. 8(z) = O(1) as z — 0 from outside the lens,

4. S(z) ie2N¢j(z)+'w(Z) (1) ] = O(1) as z — 0 inside the lens. The (+) sign is taken for z in the

region enclosed by [0,1] and 'y and the (—) sign is taken in the region enclosed by [0,1] and T'|,
5.802)=I+0(z71) as z — 0.
This deformation is valid for any choice of contours I'y and I'y arranged as in Figure 2.

Lemma 2.2. With o as in (1.1), there exist positive constants c¢s and Ds such that

75 — Il oo 0o\ (B0.5)UB L8> s — IllLee @\ (BO.6)UBA6))) < Dse™ N,

1Js = I||imne ((146,00)) < Dse™ N,

1/

2 .
~.” agrees with

Proof. We now obtain an upper bound on the real part of ¢_,. For Im z > 0 the function (z)
the principal branch. For z = x + iy,

Im z—-1 - _ Yy
2 2 + y2 :
It is also clear that for argz € (0,7), Im (z)*/* > 112|7Y/2Im 2. From this, the simple estimate follows for

—

Imz>0

I z—1 1/2> 1 Im 2z
m _—
z ) T 2[a = 1232

Assume 0 < Rez < 1, Im z > 0 and consider the real part of the integral

z 1/2 Re z 1/2 2 1/2
—1 —1 —1
/ (5 ) ds:/ (s ) ds—l—/ (S ) ds.
0 S N 0 S St Re z s —

The first term is purely imaginary and the only contribution to the real part is from the second term. Then

| Im z| | | Im z|
R <_ dy < - e
e$(2) < /0 [(Rez — 1)2 + 12 /4(Re 2)2 + 24 7Y = /0 (1+y%)?

This quantity on the right-hand side is bounded uniformly above by a negative constant provided Im z >
0 > 0. A similar argument follows for Im z < 0 resulting in the same estimate.
From this discussion, it follows that

dy. (2.21)

Cs
)

1Js = Il Lo (ro\(B(0,6)uB(1,8)))» 1Js — Ill Lo (0 \(B0,5)UB(,8)) < Dse™ ™
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for some positive constants Ds, cs. For z > 1 we also look to estimate the real part of ¢_,(z). It follows that

1/2

—1
5 ds,

S

Red", () = Re ¢ () =/1Z

which is necessarily a monotonic, strictly increasing function giving the estimate

1Js = Il iz (146,00)) < Dse™ N,

for some new positive constants Dj, 5. These estimates hold even in the case & — oo because e~ (2at2)ztalogz <

1 for z > 1. The lemma follows from a redefinition of cs, Dy.
We require the following lemma in the sequel.

Lemma 2.3.

d(2) #0, z€C\][0,00),
¢5(0) =0,
¢t (2) #0, z>0.

Proof. We first claim that

1/2
. zZ— .
sign Im () = signIm z.
z

—

Assume that there exists two points a,b € CT so that

1/2 1/2
—1 —1
Im(a ) >0 and Im<bb> <0.
a

— —

It follows that there exists a point z* on the line that connects a and b so that Im ( ~

O

(2.22)

(2.23)

1/2
) = 0. Then
N

(z* = 1)/2* > 0 contradicting that z* is in the open upper-half plane. Similar considerations follow in
C~ and the sign of the imaginary part is constant in each open half plane. Then (2.23) follows from the

. . _1n\1/2 . . . .
Cauchy—Riemann equations as (271)4 is real with a positive derivative for z < 0.

Similarly, it can be shown that Re (27_1)1_{2 > 0 for z € [0,1]. We write

1/2 1/2
f<s>2Re<S;1> ,g<s>21m<sj) |

— —

o= [ s+ / o)

0

Im z Im z
+ i/ f(Rez+1is)ds — / g(Rez +1is)ds
0 0

Then for Rez > 1, z € C*t,

Im z
Im¢_>(z):ﬂ+/ f(Rez+is)ds > 7.
0

For Rez <1,z CT,

Re z Im z
Re¢_(z) = /0 fi(s)ds — /0 g(Rez +1is)ds < 0,

14



because ¢ is positive in the upper-half plane, f,(s) =0 for 0 < s < 1 and fy(s) > 0 for s < 0. Also, for

2 <0, 05(2) = fOReZ f(s)ds < 0. Hence ¢_,(z) cannot vanish in C* \ [0,00) and ¢, (z) cannot vanish for

z > 1.
For z € C7, ¢, (2) = ¢ (2*)* because the two functions are equal for z < 0. Thus, it remains to show
that ¢, (z) vanishes on [0,1] only at z = 0. From

1/2
1 1—
(z ) =i : for 0<z<1,
z )y z

Im ¢, (2) is a strictly monotone function on (0,1) and the lemma follows. O

This leads us to consider the solution of the Riemann—Hilbert problem obtained by removing the jumps
on Ty, I'y and [1,00).

Riemann—Hilbert Problem 2.4. We seck the function So(2) with the following properties:
1. Se(z) is analytic on C\ [0, 1],
2 550 =520 | o Ty | frae ),
3. SE(x)diag (\xﬁo‘, \x|_%o‘) € L?((0,1)), and
4. Soo(z) = I as z — 0.
Remark 2.1. A standard argument shows that S, with these properties is unique if it exists.

We now show that S, exists by an explicit construction. We first start with the determination of a
matrix function A which satisfies the following conditions

0 1

N*(x)]\/(az){_l 0}, z € (0,1), N(o0)=1I.

Consider

11 i 0 11 ;o o
U.—\/i[i _1}, so that [_1 O:|—Udlag(l,—l)U .

Direct calculation shows that M = U~ !N U satisfies the conditions

(i) Oi}, z € (0,1) M(0)=1.

1/4

Another direct calculation shows that M(z) = diag(v(z),1/v(z)) for v(z) = (¥3*) " and therefore

N(z)ZUM(z)U*:%. f(?) o v(z)

It is also important to note that for z € C\ [0, 1] we have

SR Gt VSR et Vi
(2)1/4 (2)1/4

—
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We write the jump condition for So.(z) as

520 =520 _gw Ty |
Niwsto =[] 3 |at@sse | _ow Ty - (224

We make the ansatz D(z) = diag(d(z),1/d(z)) where D(z) :== N71(2)So0(2). Then (2.24) turns out to be
equivalent to the condition d (z)d_(z) = ¢?*). Formally, by taking the logarithm and letting h(z) = log d(z)

T (z)+h (2) = 2a+2)z —alogz, 0<z<1.
To find h(z) we let h(oo) # 0 (d(co) # 1) and we recall (2.16). Note that ¢, (2) + ¢-(2) =0for 0 < 2 < 1
and ¢, (2) — ¢=,(2) = 27 for z > 1. Following [21], we claim that

h(z) = —%alog% 24+ (a+1)z+ %om’i - a%d)_,(z) —(2(z = 1))1/2 , (2.25)

is an appropriate choice. First, we have that for z > 1,
1 1 1
ht(z) = —§alogz +(a+1)z+ §a7ri - a§¢i(z) —Vz(z=1),

h(z) = —%a(logz +27) + (a+ 1)z + %omi - a%((b:(z) —2mi) — z(z — 1) = ht(2).

Therefore h is analytic on C\ [0,1]. So for 0 < z < 1

1 1 1
ht(z) = —ialogz +(a+1)z+ iomi - oc;bi(z) —1iy2(1 = 2),

h™(z) = f%a(logz +2mi) + (e + 1)z + %om'i - a%gf);(z) +ivz(1 = 2),
R (2)+h™(2) = 2a+2)z — alog 2.

Finally, lim, o h(2) = $a(2log 2+1)+3 follows from (2.16). Then D(z) = e™*): D, := elalog 243 (at1))os
and then

Soo(2) = DI N (2)D(2).
We note that we can also write, using (2.13), D(z) = eM@)73 where

1/2

h(z) = —%alogk 24+ (a+1)z — a%@_(z) —(2(z-1)) (2.26)

3 The asymptotics of critically-scaled Laguerre polynomials

From the above calculations, one may guess that S(z) &~ S (z) in some sense as N — oo. However, this
is not justified because the convergence of the jump matrix of S to the jump matrix of S, is not uniform.
Actually, because of the singularity behavior of S, (z) at z = 0, we’ll see that S(z) % So(z). We now
develop local parametrices to solve the Riemann—Hilbert problem for S locally near z = 0 and z = 1. This
requires the construction of the so-called Airy and Bessel parametrices.

Remark 3.1. Unless otherwise noted we use the convention

M1 M1 . O(O&)M 1 O(Oé)M
[ M21 MQE ]O(a) N { (’)(Oé)M; O(a)MZ :

Specifically, O(-) should be treated as a scalar, but it can be a different function in each component.
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3

et

V4

111

v

Figure 3: Dividing the complex plane to define the Airy parametrix with the contour 3a; = 1 U7y Uy U~y.
The contour v, makes the angle 7/3 with 3.

3.1 The classical Airy parametrix.

First, we divide the complex plane for variable £ into sectors, see Figure 3. Let w = €2™/3 and Ai(¢) denote

the Airy function. Define

Pa;(€)

[AI(E)  Ai(w?¢)
| AI'(€) w? Ai'(w2¢) |
[ AL(E)  —w? Ai(wE) |
| AT'(§)  —Ai'(wg)
[AI(E)  Ai(w?¢)
I Ai'(€)  w? Ai'(W2€) ]
[ Ai(¢)  —w? Ai(wé) ]
| AT'(¢)  —Ai'(w§)

—o3/4
w4

—o3/4
w8/,

| — { 1 0 ]

-1 1

1 0
—o03/4
o2 v]

if € el
if £ €1V,
(3.1)

if ¢ €1,

if ¢ € IIL

From the asymptotic calculations in Appendix B.1, it follows that Pa; solves the following Riemann—

Hilbert problem:

17



Riemann—Hilbert Problem 3.1.

e PAI(S)JA1(§)7 § € Xy,

JAi(E) = 1 (f :| ) ng S Y2 L-er47 )
i Pl (1) :| ) Zfé- € 3.

_ 7571/467%53/2 Lg 1/4 53/2 ‘
Ppi(§) = 2‘/;1 14265/ 2\/54 L2680 Wwos/4 <I+ 0(573/2)) '
RPN SmETes

We will come back to this and use it heavily later. We also rewrite the the asymptotics in a more
convenient form:

Pai(§) = %5_%"3 Epi(&)e 3870
B | @I OE) w2140,
NOZ o oey) w1 o)

3.2 The classical Bessel parametrix.

The Airy parametrix has the characteristic that four contours exit from the origin in the & plane. This is
the case, locally, near z = 1 in our Riemann—Hilbert problem for S. Near z = 0 it, the contours look more
like those in Figure 4. Define

Lo (26172 + Ko (2612 |
I 27Ti§1/(2 I;(221/2) _251/2 I<</a(2§1)/2) } ) 1f§ celUulV,

3 HS)(?(_E)l/Q) 3 H((f) (2(_5)1/2) Lario :
Ppessal(§) = 7T§21/2HS)/(2(—§)1/2) 7T§21/2Hg2)/(2(_§)1/2) ez 3 if £ e 11, (3.2)

(o3

2(=9)"?)

LHO(-612)  —LED(
i fﬂfl/QH 2)’(2( )1/2) 7T§1 H )(2(75)1/2)

] e z0mos if ¢ € 11,

Here I, Ko, H? and H{" are the modified Bessel and Hankel functions [20]. From the calculations in (B.2)
and the jump condition established in [18] we have the following:

18



11 IUIV
A

Ba

B3
1T

Figure 4: Dividing the complex plane to define the Bessel parametrix with the contour Ygessel = 81 U 83U B3.
Here the contour $; makes an angle of w/3 with (5.

Riemann—Hilbert Problem 3.2. When « is given by (1.1), the function Pgessel solves:

P];ressel(g) = PE;esse1<£)JBessel(£)7 € € ZBe:>‘se>17

[ 1 0 .
I ea‘/ri 1:|7 ngeﬁlv

JBessel(g) = _01 (1) :| ) ng € 627
pen | vEc
a/2 —a/2
O [ EIQQ EI?QQ } , if |argé| < 2m/3,
PBessel(g) = as g - Oa
A s
10) { E]-er2 |é-er } , if2m/3 < |argé| <,

P (126) < | 3 (F7) 26 1GNE enee Vg () Rt e e
Bessel f - i(ﬂM)1/2 51/462M§1/26765—1/2 (71'M)1/2 51/4672]»{51/266‘5_1/2

x (I+0(@Y), M—oo, [(>1/C>0.
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As in the case of the Airy parametrix, we rewrite this in a more convenient form:

PBessel(MQé-) = (7'1']\4)_%0-36_i(fa}E’Bessel(‘]\425)621\/151/2036_0571/2037
1 -1y i -1
20 _ | 31 +0(@™h) 5(1+0(a™ 1))
EBessel(M g) = 1(1 + O(afl)) 1+ O(O[ﬁl)

These asymptotics apply for all £ with |arg&| < m. Furthermore, the asymptotics remain valid up to the
boundary, arg £ = +.

3.3 Mapping the Airy parametrix.

As it stands, the function Pa; solves a Riemann—Hilbert problem that resembles the jumps of S near z =1
but not exactly. We perform a change of variables and pre-multiply by an analytic matrix function to make
this match exact. There is an additional constraint. We want the resulting local solution to also match with
S« in an appropriate manner. Consider for z > 1

oo =2 [ (-0 s

Expanding (s):_l/2 =1+ G(s) in a power series about s = 1, it follows that
4 .
b (2) = 5= = VY21 + (z - DEE)),
where G‘(z) has a convergent power series in s — 1 with real coefficients. Define the function

fo(z) =223z - 1)1+ (2 — 1)G(2))¥/3, (3.3)

which is analytic function in a neighborhood of z = 1. Here (-)2/ % denotes the principal branch. We then

have
o= (Roc)

in the sense that (f.(2))%? = 2¢.(z) for z close to one. We establish the following facts about f. :
e f(1)=0and f_(1)>0.
This follows from (3.3). This shows that, in particular, f._ is one-to-one (conformal) near z = 1.
e f_(B(1,6) NR) C R for sufficiently small 6 > 0.

This follows because G(z) is real for z real.

e f.(B(1,6)NC*) c C* for sufficiently small § > 0.

First, let §’ be sufficiently small so that f._ is one-to-one on B(1,4"). Let L > 0 be the largest value such
that (—L,L) C f—([—¢',0']). Now, let § < ¢’ be sufficiently small to ensure that f._(B(1,6)) C B(0, L).
Assume that Im f, (a) > 0 and Im f. (b) < 0 for a,b € B(1,6) N C*. Therefore, on the line that
connects a to b there must be a value z* such that f(z*) € (—L,L) and this contradicts that f.
is one-to-one. Then f. (B(1,8) N C*) must be mapped into either the upper- or lower-half planes.
Considering f._ (14 ie) = 2ie(1+ O(€))?/? we see that ITm f._ (1 +ie) > 0 for sufficiently small ¢ and the
claim follows.

Consider
S (z):= MAi(z)PAi(MQ/?’f%(z))e%w(z)‘”eN‘b“(z)”?’,
w4 2 1t

Mai(2) = 2VADIN ()W ()7 | 0 Cy | (B )i,

1
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fe

K; B(1,0)

Figure 5: The conformal map ¢ = f.(z) applied to B(1,d). We choose I't so that it coincides with I'; in
C* and T so that it coincides with T'a; in C~.

fot

KsNXa; Tai
Figure 6: The pullback of K5 N Xa; to create the contour Ia;.

Let 6 > 0 be sufficiently small so that f_ is one-to-one, analytic and maps C* into CT when restricted to
B(1,6). Let K5 = f(B(1,9). It follows that K is an open neighborhood of the origin. Define a contour
Tai == fZH(Ks N Xai). See Figures 5 and 6 for a graphical representation of this procedure and how this
affects the precise definition of I'y and I'y inside the ball B(1, ).

We prove the following lemma in Appendix B.3.

Lemma 3.1. The functions S (z) and Ma;i(z) have the following properties:

e S, (z) is analytic in B(1,8) \ T a; and is continuous up to T'x;. S (2) has the same jumps as S(z) in
a neighborhood of z = 1.

e For|z—1|=¢
S (2) = D' EAi(2) DooSoo(2), (3.4)
where Ex;(2) =1+ O(M™) as M =N + L(a+1) — occ.

o Mui(2) is analytic in a neighborhood of z = 1.

3.4 Mapping the Bessel parametrix.

We perform the same steps for Ppessel S0 that it solves the Riemann—Hilbert problem for S(z) near z = 0.
As before, we would want the resulting local solution to match with So, but we will see, this is impossible
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and this complication will modify the entire discussion that follows.
Consider for z < 0

%(2):2/; ()2 (s—1)2ds=2 [ A VT—sds.

=
Now because v/1 — s has a convergent Taylor series about s = 0, with real coefficients, we find
¢ (2) = =4/ 12(1 + 2T'(2)),
for an analytic function T'(z) whose Taylor series has real coefficients. Define
f=(2)

It is clear that this function is analytic in a neighborhood of z = 0. We further note that for z ¢ [0, 00
sufficiently small

—42(1 + 2T(2))% (3.5)

1/2 __ 1
(f=(2) /2 = _§¢—>(Z)a

because f_,(z) and —¢_,(2) are both positive for z < 0.
We establish the following facts concerning f-,:

e f,(0)=0and f__(0) <0.
This follows directly from the definition of f_..

e f,(B(0,6) NR) C R for sufficiently small § > 0.
This follows from the fact that the Taylor series of /1 — s has real coeflicients.

e f.,(B(0,6)NC*) c CTF for sufficiently small § > 0.

The same argument used to show that f._ (B(1,5) N C*) c C* can be applied to —f_,(z) and this
claim follows.

Consider
Ppessel (M2 [ (2)) = (mM) ™27 (f_(2)) 757 Epegsel (M2 f (2) )M 9= ()73 =26/ 6= (2),

Note that ¢_, () only vanishes at z = 0 from (2.22). Consider the function

S—>(Z) = MBessel(z)PBessel(MQf%(Z))e%w(z)ggeN(bﬁ(z)as, (36)
1ot Lo 4

Mpessel (2) 1= DgolN(z)(z/’%(z))iag |: ? i :| (MQfH(Z))ZUSWEUSa (3.7)

w(z) = 2a+2)z —alog_, z + (a+ 1)mi. (3.8)

In the same way as before, let § > 0 be sufficiently small so that f_, is one-to-one, analytic and maps C*
into C~ when restricted to B(0,d). Let Ls = f(B(0,d). It follows that Ls is an open neighborhood of
the origin. Define a contour I'pessel := fZ'(Ls N Cpessel)- We reverse the orientation of all contours. See
Figures 7 and 8 for a graphical representation of this procedure and how this affects the precise definition of
I'y and I'} inside the ball B(0,6).

We prove the following lemma in Appendix B.4.

Lemma 3.2. The functions S—,(z) and Mpesse1(2) have the following properties:

e S_,(2) is analytic in B(0,0) \ T'essel and is continuous up to Tpessel \ {0}. S (2) has the same jumps
and singularity behavior as S(z) at z = 0, that is

— S5,(2) =0O(1) as z — 0 from outside the lens and
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f-

K B(0,6)

Figure 7: The conformal map { = f_,(z) applied to B(0,d). We choose I'y so that it coincides with I'pessel
in C* and T} so that it coincides with I'pegser in C™.

[t

LzS n ZBessel FBessel

Figure 8: The pullback of Ls N Xpegsel t0 create the contour I'geggel-
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- 55(2) [ ie2N¢j(Z)+w(z) (1) = O(1) as z — 0 inside the lens. The (+) sign is taken for z in

the region enclosed by [0,1] and I'y and the (—) sign is taken in the region enclosed by [0,1] and
r.

o For|z|=§
S_(2) = DI Fpessel (2) Do Soo (2)e2¢/ = (273 (3.9)

where EBessel(z) =I1+0(a™!) as a — oo.
o Mpessel(2) is analytic in a neighborhood of z = 0.

To account for the fact that (3.9) has a factor of €2/¢~(2)73 we consider an additional Riemann-Hilbert
problem.

Riemann—Hilbert Problem 3.3. The function A(z) satisfies the following properties:

1. A(z2) is analytic on C\ 0B(0,9) for 0 < § <1 and continuous up to dB(0, ),

2. At(2) = A= (2)Ss0(2)e™2¢/9= (2735 1(2) for |z| = §, and

3 Alz)=T+0(z"") as z — .
Here 0B(0,9) has counter-clockwise orientation.

First, we look closer at the jump matrix

Soo(2)e2¢/9= (D)3 g1 (2) = DZIN(2)D(2)e2¢/9= ()93 D=Y(N "1 (2) Doy
= DN (2)e /2= N (2) D,
because D(z) is diagonal. Now, define A, (z) := Do A(2) D! and it follows that A, has the jump condition
AL(2) = AL ()N (2)e 2/ 0= DTN (),

Note that Ay is independent of N. This jump matrix is analytic across (0,1): Indeed, for 0 < z < 1

-1 0 |7
= N_(2)e 2/ @ N1 (y),

N+(Z)e_26/¢:(2)03-/\/:;1(z) = N_(2) |: 0 (1) ]eQC/fﬁH(Z)Us |: (1) —1 :|N_1(Z)

Following standard theory, the solution is unique if it exists. We now construct an integral representation
for A (z) assuming it exists. Once we have the representation it is a rather simple matter to check that
the formula gives a bonafide solution. First consider, B(z) := Ao (2)N(2). Then B(z) is analytic in C\ T's,
I's = 9B(0,0) U0,1] and it has the following properties

B¥(z) = B~ (2)e /%= 7, 2| =3,

0 1

B =50

}, 0<z<1,
B(co) =1.

Let B1(z) = [fi1(2), f2(2)] be the first row of B(z). It follows that f2(z) = O(27!) as z — oo and we are led
to consider g(z) = (2(z — 1))Y/2f2(2) f1(2). Then for some ¢ € C to be determined below

gt (2) =97 (2), |z|=00r0<2<1, g(o0) ="~
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Because B(z) should have at most fourth-root singularities at z = 0,1, we require g(z) to be bounded at
z=0,1. Thus g(z) is entire, g(z) = ¢ and hence

¢
f(2)(2(z = 1)1

We are led to the following Riemann—Hilbert problem for f;(z):

fa(z) =

fH(z) = fr(2)e72/0= B 2] =6,
T (2) =~z 1) 0<z <1, (3.10)
f1(OO) =1

Now, using the principal branch of the logarithm, consider the function r(z) = (log f1(2))(z(z — 1)) ~1/2:
rH(z) =17 (2) = =2¢/¢(2)(2(= = 1)) TV2, J2| =34,
() =1 (2) = (2 — 1) log (a2 — 1)2?),
= (2(z—1)); '/ (1og(w) - %log(z(l - z))) 0<z<l1,
r(z) = 0(z72), z— .

We choose ¢ to enforce the last condition. The function 7(z) is the sum of a function that satisfies the first
jump condition and a function that satisfies the second condition. We first claim that

#(2) = —log (2 + (z(jz__l)l)m) ,

is analytic in C\ [0, 1]. This is true as the argument of the logarithm is never negative. Indeed, if

—1/2
1—’—((Zl/))l/QZ—’YQ andso 2> —z—b=0, b=1/4((1++%/2)>-1) >0,
2(z —
1+v1+45b
v 12T

But because (z(z — 1))1/2 > 0 for z > 1 and (2(z — 1))}/ < 0 for z < 0 the claim follows. It also follows
that 77 (2) + 77 (2) = log(2(1 — 2)) and hence

r(z) =r(z;4,¢) = L 2¢/¢-(s) s log(~it(c)) _ 17: 2) ) (z(z — 1))"1/?
O =rlaitie) =g [ 2 (B i) -

Then r(z) =7r1/2 + O(272) as z — oo where

_ 1 20/¢*>(S)
" o ey (s )T

10g(—21€(c)) + log 2.

We must have r; = 0, so we choose ¢ = £(c) by

Ciexp [ el _2/0-08) 4o 90
= p( 7Ti/{s|=(s} (8(8—1))1/2Gl 21g2>'

Because ¢_,(2) = ¢_,(2) for z ¢ [0,00), the exponent is real, implying that £ € iRT. Then

(o — INY 20 (5 0(0). ¢) = — & (2(z — 1)Y/2 /¢, (s) ot L loo(izten + Lo C22-1
e D0 = (s GG (=2t 2! 8-l + 51 g<2+ (z(z—l))1/2>’
(3.12)

25



Figure 9: The full definition of the contours I'y and I'y. The definition inside the shaded regions is given by
T'a; and I'pessel and the remainder is a straight line connecting the two contours. Note that the contours are
continuous but not necessarily smooth.

f1(2) = exp(((z — 1)2r(z:(0),¢)) and fa(2) = £(e) (2 — 1)) exp(—(2(z — 1)1 (z56(c), ). Tt is
easy to see that both f; and fy have at worst fourth-root singularities at z = 0, 1.

To determine the second row Bs(z) = [h1(2), ha(2)] of B(z) we use the same procedure. It follows that
hi(2)ha(2)(2(2 — 1))Y/? = k is constant. We obtain a Riemann-Hilbert problem for hy(z)

hi(2) = hy (2)e*9=G) |z =5,
hi(2)hy (2) = k(z(z — 1)% 0<z<1,
1

If one sends ¢ — —c and k — —¢ then we have (3.10). So, ha(z) = exp((z(z — 1))*/?r(z; —€(—c), —c)) and
hi(z) = —€(—c)(2(z — 1)) "2 exp(—(2(z — 1))/?r(2; —£(—c), —¢)). Finally, we have

(5121 (234(e) ) ((c)e= (=) Pr(zit(e).) (o — 1))~ 1/2

AOO(Z) - _é(_c)e_(Z(Z_1))1/27'('23_‘6(_0)7_0) (Z(Z — 1))_1/2 e(z(z—l))Uzr(z;—é(—c),—c)

N7(2),
and using (3.12) we see that det A (2) = 1.

3.5 The final deformation

Before we discuss the final deformation, we must specify I'y and I'|. Based on the discussion in the previous
section we have defined both contours I'gesser and I'a; inside the balls B(0,6) and B(1,0), respectively. Let
I'y and I'y to be the contours obtained by connecting I'gegsel and I'a; with straight lines as in Figure 9. For
convenience we also define I'y = I't \ (B(0,0) U B(1,4)) and similarly I, =T \ (B(0,6) U B(1,6)).

Define

DooS(2)S5H(2) A7 (2) Dy if 2 € B(0,0) \ I'essel;
E(z) =< DsS(2)SZH2)A7Y(2)D5}, if z € B(1,0) \ Tai,
Do S(2)S3t(2)A71(2) D!, if 2 € C\ (B(0,8) UB(1,5) U (0,00) UT+ UTy).

We look at the jump of £ on 0B(0,9):



From the jumps of A(z) we find

EF(2) = € (2)Doo A4 (2)Seo (2)e2/ P= (o3 g7 () AT (2) DL

Using (3.9)

ET(2) = £ (2)Doc A4 (2) D Egl 1 (2)Doc AT (2) D = €7 (2) AL (2) Bl (2)(AL) 71 (2). (3.13)

Bessel o) Bessel

For z € 0B(1,9)

)S (2)A7(2) Doy
= DoeS(2)S5H (2) AT (2) DL (Do S(2) S () AT H(2) D) ™ Do S(2) ST (2) AT (2) DY
= E7(2)(DeS(2)S5 (2) A7 (2) D) ™ Do S(2) ST (2) AT (2) DL

Using (3.4)
£7(2) = €7 (1) Do A(2) DI B (2) Doo AT (2) DL = €7 (2) AL () R (2)(AL) 7 (=), (3.14)

From here on, we let 0 < § < 1/2 be sufficiently small so that that f. and f_, are one-to-one on B(1,J)
and B(0,¢), respectively. We establish the following:

Riemann—Hilbert Problem 3.4. The function £(z) satisfies the following properties:

1. &£(z) is analytic on C\ ¥g for Xg =T, U, UIB(0,6) UIB(0,5) U (1 +d,00) and continuous up to
the contour Xg.

2. The jump conditions for E(z) are given by

ET(2) =& (2)Je(2), 2z € Xpg,

S [ IO, if €55\ 0B(0,6),
e} =9 T40(a"1), if>caB(0,5),

where the error terms tend to zero in L2 N L™ as N — co.
3. E()=T+0(z"") as z — cc.

Using (3.14) and (3.13) and Lemmas 3.2 and 3.1 it is clear that the jump matrix for £ has the correct
behavior on 9B(0,d) and 0B(1,6). On I'}, I'| and (0, 00) the jump matrix for £(2) is given by

Asc ()N (2)D(2)J5(2) D~ (2)NTH(2) AL (2)-

o0

Because A (2), Al (2),N(2) and N 71(2) are all uniformly bounded on the contours being considered we

only need to consider D(z)Js(z)D~1(z). For 2 > 1+

1 e72N¢i(z)+a7r7a¢>:(z)72(z(z71))1/2

D()Js(:)D7 ) = | 1

We have Re ¢f,(z) > C > 0 for z > 1+ 4. Let R > 0 be so that ¢F,(z) > 7 for 2 > R. Then on [1 + 6, R]
we have

)exp (—QNq’)i(z) +am —adt(2) —2(2(z — 1))1/2) ‘ <e?N¢ 50 in L>NL>,
for any € > 0. On [R, c0) we have

’CXp <—2N¢:(z) Far—agh(2) — 2 (2(z — 1))1/2)‘ < exp (2N Re g, (2)) = 0 in LN L.
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On F/T U Fi we have

_ 1 0
D(2)Js(2)D 1(2) = [ 02N o™, (2)—am+ael, (2)+2(2(2—1))/*

From Lemma 2.2 there exists a (possibly new) constant C' > 0 so that Re ¢, (2) < —C on T}, UT". Let
m = maxr; ur; (2|z(z — 1)|'/?) then it follows that

‘exp (2N¢:(z) —ar +agh (2) + 2 (2(z — 1))1{2)‘ < e @N+)C g in L2N L™,

Finally, we have to establish that £(2) is analytic in B(0,4d), B(1,d) and in a neighborhood of each point in
(6,1 —0). We compute the jumps for z € I'pegsel. First

E¥(2) = Do ST (2)(8%) 71 (2) A7 (2) DL

oo

Then from Lemma 3.2 ST (2)(S%,)71(2) = S7(2)(S5)~(2) and this is an analytic function in B(0,§). Thus

S
ET(2) = £ (z). Similar calculations follow for B(1,4) and (6,1 — 4).
From classical theory [3] (see also [26]) it follows that
E(z) =T +Cspun(2), uy=0(a ') =0 in L*ZR).
It then directly follows that £(z) — I, &'(z) — 0 uniformly for z bounded away from Xr. We have thus

proved the following theorem concerning the asymptotics of Laguerre polynomials.

Theorem 3.1. There exists 6, > 0 such that for any 6 € (0,0,), the upper limit, Yy (z), x € (0,00) takes
the following form:

(a) In the region 0 < z <4,

[ 1 0] 1
_ —lyne —1 -+ N z)+54N)0
Yi(x) =e 2N D_E(x) Ao () Do ST, (2) _ 2NGL (@) i) | e(Ngt(2)+3En)os
(b) In the region 1 —§ <z <1,
Yi(x) —e_%eNUSD_lé’(x)A () Do ST () - ! 0] e(NVg+(@)+5¢n)0s
+(7) = oo oo 000 i e2NoZ, (@) +d(z) ] '

(¢) In the region 1 < x <149,

Yy (z) = e 28 DLE(2) Ao () Doo SE () N9+ (D F 368005,
(d) In the region 1+ 6 <z < oo,

Yi(z) = e_%eNUSD;lg(x)Aoo(x)DOOS;FO(sc)e(N“(x)Jr%eN)Us.

Further, as N — oo, E(x) — I, £'(x) — 0 uniformly in each of the regions listed above.

4 The extreme eigenvalues and the condition number

In this section, we prove Theorem 1.1, Theorem 1.2 and Theorem 1.3. The proof of Theorem 1.1 and
Theorem 1.2 relies on the asymptotic results of Section 3, and some basic operator theory. Since the kernel
K is related to Y through equation ( 2.7), we apply Theorem 3.1 to show that after suitable rescaling, the
kernels K converge to the Airy kernel KCa; at both the soft and hard edge. Standard results on operator
theory are then applied to establish convergence of the associated Fredholm determinants. The proof of
Theorem 1.3 follows from these results, though an additional lemma is necessary to account for the fact that
the largest and smallest eigenvalues are not independent.
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4.1 Uniform convergence of Ly at the hard edge

We first consider the smallest eigenvalue. Let d, be as in Theorem 3.1, fix § € (0,0,) and consider x in the
interval (0, ¢]. We use equations (3.6)—(3.7) relating S to the Bessel kernel and Theorem 3.1(a) to obtain

Y+ (ZL') = e_%éNo-sDo_olg(x)Aoo(m)DooMBessel(x)PBessel(MQf—) (‘I))—

y [ IR } (V6% () Nos (24 b tw)ors o3 ()0

It follows from the definition of Mpegse1(2) that MBessel(z) := Do MBessel (2) M ~39 ig an analytic function
in B(0,9) that is independent of N (also of M and «). It is convenient to introduce the following functions:

V(z) = wi(z)[ 0 1]e<N¢i<z>+Ng+<z>+éfw>a3eéfv+<z>63[ i 0}[P3essel<M2fa<z>>_]1M%”3,

e—a‘ﬂ'l 1
(4.1)

W(z) = M%‘T?’PBessel(MQf_)(Z))— { ef(oc1+1)7ri (1) } o(N¢E (2)+Ng4 (2)+56n)05 o504 (2)03 { (1) } wé(z) (4.2)

A straightforward calculation then yields

1 T _ - -~ ~
@i [0 1]V @Y [ 1 0] = VE)Nh @) AL @) @)(1) Aw () Vo)W ().
Thus, we may define the analytic function B(y) := £(y) Mpessel(y) and rewrite equation ( 2.7) in the form

1 V(2)B~(2)B(y)W(y)
o -y '

R~

w

ICN(J:’Z/) = -

The study of the asymptotics of Ky has now been reduced to the asymptotics of V' and W. We further
simplify V' and W using the definition and properties of the Bessel parametrix. Comparing (3.2) and ( 4.1),
we see that we must consider the Bessel parametrix Ppegsel(€) with argument & = M?f, (x) with 2 € (0, 1).
The relevant regime here for the Bessel parametrix is (IIT). Indeed, for z € (0,1), ¢, (x) is purely imaginary
with a positive imaginary part so that f_ (z) < 0. Furthermore, because f_, maps the upper-plane to the
lower-half plane (at least locally) ¢'/2 = 1M¢L (z) (negative imaginary part) and (—¢)/2 = —IM¢7, (z)
(positive real part). Recall also that Pg,

Bessel is easily computed since Ppgegsel has determinant one. From
(3.2)(III), we obtain

Dy —z Mot (2)HY (iMoot (z)) LHO(—iMo* (a L
Vig) = oW1 1] [ FMOL (@)L (M%) FHO(CMO% (@) | g
—5MoT (x)Hy (-iM¢T, (2)) 5 H (-iM¢T (x)) (4.3)
= NPT [ g (1)1 (—iM T, (1) Ja(-iMoE,(2) ].
In the second line we have used the Bessel function identity J,(x) = %H(al)(m) + %Hl(f) (z). A similar
calculation for W yields
1 iy () + _1lyg 1) + N
W(z) = M2 Tr s Ha ((lqusa(x)?r . s H (- 1M¢ (z )J)r |: 11 :|e(N+2)rr1
£ Mot (B (CiMG5 (1) —5Mot, (o HY (iMeh () | | - wa

_ Ja(—1M¢T, (2)) N+3)mipr1/2
= [ ot Cattah iy |
The above formulas hold in the region x € (0,1). It is convenient to extend the range of definition of V' and
W by adopting the convention V(z) = W(z) =0 for x < 0.
We now apply classical asymptotic formulas for the Bessel function J, to obtain quantitative decay
estimates on V and W. These will imply convergence results for K. More precisely, define the rescaled
variables and the rescaled kernel

2 292/3 2 9\ 2/3 ) o
x:@JrzW:? 1+z<a> , Kn(z,y)dy := Kn (2, §)dg.

We then have the following convergence result.
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Proposition 4.1. As N — oo the rescaled kernels converge pointwise,

Kn(ay) » MEVALD ZHEDAED () e e

and the convergence is uniform for (z,y) in any compact subset of (—oo,L]? for any L € R. If x =y
then the limit is determined by continuity. Further, there exists a positive, piecewsie-continuous function
G : (=00, L)? — (0,00), such that

L L L
IKn(z,9)| < G(z,y), /_ /_ G(z,y)dzdy < oo, /_ G(z,z)dr < . (4.5)

The technical lemmas that underly this result are stated below, but proved in Appendix C. Let W =
[Wl, WQ}T and V = [Vl, VQ]

Lemma 4.1. Define

g(x) = e sl f — o < < -1,
1, otherwise.

Assume x € (—oo, L], L € R. Then there exists a constant Cp, > 0 and A > 0 such that if « > A then

Wi (#)| = [Va(#)] < CLMPa™ Pg(x),
Wa(#)] = [Vi(2)] < CLM~2alPg(x),
Wi(2)| < CLM' a2,
W3 ()| < CLM~/2a®/?,

with the convention that W(z) = V(z) =0 for x < 0.

Lemma 4.2. For x in a compact subset of (—oo, L], L € R

L [ o 2/3 ) . 1/3 . »
V() = oN+3)mip 1/ _ ﬂ-iﬂ (i) (Al'(—2) + O(a™ /3)) (2) (Ai(~z) + O(a /3)) ., (4.6)
r 1/3
. (2) aico+ o)
W (%) — o(N+3)mip 1/2 o Y ) (4.7)
—m% (a> (Ai'(—z) + O(a™1/%))
La? 2\ oy
W/(SAU) _ e(NJr%)ﬂ'iMl/Q _2 c2 (03[) (Al ( LIT) + O(a )) ’ (48)
_ —iwcg—M(x Ai(—z) + O(a~1/3))

where the error terms are uniform in x.

4.2 Uniform convergence of Ky at the soft edge
We write the expansion for 1 < z <149

Yi(2) = e 37 DVE(2) Ao (2) Doo Maai (2) Pai (M2 fo(2)) 4 e 3T NG (2) 4Ny ()4 5 En)oa
From (2.12) and (2.13) we have

1

S0(2) + Now(2) + Noa () + 5bx = 2i(2) + No (2) + Ngy (2) + g — Nim

N = N =

1 1
vz — ialogz = logw, 2 (2).



We simplify these expressions using
Yy (2)wi™ (2) = e~ ¥V DZIE(2) Ao (2) Do Mai (2) M~ 873 ME93 Poy (M2/3 f_(2)) 4

and noting that B(2) := £(2) Ase(2) Dao Ma;(z) M 5% has no N dependence, is analytic on (1— 4,1+ 6) and
has a constant determinant. In view of (2.7) we define

V)= [0 1] PR (M3 f(2) s M,
W(z) := M7 Py (M3 f_(2))[ 1 0] .
It follows from [20, (9.2.8)] that det Pa;(M?/3f. (2)) = (27i)~! so that

W2 Ai(WPM?Bf (2) —Ai(WPM?Bf_(2))
— AV (M?P f(2)) Ai(M?/2 f(2))
= omi [ —AV(M?3f_(2)) Ai(M2/3f_(2)) | M~5%,

o [ AR (2))
Wiz) =M [ AT (M1 (2) }

V(z)=2mi[0 1] { M~5%8,

By analytic continuation, the same formula holds for 1 — § < z < 1. And then

fnta) = VO BT )

for appropriate values of x and y.
Next, for z > 1+ § we examine

Y+(z)wég‘3(z) = e_%ef\""“’D(:olf(z)Aoo(z)./\/‘(z)D(z)e(Nng(’Z)J’%“])"sll)ég3 (2).
Define the N-independent function B(z) = £(2)As(2)N(z) and the two functions
W(2) = D(2)elMo+ iz () [ 10 )7,
V(z):= [0 1 ]wégg'(z)e_(Ng+(Z)+%eN)”3D_1(z).
And then

fnta) = VO @B )

for appropriate values of x and y. Consider the scaling operator

. T

=1+ 22730 [2/3°
So that

MPBf (&) =+ OM*?3), (4.9)
uniformly for x in a compact set. Define Ky (z,y) through the equality Ky (z,y)dy = Kn(Z,7)dg.
Proposition 4.2. As N — oo the rescaled kernels converge pointwise,

Ai(w) Al (y) — AV (x) Ai(y)

,CN(xvy)_) T—y ) (x,y)ERQ’

and the convergence is uniform for (x,y) in a compact subset of [L,00)* for any L € R. If x = y then
the limit is determined by continuity. Further, there exists a positive, piecewise-continuous function G :
(L,00)? = (0,00), such that

\Kn(z,9)] < G(z,y), / / G(z,y)dzdy < oo, / G(z,r)dr < . (4.10)
L Ji L
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As in the previous section, we have some technical lemmas that are used in the proof of this proposition.
All details can be found in Appendix D. Let W = [W1, W]T and V = [V1,V3].

Lemma 4.3. Define

B e_$7 ’Lf—OO<$§Oa
glx) = (1+[a))"/* { 1 otherwise.

Assume x € [L,6M?/322/3], L € R. Then there exists constants C1, > 0 and A > 0 such that if & > A then
— 1 — . B
(Wi(@)| = o [Va(2)] < CLM%q(x),
— 1 — B B
(Wa(&)] = o [V1(2)] < CLM Yog(x),
W' (2)| < CLM™®,
[Wa(@)| < CoLM2.

Additionally, for x € [§M?/32%/3 c0)

1

~ . _o1/3 —-2/3, _
= V(@) < e 2V < g,

W ()]
for sufficiently large N.
The following follows directly from (4.9).
Lemma 4.4. For x in a compact subset of [L,00), L € R
V(&) =2mi| —M~YS(Al'(z) + O(M~2/3))  MYS(Ai(z) + O(M~2/3)) ],

T | MYO(Al(x) + O(M )
W(Z‘) - |: M_I/G(Ai/(x)+O(M_2/3)) :l 3

ooy [ MP/S(AT () + O(M2/3)
W (z) =2/° [ M'2(z Ai(z) + O(M~2/3)) } ’

where the error terms are uniform in x.

4.3 Proofs of the main theorems
Our main tools for our proofs are from [22]:

Theorem 4.1 (Theorem 3.4). The map A — det(I + A) is a continuous function on Ji and
| det(1 + A) —det(I — B)| < [[A = Bllyexp([[Alls + [ Bl + 1).
Here J1 is the set of trace class operators with norm
|Al|; = tr VA*A.

Theorem 4.2 (Theorem 2.20). Suppose A, — A, |A,| — |A| and |AL| — |A*| all weakly and that || A1 —
[All1; then [A = An[ly = 0.

From [3] it is known that
det(I - ’CN|L2((t,s)))7

gives the probability that are is no eigenvalues in the interval (¢,s). Thus taking into account the initial
scaling by v

P()\min/y 2 t) = det(I — ICN|L2((0¢))),
P(Amax/v < t) = det(I — Kn|r2((t,00)))-
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The same statements hold for Ky (x,y) and Ky (z, ).
Proof of Theorem 1.1: We begin with the observation that
det(I — Kn|p2((0,))) = det( — K:Nle((—(oz/2)2/3,t))) = det(I — ’€N|L2(foo,t)))
when we use the convention that Ky (x,y) =0if £ <0 or y < 0. Define
Kai(z,y) = —Kai(—z, —y).

Let f, g € C°°(R) with compact support. Then from Proposition 4.1, |[Kx (2, 9) f(x)g* ()| < G(z,y)||f(x)]|g(y)| €
L'((—00,t)?). Thus, by the dominated convergence theorem

[ fstens@swan s [ Ruts@e @,

as N — oo. Therefore l€N|L2((,OO’t)) — Kailr2((=o0,t)) Weakly. Additionally, convergence in trace norm
follows:

¢ ¢
/ Ky (z,z)dz — / Kai(x, z)dz.

— 00

From Theorems 4.2 and 4.1 we have that
]\;E}noo det([ — ]CN|L2((07£))) = det(l - ICAi|L2((O,t))) = FQ(ft)

Stated another way, for t € R

. Ay c222/3

Also, v = 4N + o(a™!) = a?/c so that this result can be simplified. We use the following lemma with

2

v
CN = o CN =G,
(0%
2. 92/3
c‘v2 - B .
dy = S22 dy = dea /39213,
8/3

Lemma 4.5. Suppose P((Xn —cn)/dn < t) — F(t) where F' is continuous at t. If (cx —cn)/dn — 0 and
dN/dN — 1 then ]P)((XN — EN)/dN < t) — F(t)

Proof. First, consider

P mﬁt =P XN*CN@_FCNiCNdiNSt .
dn dn dn dy dn

For € > 0, let N* > 0 be sufficiently large so that |(éx — cn)/dn| < € and |1 — dy/dn| < €. Then

Xy —c¢C Xy — t 1 t 1
1imsup]P’<N_CN§t> §limsupIF’< N N < - Jre( +6)) F( - +E( +€)>,
N—soo dn N—soo dn 1+ sign(t)e 1—e¢ 1+ sign(t)e 1—ce¢
XNy —c¢ XN — 1 1
lminfP (2Y = <) > fiminfp (XX =N b+ t_dlt9)
N0 dn N—oo dy 1 —sign(t)e 1—ce¢ 1 — sign(t)e 1—ce¢
Because € is arbitrary, the lemma follows. O
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To see that our choice of ¢y, éx,dy and dy fits the hypotheses of this lemma, note that

a=V4eN +0(1) = o =4¢eN 4+ O(VN),
v =4cN + O(VN), va=?3 =O(N°/9),

and then

= 2

CN —CN cV — _
d =c 2022/ O(N 1/3),
N o2/3

dv _o® |

dN B cv '
The theorem follows. O

Proof of Theorem 1.2: We begin with the observation that
det(I - ’CN|L2((f,oo))) = det([ - ]CN|L2((t,oo)))~
Following the arguments in the proof of Theorem 1.1 we have sufficient conditions for

lim P (Amax/v < ) = lim_det(l — KN |r2((t,00)) = Fa(t).

N—oo

Written another way, using that v = 4M,

lim P (W < t> = lim P (W < t> = Fy(t).

N—oooo \ qammyprs N—oo \ p1/322/3 =

This proves Theorem 1.2. O
Before we prove Theorem 1.3 we prove a critical lemma from first principles.

Lemma 4.6. Assume two sequences of random variables (X,)n>0, (Yn)n>0 and two sequences of real num-
bers (an)n>0, (bn)n>0 satisfy the following properties:

e Y, >0 a.s., an,b, >0,
o Y, =a,+b,Y, so that Y, — & in distribution, and
e a,/b, = o0 and Z—HXn — 1] — 0 in probability.
Then
XYy —at

bnan?

- ¢

i distribution.

Proof. We then claim that for each t € R (where ¢ is a point of continuity for F(t))

Xn 1
Pl — < ——— 1-F(t 4.11
(Kl o an"'bnt> - () ( )

where F(t) = P(§ <t). To see this, compute

Xn 1 X, 1 an .
P2t <—— )P _ < =P (X, - 1)+ Xt <Y,
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For 1 > € > 0, consider

P (Zn(Xn — 1)+ Xt < ?") - (ZR(X" B ?"’%X" iz 6>

4P (Z”(Xn 1)+ Xt <Y, Z—"|Xn 1< e> .

It is clear, by the fourth assumption that the first term here vanishes as n — oo so we concentrate on the
latter. It is certainly true that for ¢ > 0 and sufficiently large n

lim sup P (Zn(Xn -1+ Xt < Y,, Z—n|Xn -1 < e) < limsupP (—e +(1—-et< f/n>
n—oo n n n—o0

=1—F(—e+(1—e)).
Then we use the fact that P(AN B) = P(A) + P(B) — P(AU B) to find

ns F‘XTL -1 < 6) =P(A, N By)
—P (Z"(Xn — 1)+ Xt < Y’n> +P(B,) — P(A, UBy).

It is also clear by the third assumption that lim,, . P(B,) = lim, o P(4,, U B,,) = 1. We use the estimate

Therefore
lim inf P (Z"(Xn — 1)+ Xt <Y, Z—"|Xn —1] < e> >1—F(e+ (1+e)t).
n— oo n n

We have shown that

X 1 X 1
1-F 1 t) <liminfP | =2 < ———— ) <1i P(Z2<—— ) <1-F(— 1—e)t).
e+ (1 +e)) < Iy (Kl—an+bm>“ifﬁp (Kz—an+m¢)— (et =at)
Letting € | 0 demonstrates the claim. For ¢ < 0, this argument can be adapted by replacing (1 + €) with
(1Fe).

We now modify things and consider for ¢ being a point of continuity of F'(t)

X, 1 by,
Pl—<—|(1—-—7¢ .
(r=a(-2)
We note that (for fixed t)
2
Lo o L ()
an an an + bt a2
Define

5 »2 0\
Xn =X, (1 - gﬁ) ,
a

2\
(1 — ag#’) =1+ E,(t),

n

2
1
En(t) — bn 2 -
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and consider

an gt an an
—(X,—-1)=—(X,—1 —FE,(t)X,.
(G~ 1) = §H(X0 ~ D+ $2Eu()
prob

It then follows that Z—:|Xn — 1| "= 0 and from this we may apply (4.11) with X,, replaced by X, to state
that for any s where s is a point of continuity of F(s),

X, 1
Pl—< ——— 1— F(s).
(Kl o an"'bn3> - (8)

If we set s =t we find

X, 1 by, X, 1
Pl—7F7=<—(1—-2> =P|=<— 1— F(t).
(Yn - an< ant)> <Yn - an+bnt> - (*)

This proves the lemma. O

Proof of Theorem 1.3: The proof of this theorem relies critically on on Lemma 4.6. We note that
9\ 2/3
Amin =c+tc|— YN
@

where Y dist —¢cor where P(égop < t) = Fy(t). We let by = ¢(2/a)?/? /v, ay = ¢/v, YN = Amin/v and
XN = Amax/v- Then for e > 0

2/3
[P(Z’L|Xn—1|ze> :P(c((;) |)\max/u—126)
Amax — vV _ ev2/3 ran—2/3 Amax — V ev?/3 N —2/3
=P > (—) + P < - (*) .
1739273 = 92/3 \ 9 1739273 22/3 \ 2
For any L > 0 there exists N* > 0 such that for N > N*

. Amax — V _ €3 1o —2/3 . Amax — V
limsup P ( 173923 > 2273 (5) ) < limsup P (1/1/322/3 > L) ,

N —o0 N —oc0

because v/a — co. A similar estimate follows for

P Amax — V < ev?/3 o —2/3
v1/322/3 = 22/3 (5) '

Then because L is arbitrary we have

lim P (a"|Xn 1> e) -0,
N —oc0 bn
prob

or #+|X, —1| = 0. Then Lemma 4.6 implies

Xy _ 1
lim P[22 a9y > 4] =1 By(-t),
N—oo (b]\;ag2 o ) 2(=1)

or because ay*by = ¢~ 1(2/a)?/3y,

Xy L Duax _ v
lim P22 % <t) =Fy(t) = lim P| = <¢),
et ( bvay? ) 2(t) N <C_1I/(2/Ot)2/3 = >

This proves the theorem.
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A Motivating numerical calculations

In this appendix, we discuss the simulations of the halting time T¢ g v, that motivated the study of the
critically-scaled Laguerre Unitary Ensemble. Given M samples of the ensemble F = (F, F ) which each
consist of an NV x N matrix A and an N-dimensional vector b, we can compute M samples drawn from the
distribution of T¢ g ... Recall the definition of the fluctuations

Tepnn—ETepnn]  Tepnn— (Ternn) (A1)

)

Te,E,N,n = ~
Var[TQE’N’n} O¢,E,N,n

where (T¢ g nn) and oc g N, represent the sample average and sample standard deviation, respectively,
taken over the M > 1 samples. We plot the histogram of 7. g, in Figure 10 for three choices of F'. This
computation indicates universality for 7c g v n.

Notation. When F' is a Bernoulli random variable, taking values 1 with equal probability, we call the
resulting ensemble the positive definite Bernoulli ensemble (PBE). We also refer to the pair £ = (F, F) as
PBE (or LUE of F ~ X_.). Here F' is understood to be uniform on [—1, 1].

Matrix size = 500

0.5

Frequency

Halting Time Fluctuations

Figure 10: A demonstration of universality for 7. g v when n ~ N+ |[v4cN | with ¢ = 1. The computation
is taken over 32, 000 samples drawn from the ensemble E. This figure contains three histograms. One for
F being a Bernoulli random variable taking the values £1 with equal probability (PBE), one for F being a
standard real normal random variable and the last for F' being a standard complex normal random variable
(LUE).

A.1 Ill-conditioned random matrices

In this section we consider the distribution of T, g n N, i.e. m = N in the case of LUE and PBE. The
limiting distribution for the condition number is given in (1.2) for LUE. We plot a simulated histogram for
the condition number when N = 100 and when N = 196 in Figure 11(a) again for LUE. In Figure 11(b) we
plot the corresponding simulated halting time distribution once again for LUE. The computed moments are
shown in Figure 11(c) for LUE and PBE and indicate that the fluctuations are not universal (compare with
Figure 13(c) below).

A.2 Well-conditioned random matrices

Here we consider the distribution of T, g n2n, i.e. n = 2N in the case of LUE and PBE. It is known that
the distribution of the condition number has a limit with finite mean. This is demonstrated in Figure 12(a)
for N =100 and N = 196 for LUE. A simulated histogram for T, g n2n is shown in Figure 12(b) for LUE.
From this plot, it is apparent that the discrete nature of the distribution will persist as N — oo in agreement
with the discussion in the introduction.
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n=N n=N
0.00002 0.08
0.000015]- N =100 006 N =100
3 5 \ N =196
g 0.00001} N =196 %004 \
5.x107F / 0.02}
% 100000 200000 300000 400000 0.00-2% 300 200 500 700
Condition Number Distribution Halting Time Distribution
(a) (b)
LUE PBE
N Mean | Variance | Skewness | Kurtosis N Mean | Variance | Skewness | Kurtosis
100 | 282.442 | 1290.84 -1.75573 5.43125 100 279.86 2124.82 -0.544804 6.54769
200 | 643.592 2809.2 -2.47523 10.6812 200 | 641.935 | 7069.64 | -0.0881511 | 14.4649
300 1018.9 4220.1 -2.80277 14.2713 300 1021.09 | 14353.2 1.38426 36.2729
400 1404.26 | 4718.35 -2.12134 23.1877 400 1409.61 | 28189.1 11.4373 706.288
500 1786.33 | 6390.55 -2.80864 21.4515 500 1802.01 41838. 5.62383 136.943
600 | 2173.88 | 7846.43 -2.61028 20.5573 600 2197.1 55448.6 4.59607 95.9881
700 | 2565.14 9163.6 -1.93369 33.4126 700 | 2590.53 | 70960.4 4.02138 52.7732

(c)

Figure 11: Ill-conditioned matrices. Numerical calculations when N = n. All calculations are taken
over 32,000 samples. (a) Histograms for the simulated condition number for LUE when N = 100,196. (b)
Histograms for 7. g n n for e = 10714 for LUE. (c) A table of the computed mean, variance, skewness and
kurtosis of T g,n,n for both LUE. This table indicates that the kurtosis does not converge as IV increases.
Thus, there is no limiting distribution function for the fluctuations.
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n=2N

030k N =100 ] N =100 N =196

Frequency
o o o o
o N o N
o o o o
Il
—
=}
(=}
Frequency
o o o
- N w

0'0%0 25 3‘0 35 40 0’%5 70 75 86 8‘5 90 95
Condition Number Distribution Halting Time Distribution
(a) (b)
LUE PBE
N Mean Variance Skewness Kurtosis N Mean Variance Skewness Kurtosis

100 | 73.2159 | 1.15328 0.0759259 3.0488 100 | 72.2804 | 2.17711 | 0.0195341 | 3.05985
200 | 85.5885 | 0.982886 | -0.0105681 | 3.03685 200 | 84.9429 | 1.88208 | 0.00520835 | 3.01454
300 | 90.5032 | 0.790077 | 0.00742551 | 3.03203 300 | 90.0251 | 1.51354 | 0.0114286 3.031
400 | 93.2354 | 0.727263 | 0.0189789 2.96987 400 | 92.8684 | 1.28947 | 0.0260843 3.0192
500 | 95.0356 | 0.581249 | 0.0196577 2.9729 500 | 94.7242 | 1.07907 | 0.0107542 | 3.03627
600 | 96.3209 | 0.530806 | -0.0227588 | 2.92353 600 | 96.0485 | 0.957456 | 0.0285771 | 2.98779
700 | 97.2547 | 0.487275 | -0.00846606 | 2.98083 700 | 97.0346 | 0.85989 | 0.0016651 | 2.98035
1000 | 99.1397 | 0.356686 | 0.0636354 3.13519 1000 | 98.9859 | 0.643946 | 0.0312824 2.952
(c)

n=2N

s
3

o
~

o
w

Frequency

e
N

o

. .
-1 0 1 2 3
Halting Time Fluctuations

(d)

o
o

|
w
1L
N

Figure 12: Well-conditioned matrices. Numerical calculations when n = 2N. All calculations are
taken over 32,000 samples. (a) Histograms for the simulated condition number of LUE. (b) Histograms for
T. g nan for e =107 for LUE. The discrete nature of the distribution persists in the N — oo limit. (c)
A table of the computed mean, variance, skewness and kurtosis of T, g n2n for both LUE and PBE. This
table indicates that the mean is bounded and the variance is monotonically decreasing as a function of N.
(d) Histograms for 7. g n2n for both LUE and PBE plotted on the same axes for N = 400. From this plot
it is clear that due to the discrete nature of the distributions they will not coincide as in Figure 10.
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A.3 Ciritically-scaled random matrices

Finally, we consider the distribution of T, ;v x| aw): %€ n = N + [V4cN| (¢ = 1) in the case of LUE
and PBE. In Figure 13(a) we examine the condition number which we know by Theorem 1.3 has Tracy—
Widom fluctuations for LUE. In Figure 13(b) we examine the distribution for T, p NN+ |van, for LUE. The
calculations show a limiting form for the halting time (see also Figure 10). In this case, the moments of
the condition number are unbounded as N — oo but the limiting distribution is not heavy-tailed and a
non-trivial limit exists. Numerical experiments also indicate that this phenomenon persists for the scalings
n =N+ [(4eN)7] if 0 < v < 1. Universality is also apparent from Figure 13(c).

n=N+2+N ‘ n=N+2yN
0.008 . ; ; ; 035
N =100 0.30f N =100
0.006f N =196 1
\ 025 N =196 |
3 \ g
= @ 0.201 4
$ 0.004} ] S
g 3
2 & 0.15 1
0.002} 1 0.10¢ b
0.051 1
0'0000 200 400 600 860 1000 0.00 150 260 ZéO
Condition Number Distribution Halting Time Distribution
(a) (b)
LUE PBE
N Mean | Variance Skewness Kurtosis N Mean | Variance | Skewness | Kurtosis

100 | 133.573 | 1.16093 0.0163642 3.09041 100 | 132.235 | 2.50567 | -0.276531 3.40614
200 | 258.119 16.21 -0.0752041 | 3.02723 200 | 255.512 | 30.5358 | -0.0575893 | 2.9452
300 | 359.573 | 33.8961 | -0.00898283 | 2.96971 300 | 356.774 | 67.6515 | 0.0169258 | 2.99919
400 | 442.731 | 53.6034 | 0.00574321 | 3.04426 400 | 440.032 | 106.758 | 0.00737936 | 3.00197
500 | 525.601 | 75.9278 0.0095558 2.96023 500 | 522.989 | 146.83 0.0309066 | 3.00585
600 | 599.448 | 95.4292 0.0288976 2.99469 600 | 596.929 | 192.582 0.025091 2.9947
700 | 665.955 | 119.276 0.0245652 3.01978 700 | 663.378 | 230.798 | 0.0233565 | 3.01858
1000 | 838.013 | 175.635 0.0299194 2.98757 1000 | 835.867 | 348.123 | 0.0497676 | 2.99017
(c)

Figure 13: Critically scaled matrices. Numerical calculations when n = N + [V4N|. All calculations
are taken over at least 32,000 samples. (a) Histograms for the simulated condition number of LUE. (b)
Histograms for Te,E,N,N+L\/HJ for € = 107! for LUE. (c) A table of the computed mean, variance, skewness
and kurtosis of T, 5 v n | VIN| for both LUE and PBE. This table indicates that the mean is unbounded and
the variance is monotonically increasing as a function of N. Furthermore, the kurtosis is close to 3 for both
LUE and PBE. This is yet stronger evidence for the universality observed in Figure 10. The computations
for N = 1000 use 64,000 samples.
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B The Parametrices

In this appendix we present the asymptotic calculations for the Airy and Bessel parametrices.

B.1 The Airy parametrix

We use the connection formulas (w = €?>7/3) and refer to Figure 3 for the sectors I, IT, ITT and IV:
Ai(€) = —w Ai(w€) — w? Ai(w26),
Ai(€) = —w? AT (W) — w AT (W?€).

Here Ai(€) is the Airy function. We also calculate the large-{ asymptotics of the matrix functions in (3.1)
using

Ai(e) = g =€ (14 00, (B.1)
AY(9) = —5 =613 (1 o). (B.2)

uniformly for |arg&| < 7 — e for any € > 0.
e For £ € I we find
L gm1/46-3677 Wl em1/4056°7
o | e e o/ € —03/4 ( -3/2 )
PAl(f)_ l _L€1/4e_%53/2 L/z;fl/zle%gg/z w73 I+O(€ ) .
PN PN
Note that w?¢ € IV and we must keep with the convention that argé € (—m, 7). We used (w?€)%/? =
‘€|3/26%i(arg§727r/3) _ _53/2 and (wzg)ﬂ/zx _ |£|:|:1/4e:t17i(arg§7277/3) _ £i1/4e:|:ig.

e For £ € IV we find that wé = |¢[e!®8¢+%) € T and

ﬁgq/zle*%ém %571/4(3%53/2 ot s
Ppi(§) = L 1jag—2e32 wVioijagzes |9 (I+O(£ ))
*ﬁg e 5§ ﬁf e3¢
This follows because (w&)3/2 = |¢|3/2e1(3/2a188+m)) — _¢3/2 and (wf)F1/4 = |¢|3/2eti(1/2arg&tn/6)) —

gH1/4eHiE

e For £ € II we rewrite the matrix using the connection formula because the asymptotics for Ai(§) are
not uniformly valid here:

Pi(€) = ﬁii'((?) wﬁ(ﬁé}g) }w_am [ —11 ? }
[ ARG A e[ Y]
[ Al - A Hw 0 }w—osm[ ! H

2

—w A (W)  —w? A’ (W2€) w2 -1 -1

— Ai(wg) — Ai(w?¢) 2 [ Wt 0
—wA (wE)  —w? AV (w%€) |¥ 0 —w /4

_ [ —wAi(ws)  Ai(w?) —03/4
—w? Ai'(w€)  w? Ai'(w%€) v ‘

For & € 1T we write wé = |£[e!8E—47/3 € TV and w?¢ = |¢|el®8¢~217/3 € T to compute
1_e—1/4g=38%7 w1436
7T£ € 3 7T€ es —0: -
Pai(€) = _2\;51/46_%53/2 11/451/46%53/2 w—o3/4 (I+ (¢ 3/2)) )
I P
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e The calculation for £ € III is similar to this:

_ [ Al(f) —OJ2 Al(wf) —03 L0
Pal®) =1 Av(e) - Ai'(we) ]“ /4{1 1}

[ —wAi(w) —w? Al(w?E)  —wPAN(wE) | a1 0
T | WAV (wE) —wAT (W) - AT (wE) | 11
[ —Ai(we) — Ai(w?¢) w  w? —og/a| 10
T wA (W)  —w? AT (w?€) w2 0 |“ 11

[ — Ai(wé) 7Ai(w2£) 0 1 —03
—wA (W) —w? A (W3€) } { 1 0 }WQW a

[ —w?Aiw?E) —w?AiwE) | oy
—wA(w) - Alwe) Y

For ¢ € TIT we write wé = |£[e!®8ET217/3 € TV and w?¢ = |¢|ela8&H4T/3 ¢ T to compute

—1/44—3¢? w1/4€—1/4 2¢3/2
s

1/4

1
Pi(§) = [ 2\/;1{6

—ﬁfl/‘le_%f?’ﬂ

B.2 The Bessel parametrix

We refer to Figure 4 for the sectors in the complex plane for the Bessel parametrix. To state the precise
Riemann—Hilbert problem (Riemann—Hilbert problem 3.2) that is solved by Pgegsel int (3.2) we have to address
asymptotics as o — oco. For any € > 0 (see [20])

2ma

1 1/2 ean . 1
Io(az) = () m(l +0(z7")), |argz| < 376

/ 2\1/4 1 \"/% e 1 1
I =1 — ) —qn - < ;-
wod) =+ () a0, Jargsl < g
TA\Y2 e -1 3 B.3
Koo2) = (53) yapa+OGT, Jargz| < gr—e .
1/2 o—an
Ki(az) = (1424 () 7204 06Y), Jargs] < on e,
77(2) — <1+22)1/2+10g z

1+ (1+22)"%

Here the branch cut for (1 + 22)1/ ? is taken on the segment [—i,i]. We compute the asymptotics of each
factor in the above expansions replacing z with Mz/a for M = N + (a4 1). Assuming |z| > § > 0 with
|arg z| < 37 — € and M /o — oo (see (B.3)), we find the following:

(H(”iz)g)”:ﬁz“g(”(ﬂizf)”:@”(HOW)

(1 () =2 (1 () 2 (10 )

a(L”) Mz( ) 0 () ) e o
_MH;jmog(lf%Z)w(;).
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To further simplify things here, use the scaling (1.1) so that M/a = O(a). From this we have

(1 ¥ ("‘fj)j v JEaz 04 0(2)).

(1 - (?)7 " = %z (1+0(a™?),
an (Zz) =Mz — % +O0(a™h).

Thus, if |z] > § > 0 we may simplify the expansions

1 )1/2 eMz

L) = LiaGrz/) = (27 ) 5

1
e*QC/Z(l +0(a™h), Jargz| < 577 — €,

/ / 1 Yz eMZ —2c/z -1 1
IL(Mz)=1 (ae(Mz/a)) = 510 z1/2e (1+0(a™)), |argz| < ST 6
T \V2e M=, _
Ka(M2) = Ka(a(Mz/a) = (537) " e/ " 0 +0(™), Jargz] <7

KL (Mz2) = K, (a(Mz/a) = = (53 )1/2 oM

BYYi i/ e®/F(1+0(a™)), |argz| <7 —e

Similar calculations must be completed for the Hankel functions. The simplest way to obtain expansions, is
to use the fact that for |arg z| < 7/3

2 . .
H(l)(Z) _ Eefoﬂrl/Q Ka(Zeilw/Q),
! 2 —ami —im
HY'(2) = 2o K (07 712),

2

H&Q)(z) _ 75604771/2 I{()‘(Zeifr/Q)7
2 . .

H((f)/(z) _ 7760””/2 K;(Zem/z).
™

Then, |arg(+zi)] < 7/3 + /2 < 7w and we can use the expansions for K, above as they are still uniformly
valid. We are ready to compute the asymptotics of Ppgesser With o both tending to infinity, scaling & in
appropriate way. We compute:

e For £ e TUIV we have

1( 1 \Y/2 174 omet/? —cemV/2 i 1 \Y/2 4174 —oMel/? cem1/?
PBes‘el(M2£) — 2 (m) 5 /e f2 e cgl . % M 5 /e 52 6051 .
S i(wM)l/Q 51/462M§ / e—ct” / (7TM)1/2 51/4672M§1/ et /

% (I+0(a™h)).

e For £ € II we have (e—iw/Q(_g)l/Q)—lﬂ _ eiﬂ/4(£e—i7r)—1/4 _ 5_1/4ei”/2 _ 15—1/4 and

PBessel(M2£)
_ i 1/2 . _ 1/2 _e—1/2 ; 1/2 . _ 1/2 e—1/2
_ %e ami/2 (ﬁ) 5 1/462le2 e cEl ) %eaﬂ'l/Z ﬁ 5 1/46 21\4152 ecfl )
je—ami/2 (7rM)1/2 51/462M§ /2 =gV earmi/2 (7rM)1/2 51/4872M§ /2 g™V

e20m73 5 (I 4+ O(a™")).
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o For ¢ € III we have (eI7/2(—£)1/2)1/2 = oin/4(geim)1/4 = ¢1/46in/2 = j¢1/4 and

PBessel (sz)

™29 (I 4+ O(a™),

B.3 Proof of Lemma 3.1

We consider
1

7o M e () TH Bai (M e (2))e™ MO,

PAi(M?P f(2)) =
and seek a function Ma;(z) so that
Se(2) 1= Mai(2) Pai( M3 f_(2))e2 773N ()0
matches with the outer solution S.,. We make the ansatz

o L2 17! io
-1/4  ,1/2 (M2/3fe(z))4 °.

Mals) = WRDIN G0 () | )
Using M = N + (o + 1), (2.17),(2.18) and (2.26) we find uniformly for [z — 1| = §

WA 12

-1
5(2) = DN )7 | 200 S | B e e esghotoe

— D;OlEv'Ai(Z)N(Z)e(i log ¥ (z)—%(a+1)¢ﬁ (z)+(o¢+1)zféa log z)o3
= D' EAi(2) Do Soo (2),

3 W/ L2 17 ) -
Bule) =N | 20 2 | B R f ) )a)
=I+0M™).

This calculation depends critically on (2.26).
We now show that Ma;(z) is analytic in a neighborhood of z = 1. First note that

w1/4 w1/2'_w_1/4 0 1 1 —i
—wT A 2| T -1 0 1 i |-

Then by direct calculation

. -1 r
CTNe R e I A A S
From this we find that

Mai(z) = 2ﬁw1/4D;1 [ —% 0 :|M(73/6( fe(2) )03/4.

fe(2)
z(z—1)

But this follows directly from the expression for f. (z) in terms of a power series.

Then, it remains to show that the ratio
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: 1/2 . 1/2 _ e—1/2 o 1/2 . _ 1/2 —1/2
%eaﬂ'1/2 1 / é- 1/4e2M5 e c& ig ami/2 1 / é- 1/4e 2M¢E ecf

M M
jeami/2 (;M)l/Q 51/4e2M51/2€7c£_1/2 e—ami/2 (;M)1/2 51/4872M£1/2605_1/2

is analytic and does not vanish in a neighborhood of z = 1.



Finally, we check the jumps of S, (z). In the following calculations we leave of £ signs for boundary
values for functions that are analytic in a neighborhood of the point under consideration. Recall that the
contours I'y and I' in a neighborhood of z = 1 are defined in Figure 6. For z € T'y, f_(2) € 2 and therefore

SF(2) = Mai(2) PA,(M?/3 f_(2))er @()oa N o ()as

. 1 0 sw(z)o 2)o
My | ] | ebieseee e

= Mas(2) P (M3 f_(2))ed #(2)03oN b (0= § ()73 o= N () [ o }ewzmewe@m

— 1 0
=S_(») 2N (2)+i(2) 1 } .
The same calculation follows for z € I';. For z € (1,1 + §) we have f.(z) > 0 so
SE(2) = Mai(2) P (MP/2 f(2))er EmmeNo (os

— 11 sW(z)o z)o.
—Mu(PROPRL) | g |ebomeres o

M (2) Py (M2 o (2))e} 5207 (Now ()03 6= 3102005 =N (2)0 [ (1) 1 }e;wu)aaequ)os

_ 1 e 2Now(2)—i(2)

Finally, for z € (1 —§,1), f.(2) < 0 and using that ¢ (z) = —¢(2)
SE(2) = Mai(2) P (M3 f(2))eb (217 NOE ()

N 0 1 Lw(z)e 2)o
:MAl(Z)PAl(M2/3fF(Z)) |: 1 0 :|62 ( ) 3eN¢:( ) 3

_MAi(z)Pgi<M2/3fe<z>>e%@<Z>03eN¢:<z>ﬁe%w<z>aseN¢t<z>as[ " He;w<z>aaem<z>ag

0 e (2
<—(Z) _e’LZ)(Z) 0 :| :

We note that both S, and SZ! are analytic in B(1,6) \ T'a; and are continuous up to the contour. This
follows from the fact that S_! has unit determinant. To see this, note that Pa; has constant determinant
in each sector of C\ X; by Liouville’s formula and the fact that this constant is the same in each follows
from the fact the jump matrices have unit determinant. Thus S, (z) has a determinant that is independent
of both M and z and the determinant is found to be unity by examining its asymptotics.

B.4 Proof of Lemma 3.2

We consider

S—)(Z) = MBessel(Z)PBessel(Mgf—)(Z))e%w(z)oseN(bﬂ(Z)Uga

i 11
Mipesse(2) = DN (2) (¥ (2)) ™7 { 2 i } (M2, (2)) 170w,
w(z) = 2a+2)z —alog_, z+ (a+ 1)7i,

and

PBCSSC](Mzg) = (’/TM)7%0357io-?’EBCSSCI(M2€)62M€1/20367C£_1/2037
%(1 + O(a™t)) 5(1 +0(aY) ] |

EBessel(M2£) = 1(1 + O(afl)) 1+ O(Oéil)
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We first check the asymptotic behavior for |z| bounded away from zero.

1oit
52 = DN | £ F | Baeadr1)
% e(fé(a+1)¢ﬁ(z)+(a+1)zféalogﬂ(z)+%(a+1)ﬂ'i)03620/¢ﬁ(z)03
— Do_olEBessel(Z)N(Z)(w%(Z))_Use(_%(a—i_l)d)_)(Z)+(a+l)z_%alOgH(z)—i_%(a+1)ﬂi)0362c/¢_’(z)03

= Dc:olEBessel(Z)DooSm (z,’)e2c/¢'H (Z)UB7
EBESSEI(Z) :N(Z)(w—)(z))_ad |: ? % :| EBessel(MQfﬁ(Z))&/}*)(Z>)03N_1(Z) =1+ O(a_l)-

This follows from (2.25). Note the extra factor of e?¢/?~(2)73 when comparing this with (B.4).
We now check that Mpessei(2) is analytic. So, we must consider

vow-e [ L ] =]t ] ee-men

From this, the question of analyticity of Mpessel(2) is reduced to the question of analyticity of the function

fo(2) V!
2(z—1) '
This is clearly analytic in a neighborhood of z = 0 because f_,(0) =0 but f,(0) < 0.
Now, we check the jumps. Recall that I'y and I'} in a neighborhood of z = 0 are defined in Figure 8. For
z € Iy, fo(2) € B3 (see Figure 4). The limit to I'y from above (+ side) is the same as limit into B3 from
below (— side) so that
Si(z) = MBessel(Z)Pi

Bessel

(M2f~> (Z))e%w(z)o'3eN¢4>(z)a3

_ +
= MBessel(Z)PBessel _e—am

(szﬁ(z)) |: 1 O :| e%u‘)(z)ﬂgeNqﬁ_)(z)a-s

= S;(z)e—%ﬂ’(z)”?»e—]v‘%(2)03 [ _e}(m (1) } 03W(2)03 N (2)03

_ 1 0
- S*}(Z) e—(a+1)7ri+2N¢_,(z)+1b(z) 1 :| .

Then we find that e (@TDTH2No (2)+i(2) — 2Né— (2)+0(2) and the jump agrees with the corresponding
jump for S(z). For z € T'}, f(z) € f1 and

S:(Z) = MBessel(Z)Pi

Bessel

(M2f_, (2))er®(2)7agNé ()os

107 e i
= MBessel(Z)chsscl(MQfﬁ(z)) |: —emi  q :|e;w(2) 3€N¢H(Z) 3

= S:}(Z)e_%w(Z)Uzae—N(ﬁa(Z)ds |: _elom'i (1) :| e%w(z)ageN¢>ﬁ(z)g3

_ 1 0
= S5(») ela+)mi+2N G, (2)+(2) 1]

Then because log_, z = log, z + 2mi we have e(@TDTH2N6 (2)+0(2) — 2N¢- (2)+9(2) and again, this is the
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same as the corresponding jump for S(z). Finally, for z € (0,d) we have f_,(z) € B2 and
Si (Z) = MBGSSGI(Z)PB_essel(M2f—> (z))e%w+(Z)USeN¢: (2)63

= MBCSSCI(Z)P+

Bessel

(M2 £ (2)) { ' }eé“*“)%ewmzwa

= §7(2)e ¥ (73— N¢Z ()73 [ ‘1) —01 } e2+(2)73 T, (2)os

_ 0 e~ ()
= S—)(Z) |: _eﬁ)(z) 0 :| :

This follows from ¢, (2) + ¢2,(2) = 0 for 0 < z < 1 and (W4 (z) + w_(2)) = w(z) + mi. It also follows that
det S_,(z) = 0, see [20, Sections 10.5 and 10.28]. Finally, we need to check that S_,(z) satisfies:
e S,(z2) =0(1) as z — 0 from outside the lens and

1 0
* 55(2) { Le2Néo (i)

region enclosed by [0, 1] and I'y and the (—) sign is taken in the region enclosed by [0, 1] and T'.

= O(1) as z — 0 inside the lens. The (+) sign is taken for z in the

From outside the lens, we have for z € B(0,0) \ (0,0)

Zoc/2 Zfoz/Q Z*Q/Z 0 o ; Mo
S, (2) = Miessel () (0{ Iz}aﬂ u_m ] y @[ | |0 s D (@ D=+N6- Dos _ 1),

1
The statement inside the lens follows from the fact that S_,(z) [ L 2Néo (2)Hi(2) (1) ] is the analytic con-

tinuation of the function defined outside the lens.

C Estimates at the hard edge

The following facts are of use below. As o — oo we use [20]

1/4
Jo(at) = (1 ‘fﬁ) a3 (Ai(a2/3C) +O(or4/3)), t>0,

/ 2/ 4 V! —2/3 (A1) .2/3 —2/3
Jo'(at) = =% (=5 a (Al(a )+ O(a )), t>0,

250 _ [TV1
3< _/t

(C.1)

— 2
ds, 0<t<1,
S

2 t/s2
o=

-1
ds, t>1,
s

This expansion is uniform for ¢ € (0,00). In preparation for the proofs of Lemmas 4.1 and 4.2, we look to
obtain global estimates on V and W. Assume z € (0,d’) where 6’ < 6§ < 1/2. The following estimates are

47



straightforward

4
1_
4@J@:2A N S%sghﬁ,ogzgy

~i0%,(2) 2 Vel - 82 > 207, 0<2 <7,
2 ' 1 4
§Ca/z:/ mmdsz§(1—t)3/2, 0<t<1,
¢ S

C.2
¢>2Y31—t), 0<t<1, (©2)

2 LV/I=
gcf‘/?z/ . “ds = —log2t +log2 + 2log(1 + VI — 1) — 21 —¢, 0<t<1,
t

3\ 2/3
gz<2> |log2t[*/3, 0<t<1.

It follows from [20, Section 9.7] that there exists a constant C' > 0 such that

1 ifz <0

1/4 . < 9 )

4D il <0 gm0 S0
1 ifz <0

,1/4 Y 9 )

[(1+ |z|) Ai'(2)| SC’{ e_%wg/z7 it >0,

Define

1/4 14

Let C >0andt < C. Fort €[l —¢C], A; and Ay are bounded as follows

_Ac
-2

1/4 —1/4

4¢
1—¢2

As(t) < C(1+ [?3¢)Y*  max

Ai(t) < C max )
te[l—e,C]

te[1—e,C)

)

For t € (0,1 — ¢) and a constant C, > 0,

A1 (1)) < V2(1 — £2)7V4[¢| 4 Al(0?/3¢)| < Cee 3¢ < Cemo3¢™”?

1 _ .
|A2(t)] < E(l — )¢V AT (0?3¢))
1 |C|_1/4 _ . _alcd/e
< 5= ) e (L 22 T A (@70 < e
because
—1/4 L
<] < ceo‘gcgp, c> 0.

(1 +[a2/3¢])=1/4
In summary, for any ¢; > 0, there exists a constant C' = C'(¢1) > 0 such that

—aglK*? i ¢ > 0,
if —¢a?3<(¢<0,

if ¢ >0,
if —Ga?3<¢<0.

mwl=c{ s

e—asl¢??

a0 < ¢
Note that if ¢ > —(;a2/3 then ¢ is bounded, i.e. t < C. The constant (; is fixed below (C.9). Note that if
¢ > 0 then |4;(t)| < Ce—3l¢l*? < C so that the second inequalities above hold for —¢ya2/3 < ¢. Similar
remarks apply in (C.5) below.
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Define t as a function of z by t(z) = —XigH, (2) so that Jo(at) = Jo(—iM ¥ (2)) to match (4.3) and
2
Q ) < z* and

(4.4). From the estimates in (C.2) it follows that t(z) < 42 ,/z so that if ¢(2*) = 1 then (5%
C(t(2)) > 0 for z < z*, as t(2) is an increasing function of z. Furthermore, we know that ¢ > 2'/3(1 —t) for

0 <t<1so that
M a \2
C(t(z)) > 2 (1 40(\/§>7 for z < (4M> and
4M
~Go7 P <((t(z) i~ Ga i<l =V

For 4%\& < 1 we obtain

emodleP? < gmag(1-adtvE), (C.3)

From the last line of (C.2) we have

efoc%|g|3/2 < 67%a|10g2t| < (2t)a/2 < ea%log[(%)ﬁ]. (04)

As we will see (C.4) is useful near z = 0 and (C.3) is useful for slightly larger values of z. Using (C.1) we

have for a constant C'; and any 0 < Cy < (ﬁ)

[ Ja(—iM ¢, (2)| = o VAL (1)]|1 + O(a™*?)]

o3 los[(SF)VE i< 2 < Oy,
< Cra e ek (-8 oy <2 < (42)?,
1, if Qo<1 4yz <0, (.5)
67, (2) T (iM%, (2))] = 2M a3 Ax (D] 1+ O(a ) |

e los[(F)VE] i< 2 < O,
S CIMTHatP ¢ e (VA oy <0 < (20)2,
1 if —Ga/f <1- 4z <0,

2

)

and Cs is determined below in (C.10).
In what follows, we also need an estimate on W', see (4.4). So, we consider
—iMot' "(—iMot o
W'(z) = T +1M¢—> (i);]a ( I.Mﬂb(f)) S SN+ h)migr1/2
m¢L (2)Ja (FIM L, (2)) + ¢5 (2)(—in M1, (2)) o (-IM@L (2))

It also follows that 2J," (2) + Jo/(2) = 271 (a? — 22) Jo(2) and therefore

MO g (3. (Cidgt (=)

/ - oL (2) (N+1)migr1/2
w (Z) = ¢+ /(Z) - e )TN =,
M s (0% + M?(¢%,(2))?) Ja(—iM o™, (2))
Then we have for 0 < z < ¢’
0] e
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so that

M¢i/(2) ¢+ (Z)Ja/(*1M¢+ (Z)) < Clal/S
¢h(z) T
eoc2 log[(gM)\/E]—logz’ ifo0<z< 02’
X e @ g( —4%\/2)3/2—10gz’ if 02 <z< (4]\4)27
271 if —Ca2/3<1— %ﬁ <0,
Mt (/)i/(z) 2 L A2(ot 2) J (_iMot
T (@7 + M7(67,(2))7) Ja(-1MeT,(2))
?%(2)
<O a? 4+ M2 (91 (2))
ea2 IOg[( M)\E]—logz7 if0 <2< Oy,
X et (1madVE) olosx ip 0, < 2 < (ja)?)
2zl if —Ga ?3<1-21 /7 <0,
We write B(y) = B(z) + (v — fol B'(tx + (1 — t)y)dt and then
1 V(z)W(y) /
=— 1— .
Knto) =~ O Ly ([ 5w e+ (1 et Wi
Recall the scaling operator
o 2 c292/3 B 2 . 2\ 2/3
Tratt s T TG ’
and we make the transformation
K (2, y)dy = Kn(,9)dg = K (z,y)dy.
We find
1 V(@W() 12N\t ) )
Kn(2,9)dg = *Tmmi_ydy "ot \ o V(Z) ; B~ (2)B'(tz + (1 —t)g)dt ) W(g)dy. (C.6)

C.1 Proof of Lemma 4.2

We prove Lemma 4.2 first. For z in a compact set @), as N — oo using 42? =1+ 0O(a™!) we have

9\ 2/3
—igt (3) = 42 14z <a) (1+0(a™2)) = 42(1 +2a23271B L O(a™3Y),

M
—ig‘bi(i‘) =(1+0(@)A+za23273 L O(a3) =14+ 2a2/32713 L O(a™ ).

Then, ¢ = 2'/3(1 —)(1 4+ O(t — 1)) so that
((t(@) = —a*Pe+O(a™h),
4

( 4C(t(§7)) >1/ _ 21/3(1 + 0(0472/3)).

Thus by (C.1)



2/3 _

Here convergence is uniform in x for x in a compact set. The following estimate also follows for — (%)
x < L (recall (3.5))

2.2 2/3
OZQ + M2(¢i(§j))2 _ a2 B 16];42 <]_ +x (2) ) (]. =+ O(a_Q))Q,

Then from 22¢ =1+ O(a™') we have

2/3
0 + M(92,(#)) = 0 — a*(1 + O(a™")) (1 o (i) )

o + M (¢ (2)? = a® — a? — zat/32%/3 4 O(a2/3) = 7044/322/3(1 + (9(071/3)),
% + M?(¢,(2))%] < Ca/?(|z| +1)%, (C.7)

for some C' > 0. We proceed to calculate

05 (@) o Lad 2N _
_1M¢3(A) T (2)Ja( 1M¢i(x))——§c—2 (a) (Al (—z) + O(a 1/3))

Combining this discussion we have proved Lemma 4.2

C.2 Proof of Lemma 4.1

Next, we turn to global estimates after the change of variables . We must consider expression in (C.5) after
this change. To examine the components of V' and W we use

AMe _ AN +2V4eN +4 1+ 2(4¢N)~Y2 4 4(4eN) 1

1
ST ST VIN 12 © 1-2(dcN) 12 1 (4eN) L

<2, (C.8)

for sufficiently large N to see that

[E2) 3"

Now, assume —(a/2)?/3 <z < —1 and then for sufficiently large N

273\ 1/2
1—4M\/§:1—4Mc<1+x(2> )
(0% (0% «

2

9\ 2/3 1/2 AMe 5\ 2/3 1/2
=1—-(14+2|— +(1-— 1+z| —

o (6] (0%
(2 2300 a3 ( aMe\ (1 (2 2/3\ /2
=(5) | (3) TR 3"\ a

2\%/? a\2/3 4Mc

> (= — — - .
(&) =67 (-]

o1




This follows because 1 — (14 y)'/? > —y/2 for y < 0. Then 1 — 4Mc/a? = O(N~1/2) and the second term
in brackets vanishes as N — oo. Thus, for sufficiently large NV

2/3
14M\/§z<2> v+l
o « 2

Then the inequality 0 < z < (ﬁf holds and

1 M \*? 1
exp | —a= (1-4—V2 <exp(—=lz+13%).
3 o 6

Next, for —1 < x < L consider the inequality

aM
—C10472/3 S 1-— 7\/3?

The right-hand side is a decreasing function of x so we consider

2z \ 1/2
< [ e <1 + (2> L)
« «

5 2/3 1/2
=B [1-(1+0N"?) <1+ <) L>

(07

o\ 2/3 1/2
= a2/3 1— (1 + <a) L) + (9(071/3)

= —27Y3L 4 O(a™1/3). (C.9)

Given L, we choose (; so that this condition holds and the estimate for —(;a= < ¢ < 0 in (C.5) can be
used for —1 < x < L. Then

e%log[w(uz(gf”)]’ g (%)2/3 cr<_b (%)2/37
WA (2)] = |Va(d)| < CLM2a!/3 e Ble 12 if — b(%)2/3 <z <1,
1, if —1<z<L,
e%log[lﬁ(l-ﬁ-w(%)zm)]’ $ (%)2/3 e b(%)z/s’
(Wa(2)| = [Vi(2)] < CrmM /20l /3 o= le 1172 if —b(2)P<z<-1
1, if —l<z<L,

for any b such that 15/16 < b < 1 by choosing

Cy = c*a™%(1 - b). (C.10)
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We note that by (C.8) this choice of Cy satisfies Co < (ﬁ)z. We estimate the derivative using (C.7)

R M R
wi@) < X wa(a)
2og|16(1+x(2 2/3 —log|1+z(2 2/3 . a\2/3 a\2/3
| el @ O e () <0< (),
< MMl e LA it —b(2)*° <2<,
1, if —1l<a<L,
o wla? 4+ M2(¢1,(2))? R
(W3 (2)| < e = (Wi (z)|
a 232/3\7_ 22/3
2 1/2 o? e4110g[16(1+”(<2~) )} log[1+x(§) ]’ if — (;>2/3/< T< b <%)2/37
< — - _1 113/2 . a\2/3
< Cs(|z| +1)°M 2 me slz+1| , if —b(§ <z<-1,
1, if —1l<z<L

for some C3 > 0. This proves Lemma 4.1 after choosing b sufficiently close to unity so that

(11 [o]) et os[10(1e(2)7%)] —tos142(2)°] |

for all a > 4 and — (%)2/3 <z<-b (%)2/3 because then W/ and W} have bounds that are independent of
x. We use b =1 in the estimates for V and W.

C.3 Proof of Proposition 4.1
From (C.6) we have

Kn(z,y) = _LY@wE 1< (2)2/3 V(%) </01 B~Y(&)B (ti + (1 — t)g))dt) W ().

2 T —y 2ria2 \ «

We first consider the second term in the expression. We note that fol B=1(2)B'(t2+ (1 —t)y)dt is a uniformly
bounded function. Define

H(w,y) = 2%572 (Z)m V(#) (/01 B1(2)B(ti + (1 — t)g)dt> W(g).
We use

S L T R e
g(z) = .
1 otherwise.

)

By Lemma 4.1, for (z,y) € (—oo, L]? there is a constant Dy, > 0 such that

—o3 L M

H(z,y)| < D
He,)| < Dra™* 2

2/3
(2) o(2)9(y) < Drg(x)g(y).

«

For the first term, we assume |z — y| > 1 and we have

1L V@)W 2
— < ,
ST R— < Cig(x)g(y)
For |z — y| < 1 we use
S LV@WE) 1A (2 2/3/1 ot L
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Next, define t,_, = tz + (1 — t)y so that t,_, = t& + (1 — t)g. It follows from Lemma 4.1 that

Vo (@)W (Eo—y)| < Ca®Pg(x). (C.12)
Next, we consider

Vi (@)W (famy)| < CLa®Pg(2). (C.13)
From this, it follows that there is a new constant C, > 0 such that

1 ¢

— <C .
2 o2 < Cry(o)

(2)2/3 /01 V(&)W (td + (1 —t)g)dt

«

Therefore, we compute

L x+1 L
/I | g(z)dedy < / / g(z)dady < 2 / g(z)dz.
z—y|<1 —oo Jx—1 —o0

The first part of the proposition follows by choosing

Crg(x), if |v —y[ <1,

G(x,y) = Drg(w)g(y) + { C’%g(w)g(y), otherwise.

Next, for (z,%) in a compact subset of (—oo, L] we have from (4.6) and (4.7) that V(&) = O(Ma~2/3) = W (4)
so that

H(z,y) = O(a™*/?), uniformly in z and y.
Define t,_y = to + (1 — t)y and

A 1 V@W(©)

Kn(z,y) = — +0(a™?)

2 x —vy
where the error term is uniform in = and y. Using (C.11) we consider We also compute
2 [2\*? .
() V(@)W (fo—y) = 271 [AV (—2) AV (—ty_y) + toy Al(—2) Ai(—t,—y)] + O(a™1/3),

o? \ o

uniformly in z and y. Therefore

Kn(z,y) — /0 [AV (—2) AV (—ty—y) + tyey Ai(—7) Ai(—t,—,)] dt

Ai(—2) Ai'(—y) — AT’ (—2) Ai(—y)
T —y

uniformly for x and y in a compact set. This proves the proposition.

D Estimates at the soft edge

In this section we prove the results presented in Section 4.2. We write B(y) = B(z) + (z —y) fol E/(tx +(1-

t)y)dt and then

Kn(z,y) = W +V(x) </0 Eil(x)gl(m +(1- t)y)dt) W(y), (z,y)€ (1—205,14+d>
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Recall that & = 14 2/(2%/3M?/3). We consider Ky (Z,7) and we find

X

§ V(E)W(y 1 —,. Lo, — o
Koto) = PO sV ([ B @B ()t W) @ -a140% (D)
for ,_, = ti + (1 — t)y. An alternate expression is

Kon(,9) = e V(@) ( / 1W/(fz_y)dt> + sV (@) ( / IB_I(i)B/(fx_y)dt) W(p), (D2)

because V(x)W (z) = 0. Similar expressions follow with the overline replaced with a tilde:

K(o) = 177V [ B 0B Gt W), @) (146007 (D)
Additionally,

D.1 Proof of Lemma 4.3
For x € (1 —4,14 0) it follows that

(v%15>wsw—d)§fe@)§(v%ié>wﬂx—1x

so then for z € (L,6M?/322/3), I < 6M?/322/3 and sufficiently large N we have

1 2/3 » ) 1 2/3
(Juw) v M ﬂ*”g(wuw) -

We use the following estimates on Airy functions. There exists a constant C' > 0 such that

1 ifzx <0
Ai < " ’
mi@i=e{ e 030
1 itz <0.
. 1/4 J
| A (2)] < C(1 + |z]) { =37 if x>0,
2/3 1\
Then for cj'~ = ( 1+5> and a new constant C' > 0 we have
) 1 ifx <0
. 2/3 . ’ ’
| (M f(2))] < O{ e=3en™?if ¢ >0,
1 ifx <0
v 2/3 5 1/4 ’ ’
AOPR @) <+l Dy TS0
1 ifx <0
/ ~ </ 2/3 3 5/4 ’ 7
|fL (&) AT (MPP f(2))] < C(1+ |a]) { e=3es™?if ¢ >0,
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From this we have

1)) = 5= [V2(@)] < CM”G{ Vi s
1, if z < 0,
e*§05$3/2, ifx >0,
1, if x <0,
e_%cémg/z, if x >0,

Wa(a)l = - V2()] < €L+ a0 {
7T

W, (@)] < O+ |42 {
(Wo(#)| = | fL (&) M f (&) M f(2))]

if v <0
< / C 2/3M1/2 &€, 1 y
N <x6(1s_u§,)1+5) |f€($>|) K me_%cwsﬁ, if z >0,

Note that

7%6513/2 z efx(%cdxl/r"fl)

e e” =

is bounded and decays as x — oo and the first part of the lemma follows from these estimates.
Next we must consider

)

- eﬁ(z)+Ng+(z)+%€N7%uz+%alogz
0

V(z) = [ 0 oh(:)+Ngs(2)+2tn—tvatialogs } 7

and obtain the estimate

- 1 1 1 1
h(z) + Ng4(2) + §£N —5v? + §alogz =—-2Nz+ N(2log2+1) — (2(z — 1))}_/2 — 504(1)%(2)

< —2N(z — %(1 +1log2)) < —2N(z —1).

This proves the last part of the lemma.

D.2 Proof of Lemma 4.4
The asymptotics for W and V follow from (4.9). For W' we consider

FL(2) AT (M2 1 (2))
ML (2) fo(2) AI(M23 ] (2))

!

W'(2) = M*/3 M58
Then (4.9) along with the fact that M?/3 f_ () = 22/3M?/3 + O(M~2/3) gives the asymptotics for W/(:E)

D.3 Proof of Proposition 4.2

The proof of this follows Proposition 4.1. We first find the function G. Let Ry = [L,6M?/32%/3] and
Ry = ((8/2)M?/322/3 0). Note that Ry obtained by reducing 6. We use

1 ifx <0
= - 1/4 ; )
)= i) b TS

The first case we consider is [z —y| > 1. We use (D.1) and (D.3) along with Lemma 4.3 and the fact that
B, B', B and B’ are uniformly bounded functions to state that there exists a constant Dy, > 0 such that for
sufficiently large N

IKn(z,9)| < Drg(x)g(y), (z,y) € (B1 x R1) U (Ry x Ra), (D.5)
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with |z — y| > 1. It now suffices to consider (z,y) € R1 X Rg, |z — y| > 1 because an estimate for
(z,y) € Ry x Ry, |x — y| > 1 follows from symmetry. But estimate (D.5) in this region follows immediately
from (D.3). It is clear that g € L([L,00)).

Now, for |z —y| < 1 we note that {|x —y| < 1} C (Ry X R1) U (R2 X Ry) for sufficiently large N. Then
we use (D.2) and (D.3) and find that there exists a constant G > 0 such that

— et - o
V(@)W (y)| < GeM?>P(g(x) + g(2)a(y)), |z -yl <1,
and by possibly increasing Dy, we have
K (2,9)] < Dr(g(2)Xja—yi<1(z,y) + 3(2)3(y)) € L'([L,00)?),
where ¢ is the characteristic function of the set U. Thus G(z,y) = Dr(9(2)X|z—y|<1(®,y) + §(2)3(y)).

To determine the uniform limit of Ky we use (D.2). From Lemma 4.4 we have

1
lim Ky(z,y) = 7/0 (to—y Ai(tz—y) Ai(z) — Ai' (z) AT (t,—y))dt

N—oc0

where the limit is uniform for (z,y) in a compact set. Then we see

Ai(@)[AT'(2) — AT(y)] | AT'(@)[Ai(e) — Ai(y)]

—/0 (ty—y Ai(ty—y) Ai(z) — Al (2) AT (t,—y))dt = —

T —y T —y
_ Ai(z) Ai'(y) — Ai(y) Ai'(z)
T —y

This proves the proposition.
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