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Abstract

We solve the focusing and defocusing nonlinear Schrodi(NEeS) equations numerically by implementing the
inverse scattering transform. The computation of the sdag data and of the NLS solution are both spectrally con-
vergent. Initial conditions in a suitable space are tredtising the approach of Biondini and Bui [3] we numerically
solve homogeneous Robin boundary-value problems on tliéir&l Finally, using recent theoretical developments
in the numerical approximation of Riemann—Hilbert probéenwve prove that, under mild assumptions, our method
of approximating solutions to the NLS equations is unifgriatcurate in their domain of definition.

1 Introduction
We consider the initial-value problem on the whole line fog honlinear Schrodinger (NLS) equation

iGt + Gux + 2X\gPg =0, X = £1,
q(x,0) = go() € S(R).

Here S(R) denotes the Schwartz class of rapidly decaying functionfieMA = 1 we obtain the focusing NLS
equation and fon = —1, the defocusing NLS equation. The NLS equations descrilysiphl phenomena in optics
[16], Bose—Einstein condensates [12, 26], as well as wadees/[29]. Together with the Korteweg-de Vries (KdV)
equation, these equations are the canonical examples bfitedimensional integrable partial differential equations.

For each of the focusing and defocusing NLS equations théstsen inverse scattering transform (IST) [30, 32].
The IST can be thought of as a nonlinear generalization dftheier transform ofR. The IST is, in general, equation
specific in a nontrivial way. Whereas the Fourier transfoahution of a linear equation will only change slightly as
the dispersion relation changes, the IST changes in a muoh complex way.

The presence of an oscillatory dispersive tail is seen ftin Hte focusing and defocusing NLS equations. Small
amplitude waves will travel at a speed proportional to thgemaumber. This dispersive tail is seen to travel in both
directions. Thus, when solitons are present in the problay may never escape the dispersion. All of these factors
make traditional numerics inefficient to capture the solufior large time. The computational cost to compute the
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solution using time-stepping methods grows rapidly in tinfehe methods in [15, 11] are well suited for solving
dispersive problems for small time. When a periodic appration to the whole-line problem is used, one has to
resolve the dispersive oscillations and increase the dosize as time increases. A thorough discussion of this can be
found in [28] for the case of the Korteweg—de Vries (KdV) eiijpa In particular, it is shown that the computational
costs grows at least like log t.

In [28] the authors developed a numerical implementatiothefinverse scattering transform (IST) for the KdV
equation. The main benefit of of this method is that the coatmrial cost to compute the solution at a giveandt
value is seen to be bounded. In [28] this claim was verifieti witmerical tests. In [24] the authors derived sufficient
conditions for bounded computational cost.

In this paper we evaluate the IST associated with the foguaind defocusing NLS equations numerically. In
addition, we use symmetries to solve specific boundaryevatablems oR+. To our knowledge this is the first time
the solution of a boundary-value problem has been comphtedgh the IST. We compute unbounded solutions to the
defocusing NLS equation which have poles. Lastly, we prboe¢ dur approximation, under a specific assumption on
the underlying numerical scheme, approximates solutib(ts d) uniformly in the entiréx, t) plane. It should also be
noted that the scattering problem (see Section 2) for thesiog NLS equation is a non-self adjoint spectral problem
and more sophisticated analytical methods are neededdéntitherical method outlined here is not adversely affected
by this additional complication.

All methods we employ are demonstrated to converge spbct@ther approaches to computing the scattering
data [25, 4] are limited to second-order convergence. IhglBethod for reconstructing the solution of an integrable
equation from its scattering data was developed. This naeihdased on the trapezoidal rule and thus does not
achieve spectral convergence. Furthermore, we take ayaof contour deformation to retain accuracy for large
andt unlike the approachin [13].

2 Integrability and Riemann—Hilbert problems

The focusing and defocusing NLS equations are both coniplitiegrable [2]. This means that for each equation
there exist two linear systems of ordinary differential &ipns (ODES) which depend on a spectral paranigter

e = L(k, q)p,
pe = M(k, q)p,

such thafu:, = u.: if and only if ¢ satisfies the given equation. We refer to this system of éapumas the Lax pair
or the scattering problem associated with the equation. Wdelfax pairs for both the focusing and defocusing NLS
equations through the modified Zakharov—Shabat scattprisigem given by
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Hereq,r, A, B, C andD are scalar functions to be determined [2]. Choosing,
A = —4ik? + igr,
B = 2¢k + iq,,
oo (2.2)
C=-2rk+iry,
D=—-A,

andr = —\g, we obtain Lax pairs for both the focusing and defocusing g8ations.
The analyticity properties ik of the solutions of (2.1) are studied. For simplicity,wetaneq € Ss;(R) where
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Piecewise-smooth initial data with exponential decay dsm lae treated but this is beyond the scope of this paper. We
define two matrix solutions of (2.1) by their correspondisgraptotic behavior:
efikz 0 efikz

w(x; k) [ 0 _gika } asr — —oo, ut(x;k) « [ 0 egm } asx — oo. (2.3)

Abel’s formula implies that the determinants of these sohd are constant im. Since the determinants are non-zero
at oo these matrix solutions define a linearly independent sethvbpans the solution space. There must exist a
transition matrix

T(k) = [ Z(k)

such thatu™(z;k) = p=(z;k)T(k). Definep(k) = b(k)/a(k) to be the reflection coefficient. Some symmetry
properties off” follow [2]:

a(k) = —A(k), (2.4)

b(k) = —=A\B(k). (2.5)
For the focusing NLS equation (= 1) there may exist values; ¢ R andIm «; > 0 such that
py (w3 65) = T(k;)ps (23 55), alk;) =0,

where the subscripts refer to columns. This implies thatz; ;) decays at boti-co, exponentially. Thusy; (z; &)
is anL%(R) eigenfunction of (2.1). From the symmetries (2:4)is also anL?(R) eigenvalue. For these valuesiof
we define the norming constants

For the defocusing NLS equatioh & —1) it is known there are no such eigenfunctions [2]. This implthere are no
smooth soliton solutions with spatial decay for the deforylLS equation. We define the set

{p(/{), {’{j}?:lv {OJ}?:I} ) (26)

to be the scattering data, noting that the sets of eigensalog norming constants could be empty. We call the process
of finding the scattering dafdirect scattering

The solutions:* can be grouped and transformed in such a way that they satRigmann—Hilbert problem [2].
Loosely speaking, a Riemann—Hilbert problem (RHP) is a lbauyrvalue problem in the complex plane:

Problem 2.1. [18] Given an oriented contour' C C and a jump matrixG : T' — C2?*2, find a bounded function
® : C\ T — C?*2 which is analytic everywhere in the complex plane except,@uch that

ot (k) = & (k)G(k), forkeT,and

B(o0) = 1. 2.7)

where®* denotes the limit ob asz approached” from the left,®~ denotes the limit ob as z approached” from
the right, and®(co) = lim o ®(2). We usdG; I'] to denote this RHP.

The RHP associated with the NLS equations is

L+ Ap(k)p(k)  Ap(k)e= ™)

CI)+(k) = CI)_( ) ) ef (k) 1 s
®(c0) =1, " (2.8)
0(k) = 2i(xk + 2tk?),



with the residue conditions (when= 1),
Res{®(k),k = ;} = lim ®(k) | . 0 O
SEWLE == I Cye?s) 0 |
0 —C’jeie(r/"j)
0 0 '
Once the solution of the RHP is known the solution to the gpoading NLS equations is given by the expression

q(z,t) = 2z'| lim k®(k)i2,

k|—o0

Res{®(k),k =k;} = kli}rilj D(k) [

where the subscript denotes tfie 2) component of the matrix. We call the process of solving thé°Ridd recon-
structing the solutioimverse scattering

We follow the same procedure as in [28] to turn the residuelitimms into jump conditions. Fif < e so that the
circIesA;r ={keC:|k—rj| =€} andA; = {k € C: |k — ;| = ¢} do not intersect each other or the real axis.
We defined by

1 0 . .
D(k;x,t) { —Cyef D (k= k) 1 ], if |k—kj|l<e, j=1,...,n,

O(k;x,t) = _ 1 0 . _ . (2.9)
@(k,:v,t)[ Cf’je*(’(’%i)/(k—kj) 1 }, if |k —Fjl<e j=1,...,n,
O(k;x,t), otherwise
Itis straightforward to show thait solves the RHP:
& (k)G(k), if ke R,

A 1 0 . X
CI)"‘(k) = o (k) [ _Cjee(nj)/(k . Iij) 1 ] , if ke Aj ,

. —_C.e9(F5) — R
(I)(k)[(l) Cie™" 0k m], fhed,

whereA; (Aj*) has clockwise(counter-clockwise) orientation.
We end this section with some final remarks on Riemann—Hifiveblems. Given an oriented contduwe define

the Cauchy integral
Cru(k) = — /“(S) ds.
r

T omi Jps—k
It is well known that the operators defined by
Ciru(k) = (Cru(k))®,
are bounded operators froht(T") to itself. Furthermore, these operators satisfy the itienti
Ci—¢Cp=1. (2.10)

If we assume the solution to a RHP is of the fofm= I + Cru we can substitute this ind*+ = ®~G and use (2.10)
to obtain

uw—Cru-(G—1)=G—1. (2.11)

This is a singular integral equation (SIE) fer We useC[G;T'] to denote the operator in (2.11). This motivates the
following definition.



Definition 2.1. A RHP[G; T'] is said to be well-posed @f[G; T'] is boundedly invertible o ?(T") andG — I € L?(T).

Hereafter, we assume all RHPs are well-posed.

3 Numerical direct scattering

We describe a procedure to compute the scattering data (Ph& follows [28]. We look for solutions of the form
(2.3)to (2.1). Define

and two functions

J(kyx,t) = p~ (ks x, t)o3e™@7s — T,

: 3.1
K(kyz,t) = pt(kyz, t)et®os — 1. (1)

Therefore/ — 0 asz — —oco andK — 0 asx — oo. Rewriting (2.3),
pa = Qu — ikosp, (3.2)

and we find tha#< and.J both solve
Mz — ’Lk[M, 0'3] — QO’lM = chl,

For eachk, this can be solved with a Chebyshev collocation metho@-awr, 0] for .J and on[0, oo) for K using the
appropriate boundary condition at infinity. (We conformatiap the unbounded domains to the unit interval using
(I+2)/(1 —x)and(z —1)/(1 + x).) If we usen collocation points, this gives two approximate solutiohsand

K, for J and K, respectively. Frony,, and K,, we obtainu,, andy;", approximations of:~ andu™, respectively,

by inverting (3.1). Furthermorg,. andyu;" share the point = 0 in their domain of definition. Define

To(k) = (k) (05 )yt (03 ).
This is an approximation of the transition matrix, from whige extract an approximation of the reflection coefficient.

Remark 3.1. Sincego(x) decays exponentially, we benefit from solving the ODEE-dn 0] and [0, L] for L suffi-
ciently large. In this case solving the equations on unbedrdbmains provides a good check to endure sufficiently
large. It can actually be shown that the resulting approxim@after this truncation is an entire function of{21].

This procedure works well fat in a neighborhood of the real line. The solutions which destayoth+co are all
that is needed to obtali{k) whena(k) = 0. Furthermore, from the analyticity propertiescofve have [2]

1 [ a(s)—1

a(/{)—lz% s —k dSv
1 [ d(s)

Thus knowinga(k) on the real line and(k) whena(k) = 0 allows us to comput€’; = b(x;)/a’(k;). In practice
we use the framework [23] that will be discussed in Section dampute these Cauchy integrals. Alat{x) can be
obtained accurately using spectral differentiation by piag the real line to the unit circle.

The remaining problem is that of computirg. We consider (3.2)

pa — Qu = —ikosp, (3.3)
= io3e — 103Qu = k. (3.4)
We make the change of variables— tan(s/2), U(s) = u(tan(s/2)), H(s) = Q(tan(s/2)) and we obtain
2i cos?(5/2)o3Us(s) — iosH(s)U(s) = kU(s).



We use Hill's method [6] to compute the eigenvalues of theraijoe
.9 d .
2i cos (3/2)a3d— —io3H(s), (3.5)
S

in the spacel.?([—m,7]). Following the arguments in [28] and using the convergerfddilis method, even for
non-self adjoint operators [5, 14], the only eigenvaluesalain off the real line are those associated with (3.3).
This allows us to computér; }_; with spectral accuracy. We can always test to make sure we ¢eptured all
eigenvalues by computing the ISTtat 0.

3.1 Numerical Results

In this section we present numerical results for directteda. First, we compare our method with a reflection
coefficient that is known analytically. Next, we present muitally computed reflection coefficients, which we use
later.

For the defocusing NLS equation & 1) the authors in [27] present an explicit reflection coeffiti#or initial
conditions of the form

qo(z) = —iAsech(x) exp (—ipAlogcosh(z)), u, A > 0. (3.6)
The components of the transition matrix take the form

T (w(k)T(w(k) — w_ — w,)

a(k) = T(w —w )W —w)
I T(w(k)D(1 — wk) + wy +w-)

b(k) = iA2 o T (o) + :
where

. 1 1 ) 7 ) m

w(k):_lk—AM§+§, Wy :—ZA(T+§), w_ :ZA(T—g)’
and
ARy L

Herel" is the Gamma function [19].
The set{x; } is non-empty fo) < 1 < 2. Its elements are

k; =T —i/A(j —1/2), j € Nandj < 1/2 + A|T).

In Figure 1 we plot the reflection coefficient fdr= 1 andu = 0.1. These plots demonstrate spectral convergence.

In Figure 2 we show the reflection coefficient fgf(z) = 1.9 exp(—2? + ix) for both focusing and defocusing
NLS. For focusing NLS we find; = —0.5+ 1.111514, see Figure 2(c) for a plot of the spectrum of (3.5) foundgsin
Hill's method.

4 Numerical inverse scattering

Numerical inverse scattering has two major components.fif$tas the use of a Chebyshev collocation method for
solving RHPs [23] and the second is the deformation of castauthe spirit of the method of nonlinear steepest
descent (NSD) [7]. The use of NSD is essential since the junghie RHP (2.8) is oscillatory for large values:of
and¢. An interesting and desired consequence of using NSD igthleatesulting numerical method is accurate for
large values of: and¢. More specifically, the computational cost to compute tHat&m at a given point, accurate
to within a given tolerance, is shown to be independent ahd¢ (see Section 7). First, we describe the collocation
method for RHPs and then deform the RHP (2.8) to produce asezffinumerical method.
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Figure 1: (a) Plot of the known analytical formula for the eefion coefficient withA = 1 andu = 0.1 (Solid: real
part, Dashed: imaginary part). (b) Demonstration of spécmnvergence for the reflection coefficient (Dotted:
collocation points, Dashe@&0 collocation points, Solidi 20 collocation points.).

Consider the contout = U?:l I'; where eacl’; is a non-self-intersecting arc. We uggto denote the set of self-
intersections of". Assume we have a sequence of Modbius transformafiéns . ., M,, such thatMj,([—1,1]) = Ty.
DefineP,, = {cos(jw/m) : j = 0,1,...,m}, the Chebyshev points, and &}, (z) denote thenth Chebyshev
polynomial of the first kind. Given a RHP

Ot (k) =0 (k)G(k), keT, d(c0) =1, (4.1)

which satisfies compatibility conditions at the self-istction points of’, the framework in [23] will generally return
a vectorl¥; of values at the mapped pointg; (P,,, ), so that the functiofil’ : I' — C**2 defined piecewise by

W(k)r, = oiTy(M; ' (k)),
1=0
W(M(Py,)) =W,
satisfies
e | + Crwvis bounded, and

e [ + Cru satisfies the RHP (4.1) exactly &f; (P, ).

All RHPs considered here satisfy the conditions neededptydpe framework in [23].

We describe briefly the approach of this framework. A clokadh expression [22] for the Cauchy transform of
the basiSTi(Mj*l(k)) allows the discretizatio6,, [G; T'] of (2.11) by evaluating the Cauchy transform of the basis at
the pointsM;(P,,;). A modified definition for the Cauchy transform is requiredta junction pointsy, (which are
included in the collocation point&/; (P, )), at which the Cauchy transform of this basis is unboundgcadgsuming
that the compute@d is in the class of functions for which+ Crv is bounded, we define the bounded contribution of
the Cauchy transform of each basis element at the pointé consequence of solving the resulting linear system is
that the numerically calculatdd” must be in this class of functions. Therefdre- CrW is bounded and satisfies the
RHP aty,, hence at all points in/;(P,,, ).

If ®(c0) =0andW € LY(T") then

. 1
klggo k®(k) = 571 ) W (t)dt, (4.2)
by dominated convergence. The integral on the right-hahelisicomputed using Clenshaw—Curtis quadrature. This
relationship is needed in what follows to reconstruct thetgm of an NLS equation from the solution of the RHP.
The framework in [22, 23] gives an efficient method for conpyiCr off T" as well.
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Figure 2: (a) Plot of known reflection coefficient for the famg NLS equationX = 1) whengy(x) = 1.9e— " Fiz,
(Solid: real part, Dashed: imaginary part). (b) Plot of kmoreflection coefficient for the defocusing NLS equation
(A = —1) whengp(x) = 1.9¢— " Fiz, (Solid: real part, Dashed: imaginary part). (c) The speutof (3.5) found
using Hill's method when = 1.

The spectral convergence of this method is guaranteeddqedthat the norm of inverse of the discretized operator
C,[G;T] does not grow too rapidly [23, 24]. We make the following asption.

Assumption 4.1. If G is continuous andiG; T'] is well-posed then

ICa[G:T) I < CR7CIG;T] |2, B> 0,

where|| - ||z is the induced operator norm ai? (") and|| - ||, is an appropriate finite-dimensional operator norm, see
[24].

Remark 4.1. As previously mentioned, the jump matfixheeds to satisfy a compatibility condition at each point in
~0. The description of this is beyond the scope of this papei[Z4 for details.

Furthermore, the results in [24] justify the truncation ohtours when they are, to machine precision, the identity
matrix. This allows us to consider all RHPs on appropriatgaors of finite length.

Remark 4.2. AMat henmat i ca implementation of the the framework in [23] is availableioel[20].



4.1 Small time

When bothx andt¢ are small, the RHP needs no deformation. Whénsmall, butx is large, the RHP needs to be
deformed. We introduce factorizations of the jump matriefibe

1= No(k)p(k) Ap(k)e %)
G(k) = p(kp)iazg)( ) A )1 ]
1 Mok 1 0
=[5 M9 | r0={ e 3
— 10 T(k) 0 R

Note thatG/(k) = L(k)D(k)U (k) = M (k)P(k). We assume the sefs;;}7_, and{C;}7_, are empty. Later make
the proper modifications to incorporate the extra contoemsiired otherwise

We wish to deform contours of (2.8) off the real line so thaiikketions are turned to exponential decay. The matrix
G contains the two factorskp(+6(k)) and if one decays the other must grow. This motivates sepgthtese factors
using the process ¢énsing[7]. Suppose we can factor the jump functiondBC. Itis possible to separate the single
contour into three contours, as in Figure 3, assurmairandC are analytic in a sufficiently large neighborhood of the
original contour and continuous up to the new contouf® Hatisfies the jumps on the split contour, it is clear that we
can recove by defining® = ®C between the top contour and the original contdut; ® A~! between the original
contour and the bottom contour, afid= ® everywhere else, see the bottom of Figure 3. It is impor@nbte that
the limiting properties of and® at infinity are the same.

\
v

C
- /;\
\/i/
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Figure 3: Demonstration of the lensing process.

Sinceqo(xz) € Ss(R) for somed > 0 it follows that p is analytic in some stri, = {k € C : |Im#k| < ~}
for v > 0. This can be seen by considering the Volterra integral égusfor the eigenfunctions™. The factors in
(4.3) allow lensing but we need to determine where to lensld®e for stationary points of the oscillato#! (k) = 0
whenk = ko = —x/(4¢t). We use theL DU factorization fork < ko andM P for k > ky. See Figure 4(b) for this
deformation and note that the contours are locally deforimékle direction of steepest descent, that is, the direction
along with the jump matrix tends to the identity matrix maegpidly. We denote the solution of this lensed RHP by
4.

This RHP can be solved numerically provided not too large. Ag increases, the solutiom on the contour
(—o0, ko) is increasingly oscillatory and is not well resolved usirtteByshev polynomials.
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Figure 4: (a) Jump contour for the initial RHP fér (b) Jump contours after lensing for the RHP doy.

4.2 Longtime

Next, we provide a deformation that leads to a numerical oeethat is accurate for arbitrarily largeandt. In light
of the results in [24], we need to remove the contbufrom the RHP so that all jumps decay to the identity matrix
away fromky asz andt become large. The matrix-valued function

5(k; ko) 0
0 5_1(]{5;/{0)

d(k; ko) = exp (C(foo,ko)T(k)) ;

A(k; ko) =

satisfies

A (ks ko) = A™ (ks ko) D(k), k € (=00, ko),
A(OO; ko) =1.
We multiply the solution of the RHP in Figure 4(b) y~! to remove the jump. To compute the solution to the
new RHP we use
df =07 J
OTAT =7 JAT
OFAT = T ATIA_JATL

t ¢

Indeed, we see that if = D there is no jump. Defin®, = ®; A~!. See Figure 5 for a schematic overview of the
new jumps. This deformation is not sufficient for a numeraaltion asA(k; ko) has a singularity at = ky. We
must perform one last deformation in a neighborhoo# ef &, to bound contours away from this singularity. We use
a piecewise definition of a functiobs, see Figure 6(a), and compute the jumps, Figure 6(b). Thiwifinal RHP. It

is used, after contour truncation and scaling, to computedisas of the NLS equations for arbitrarily large time. We
discuss the scaling of the RHP in more detail in Section 7

ALA™! AMA™!

Figure 5: Removal of the jump a0, ko).
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Figure 6: (a) The piecewise definition &f. (b) Jump contours and jump matrices for the RHPd#gr
We use a combination of the deformation in Figure 4(b) forlstimae and the deformation in 6(b) to obtain an

approximation to focusing or defocusing NLS when no sobtare present in the solution. Lastly, we deal with the
addition of solitons for the case of focusing NLS. There atdittonal jumps of the form

_ 1 0 . N
OF (k) =
_ O 0(R;) — R
@‘(k)[(l) Coe™t00 /(= ) ] fhea

We assume tha&te(k;) > 7.

For smallz andt, |?(®3)| = |e=?(%i)| is close to unity and the contours and jumps need to be addmtktof the
deformations discussed above. This will not be the caselfar and¢. When|C;e?(%3)| > 1 we invert this factor
through a deformation. Define the 96t , = {j : |Cje?(")| > 1}. Note that the: and¢ dependence enters through
6(x;). Next, define the functions

_ k — K;
vlk) = _ k—r;’
JEK ¢
and
| (k) 0
V%)—[ 0 Uv()}
Define the piecewise-analytic matrix-valued functibn
1 —(k = r7)/(Cje?r)) if 1 —
|: Cjee(ﬁj)/(k _ fij) V(k)v if |k ’{J| <,
b(k) = (k) 0 —Cje ) [ (k - Rj) : -
(s — ;) (Cye—0F) 1 V(k), If |k—FR;| <e,
V (k) otherwise

11



Computing the jumps thait satisfies we find, foj € Ky,

1 —(k—ry)/(Cyelxa))

_ 1
VO] e |

; +
| ]vwx if ke AT,

O]wa it ke A7

This turns growth of the exponential to decay to the identisitrix. To simplify notation we define

Tyu(h) = |
7 )= L
St =|
Sy (h) = |

1 0
_Oje(')(nj)/(k _ Hj) 1 :| ) (4.4)
Gy /(k — )
1 } ’ (4.5)
—(k — K5)/(Cjelxa)) ] 7 (4.6)
1
1 0
G 1] @7

In Figure 7 we present the full small-time and long-time RHRe use the notatiojy/; ] to denote the RHP in Figure

7(b).
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Figure 7: (a) The jump contours and jump matrices for the faetbrmation for small time. In this schematic
|C;e?F3)| < 1 and|C;e%)| > 1. (b) The jump contours and jump matrices for the final defdiomafor large

time. Again, in this schematic;ef(%s)| < 1 and|C;ef (%)

> 1.
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4.3 Numerical Results

In Figure 8 we plot the solution of the focusing NLS equatidthwg, given by (3.6) withA = 1 andy = 0.1. The
solution is nearly reflectionless but Figure 8(d) shows tres@nce of dispersion. In Figure 10 we plot the initial
conditiongg () = 1.9 exp(—2? + ix). The solutions of the focusing and defocusing NLS equatiaitts this initial
condition are computed. See Figure 11 for focusing and Eig@rfor defocusing. We also note that when the initial
condition is less localized the corresponding reflectiogfficient is more oscillatory. This makes it more difficult to
resolve the solution of the corresponding RHP. We restricselves to localized initial data for this reason.
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Figure 8: The solution of the focusing NLS equation wjthgiven by (3.6) withA = 1 andy = .1. (Solid: real
part, Dashed: imaginary part) (a)z,0) (b) ¢(z,1) (c) ¢(x, 10) (d) A scaled plot ofy(z, 10) showing the effects of
dispersion.

We show numerical results that demonstrate spectral cgemee. Lety, be given by (3.6) withA = 1 and
w1 = 0.1 so that we can assume the reflection coefficient is computethine precision. Defingn, z, t) to be the
approximate solution such that the number of collocatiomgsger contour is proportional te. In practice we set
the number of collocation points to meon shorter contours, like all contours in Figure 7(b). Fogéa contours, like
the horizontal contours in Figure 7(a), we dsecollocation points. To analyze the error we define

Q%(x’t) = |Q(n’xat) - Q(m’m’t”' (4.8)

Using this notation, see Figure 9 for a demonstration of tspkeCauchy) convergence. Note that we chapsadt
values to demonstrate spectral convergence in both the smeland large time regimes.

5 Extension to homogeneous Robin boundary conditions on thealf line

The results thus far have been for the solution of the NLS #guposed on the whole line. We switch our attention to
boundary-value problems on the half line> 0. Specifically, we extend the previous method to solve thieviohg
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Figure 9: The convergence of the numerical approximatidrihe solution of the focusing NLS equation witl
given by (3.6) withA = 1 andp = .1. (@) Q8°(2, 0.2) asn ranges fron® to 40. (b) Q3°(110, 110) asn ranges from
2 10 40.

% = 0 2
Figure 10: The initial conditiogy(z) = 1.9e= o +iw, (Solid: real part, Dashed: imaginary part)

boundary-value problem:

Gt + Gux + 2X\gPqg =0, X = £1,
aq(0,t) +¢(0,1) =0, a €R, (5.1)
Q(Ivo) = qO(I) € 85(R+)75 > 0.

HereSs(R™) is the space of smooth functiogfson [0, co) such that

limsup °®| f ()| < oco.
Tr—r 00
If we takea = 0 we obtain a Neumann problem and the limit— oo effectively produces a Dirichlet problem.
A method of images approach can be used to solve this probldra.approach of Biondini and Bui [3] takes the
given initial condition on[0, o) and produces an extension(teoc, 0) using a Darboux transformation. For Neu-
mann boundary conditions this results in an even extensidrf@ Dirichlet boundary conditions the transformation
produces an odd extension. Consider the system of ODEs

}/1/ - }/27
Yy = (4Xqo> + 0®)Y1 — A@oYs — qoYa, (5.2)
Yy = 2 Y1, '

Y, = 2A\qyYh,
with initial conditions

Y1(0) =1, Y2(0) = —a, Y3(0) = 24o(0), Ya(0) = 2Ag0(0),

14
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Figure 11: The solution of the focusing NLS equation wilshown in Figure 10. (Solid: real part, Dashed: imaginary
part) (a)q(z,1) (b) A zoomed plot ofy(z, 1) (c) g(x, 10) (d) A zoomed plot ofg(x, 10), illustrating the dispersive
effects in the solution.
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and the function

~y_ [ ao(x), if z €[0,00),
(=) _{ () + V(@) /Yi(x), i o € (—o00.0).

It was shown in [3] that the solution of the Cauchy problem KitS equation orR with initial datag, restricted
to [0, c0), is the unique solution of (5.1). To compute the extendetlaindatag we first solve the system (5.2)
numerically using a combination of Runge—Kutta 4 and 5. Thisiplemented ilNDSol ve in Mat hermat i ca. The
IST for the extended potential can be used in the previoufosésframework to numerically solve (5.1).

5.1 Numerical Results

In this section we show numerical results for a Robin probdemd a Neumann problem. As noted above, we could
treat the Dirichlet problem by using an odd extension of aitral condition.

e Robin boundary conditions

Here we show results for the case of the focusing NLS equétiea 1) with o = —1 and with initial condition
qo(z) = 1.9exp(—z? + x). Note that the initial condition satisfies the boundary déod at¢ = 0. In
Figure 13(a), we give the extended initial conditipand in Figure 13(b) we show the corresponding reflection
coefficient. For this extended initial condition, we haverf@oles on the imaginary axis in the RHP which
corresponds to two stationary solitons:

K1 = 1.84725i, Cy = —14.4092,
Ko = 1.21265i, Co = —8.17034s.

(@) (b)

Figure 13: (a) The extended initial conditigr{Solid: real part, Dotted: imaginary part). (b) The reflentcoefficient
for the extended initial conditiog. (Solid: real part, Dotted: imaginary part)

e Neumann boundary conditions

To show the reflection of a soliton off the boundaryzat 0 we solve a Neumann problem & 0) with initial
conditiongy(z) = 1/222 exp(—.222 — iz). The extensioi of the initial condition can be seen in Figure 15(a).
In this case it is just the even extension. The scattering dansists of

k1 = 0.497613 + 0.371208, C7 = 0.110159 + 5.35099¢,
ko = —0.497613 + 0.371208, C3 = —0.231104 — 0.03574215.

This shows that we have a pair of poles in the RHP to the righhefimaginary axis and two to left. This
corresponds to one soliton moving to the left and one solitoring to the right. The reflection coefficient is
shown in Figure 15(b).
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Figure 14: The solution of the focusing NLS equation with Rdiioundary conditionso{ = 1) and withgy shown in
Figure 13(a). (Solid: real part, Dashed: imaginary pajty(a, 0) (b) ¢(x, 1) (c) ¢(x, 10) (d) A scaled plot of;(x, 10)
showing the extent of the dispersive tail.
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Figure 15: (a) The extended initial conditigr{Solid: real part, Dotted: imaginary part). (b) The reflentcoefficient
for the extended initial conditiog. (Solid: real part, Dotted: imaginary part)
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Figure 16: The solution of the focusing NLS equation Neumiaoundary conditions ang, shown in Figure 15(a).
The solution is obtained up to= 7.

6 Singular solutions

As mentioned above the defocusing NLS equation does notdwiten solutions that decay at infinity. We can insert
the contoursﬁljE (see (2.9)) into the RHP anyway. To get a solution of the defog NLS equation we need to make
a generalization of (4.4) by adding Define

Tis(B) = | —cjeewl/(k_nj) (1) } ’

T (k) = é —Ac‘*je-‘)(?)/(k—ﬁj) } ’
N A
S (k) = —A(k_aj)}(’je—"(@) 1]
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When\ = 1 (focusing) this definition agrees with (4.4).
When\ = —1 (defocusing) we investigate how these additional contatitsnanifest themselves in the solution.
Consider

ui(x,t) = Qe —4it(€¥ —n*)~2ix¢ sech(2n(4t + © — x0)),
which is the one soliton solution of the focusing NLS equafit]. A simple calculation shows that
ug(x,t) = 277674“(527’72)72”5050?‘(277(4155 +x —x)),

is a solution of defocusing NLS. We are using the term sofulimsely since this function has a pole whsplt¢ +

x — xo = 0. We call this a singular solution or singular soliton. Wha abtain when adding the above contours to
the RHP associated with the defocusing NLS equation is aimearl combination of these singular solutions in the
presence of dispersion, as in the focusing case where tiersoais nonsingular. See Figure 17 for plots of a solution
obtained using the reflection coefficient in Figure 2 alonthwi

K1 =2+2i, C=1000,
Ky = —2+2i, Cy=1/1000.

This corresponds to two of these singular solitons movingtd each other, until they bounce off each other (the poles
never cross). They interact in the presence of dispersianchMdose large and small norming constants to have the
solitons away fronx = 0 whent = 0. It is not possible to obtain these types of solutions wigititional numerical
methods. Not surprisingly, the relative accuracy of our atioal approximation breaks down near the poles. For
points bounded away from the poles we still expect uniformveogence as discussed in the following section.

7 Asymptotic accuracy

In this section we use the theory of [24] to prove the accuEcthe numerical method for arbitrarily large time
for [J;X] in Figure 7(b). We assume the contours of the RHP are trudaateording to Section 4. Defirlg; =
Uj(Aj+ UAj) andX; = X\ ;. Define the restrictions of:

Ji(k)
Jo(k)

J(E)s,,
J (k).

We introduce some andt independent domair{3; and(s:

Ql x

Y1=———

1 \/E 4ta
Yo = Qo.
We use the change of variables

z x

k=——— 7.1
N (7.1)

and the notation/, (z) = J1(z/v/t — x/(4t)). Fix the trajectory in théz,t) plane: z = c4t. We wish to apply
the theory of [24]. To do this we need to modify our solutiongedure. First, we numerically soly#;, 2,] with n
collocation points to obtain a solutial, ,,. The change of variables (7.1) is inverted, defining

D10 (k) = B1n (VE(E ~ ko))

Define Jo (k) = <I>17n(k)J2(k)<I>1‘7}L(k). Then[J,,,, Q] is solved numerically with collocation points (for sim-
plicity) to obtain a function®, ,,. Note that there is no change of variables to invert for thi#PRThe function
®,, = &, , P4, is an approximation of the solution to full RHP; X].

Since the arc length af; tends to zero for largg the conditions we check are [24, Proposition 5.2]:
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Figure 17: A singular solution of the defocusing NLS equatiote that the vertical lines are asymptotes. (Solid: real
part, Dashed: imaginary part) (@)z, 0) (b) ¢(x,0.1) (c) ¢(x,0.2), showing the interaction of the singular solutions.
(d) ¢(=, 1), after the two poles have bounced off each other and a signtfamount of dispersion is present.
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e C[J1; ]! exists and is uniformly bounded in
o C[J2;Q2] ! exists and is uniformly bounded nand
« all derivatives of/; (z) and.Jz(z), in the z variable, are uniformly bounded trand.

Itis easy to see that all derivativesof '7; +V andV ~1S; .V will be uniformly bounded. The transformation from
T;+ to S; 4+ guarantees this.

The only possible singular behavior df will come from either the termexp(+60(k)) or from A(k; ko). We
proceed to show that under the chosen scaling, all derest¥these two functions are bounded. From the definition
of 6,

O(k) = 2i(c4tk + 2tk?) = —dic*t + 4iz>.
We see that all derivativesip(6(z)) are bounded as long ass bounded.
Now we conside\(k; ko) in a neighborhood ofy. We need to bound derivatives @fp Y (k) where

1 f(s)

Y(k) = 21 s—k

ds, [(s) = log(1 = An(s)p(s)),

— 00

because it appears ih. We first note thaexp(Y (k)) is bounded for alk sincef(s) is real-valued. Now, since the
Cauchy integral is invariant under a conformal change daiées that leaves infinity fixed, we have

R L IO

o0 S— 2

J(s) = f(s/VE—2/(4t)), ¥ (2) = Y (/VI - 2/ (a1)).

From [17] (see also [24]) we have

. 0 FG) (s I fG—i)
o g ([ e 5 R,
— i=1

F9(0) = O (_%) —il2

From the assumption thatis analytic and decays in a strip containing the real line eeethat all derivatives df are
uniformly bounded irt.

The analysis in [24] requires that the singular integralrafmgs on(2; have uniformly bounded inverses &s
becomes large. This follows from the asymptotic analysihefRHP [10, 9]. While we made the restriction= 4ct
above, the bounds on derivatives can be taken to be indepeoide Definel? to be the solution of the SIE o,
see (2.11) andlV’! to be its approximation with collocation points per contour. We arrive at the followihgaorem.

Theorem 7.1. For sufficiently larget and every > 0 there existsV > 0 such that fom > N
(Wi — W 120 < €i=1,2.

Remark 7.1. This theorem relies heavily on Assumption 4.1. If Assumggtit fails to be true the numerical method
may not converge.

Since the arc length of the contours is bounded we have unifd(T") convergence and (4.2) demonstrates that
q(z,t) is approximated uniformly.

7.1 Numerical Results

To demonstrate asymptotic accuracy we use the notation8pgad fixn andm. We letx andt become large along a
specific trajectory. For our purposes we use 4t. Note that along this trajectoryis on the order ot //t [31] (see
also [10, 9, 8]). This allows us to estimate the relative ieré@e Figure 18 for a demonstration of the accuracy of the
method for larger andt. We see that the relative error is bounded and small usiagjwrely few collocation points.
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Figure 18: Asymptotic computations of solutions of the feiag NLS equation witlyg given by (3.6) withA = 1 and
w = .1. (Solid: real part, Dashed: imaginary part) @¥, 4t, t). (b) Qi°(4t,t) - t'/? for large values of.

8 Conclusions

We are able to successfully compute the full IST on the whinkefor smooth initial data with sufficiently fast decay
and compute singular solutions if we use special specttal @dl spectral data can be obtained with spectral accuracy
Furthermore, numerical extensions of data on the half larele used to solve homogeneous Dirichlet, Neumann and
Robin boundary-value problems on the half line. After defimg the contours of the RHP in the spirit of Deift and
Zhou and the method of nonlinear steepest descent, we abtagthod that is accurate for arbitrarily large values of
x andt. More precisely, the computational cost required to complug solution accurate to within a given tolerance
can be shown to be independentcdindt.
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