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Abstract

The effective and efficient numerical solution of Riemann—-Hilbert problems has been demonstrated
in recent work. With the aid of ideas from the method of nonlinear steepest descent for Riemann—
Hilbert problems, the resulting numerical methods have been shown numerically to retain accuracy as
values of certain parameters become arbitrarily large. The primary aim of this paper is to prove that
this observation is valid. To do so, we first construct a general theoretical framework for the numerical
solution of Riemann—Hilbert problems. Second, we demonstrate the precise link between nonlinear
steepest descent and the success of numerics in asymptotic regimes. In particular, we prove sufficient
conditions for numerical methods to retain accuracy. Finally, we compute solutions to the homogeneous
Painlevé II equation and the modified Korteweg—de Vries equations to explicitly demonstrate the practical
validity of the theory.

1 Introduction

Matrix-valued Riemann—Hilbert problems (RHPs) are of profound importance in modern applied analysis.
In inverse scattering theory, solutions to the nonlinear Schrédinger equation, Korteweg de—Vries equation
(KdV), Kadomtsev—Petviashvili I equation and many other integrable solutions can be written in terms of
solutions of RHPs [1]. Orthogonal polynomials can also be rewritten in terms of solutions of RHPs [3].
The asymptotics of orthogonal polynomials is crucial for determining the distribution of eigenvalues of large
random matrix ensembles [3]. In each of these applications, RHPs fulfill the role that integral representations
play in classical asymptotic analysis.

The way in which these RHPs are analyzed is through the method of nonlinear steepest descent [4].
RHPs can be deformed in the complex plane in much the same way as contour integrals. This allows the
oscillatory nature of the problem to be changed to exponential decay. These deformed problems, which
depend on a parameter, are solved approximately. The approximate solution is found explicitly and the
difference between the actual solution and this approximate solution tends to zero as a parameter becomes
large.
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The method of nonlinear steepest descent was adapted by the authors in [15] for numerical purposes.
We developed a method to reliably solve the Cauchy initial-value problem for KdV and modified KdV
for all values of x and ¢. A benefit of the approach was that, unlike the standard method of nonlinear
steepest descent, we did not require the knowledge of difficult-to-derive local parametrices. Instead, an
approach was developed based on scaling contours. Convergence of the approximation was demonstrated
through numerical tests, which further showed that the accuracy of the approximation actually increased
in the asymptotic regime. The focus of the current paper is to derive sufficient conditions (which are often
satisfied) for which we can prove that the approach of solving RHPs numerically on scaled contours will be
guaranteed to be accurate in asymptotic regimes. We refer to this type of behavior as asymptotic stability
or uniform approximation.

In addition, we show the deep connection between the success of the numerical method and the success of
the method of nonlinear steepest descent [4]. A notable conclusion is that one can expect that whenever the
method of nonlinear steepest descent produces an asymptotic formula, the numerical method can be made
asymptotically stable. Achieving this requires varying amounts of preconditioning of the RHP. This can vary
from not deforming the RHP at all, all the way to using the full deformation needed by the analytical method.
An important question is: “when can we stop deformations and a have a reliable numerical method?” Our
main results are in §5 and allow us to answer this question. In short, although we do not require the knowledge
of local parametrices to construct the numerical method, their existence ensures that the numerical method
remains accurate, and their explicit knowledge allows us to analyze the error of the approximation directly.
In the last two sections we provide useful examples of where this arises in applications.

The paper is structured as follows. We begin with some background material, followed by the precise
definition of a RHP along with properties of an associated singular integral operator. This allows us, amongst
other things, to address the regularity of solutions. Then, we use an abstract framework for the numerical
solution of RHP which will allow us to address asymptotic accuracy in a more concise way. Additionally,
other numerical methods (besides the one used for the applications) may fit within the framework of this
paper. We review the philosophy and analysis behind nonlinear steepest descent and how it relates to
our numerical framework. Then, we prove our main results which provide sufficient condition for uniform
approximation. The numerical approach of [11] is placed within the general framework, along with necessary
assumptions which allows a realization of uniform approximation. We apply the theory to two RHPs. The
first is a RHP representation of the homogeneous Painlevé II transcendent

Upy — 2u — 2u® = 0, (1.1)

for specific initial conditions and x < 0. The second is a RHP representation of the modified Korteweg—de
Vries equation

up — 6uuy + Upgy = 0, (1.2)

for smooth exponentially decaying initial data in the so-called Painlevé region [5].

2 Background Material

We use this section to fix notation that will be used throughout the remainder of the manuscript. We reserve
C and C; to denote generic constants, and X and Y for Banach spaces. We denote the norm on a space X
by || - |lx. The notation £(X,Y") is used to denote the Banach algebra of all bounded linear operators from
X toY. When X =Y we write £(X) to simplify notation. The following lemma is of great use [2]:

Lemma 2.1. Assume L € L(X,Y) has a bounded inverse L= € L(Y, X). Assume M € L(X,Y) satisfies
1
M = L|| < o=
L=
Then M s invertible and

[P

M1 < .
M < T =




Furthermore,

[L7HPIL — M|

L '—MY< .
| < Tz = o

(2.2)

In what follows we are interested in functions defined on oriented contours in C. Assume I' is piece-
wise smooth, oriented and (most likely) self-intersecting. o is used to denote the set of self-intersections.
Decompose I' = 'y U --- U Ty to its smooth, non-self-intersecting components. Define C°(T';) to be the
space of infinitely differentiable functions with compact support in I';, and C(T';) to be the Banach space of
continuous functions with the uniform norm. Define the space

¢
L*T) = {f measurable : Z/ |f (k)| |dk| < oo} .
i=1 /T4

We define, D, the distributional differentiation operator for functions defined on I'\ 7. For a function
p € C(T;) we represent a linear function g via the dual pairing

9() = (g, #)r;-
To D;g we associate the functional
(9, £3)r -

For f € L*(T) consider f; = f|r,, the restriction of f to I';. In the case that the distribution D; f; corresponds
to a locally integrable function

(Difigir = [ DefRp) = [ filhrg ()
for each 4, we define
Df(k) = Difi(k) if k € T; \ %o
This allows us to define
H*T)={feL*T):Dif e L*(T), j=0,...,k}.

We write W*°°(T") for the Sobolev space with the L2 norm replaced with the L> norm. An important note
is that we will be dealing with matrix-valued functions, and hence the definitions of all these spaces must
be suitably extended. Since all finite-dimensional norms are equivalent, we can use the above definitions
in conjunction with any matrix norm to define a norm for matrix-valued functions provided the norm is
sub-additive.

3 Theory of Riemann—Hilbert Problems in L*(T)

Loosely speaking, a Riemann—Hilbert problem (RHP) is a boundary-value problem in the complex plane:

Problem 3.1. [10] Given an oriented contour I' C C and a jump matriz G : T — C?*2, find a bounded
function ® : C\ T — C?*2 which is analytic everywhere in the complex plane except on T, such that
Ot (2) = d (2)G(2), forzeT, and (3.1)
D(0) =1,

where ®T denotes the limit of ® as z approaches I' from the left, ®~ denotes the limit of ® as z approaches
I from the right, and ®(00) = lim|,|_,oc ®(2). We denote this RHP by [G;T].



The definition is not sufficiently precise to compute solutions. We say that ® is an L? solution of [G;T]
normalized at infinity, if

B 1 u(s)
O(z) =1+ i /F - st = I+ Cru(z),

for some u € L3(T') and ®*(z) = &~ (2)G(z), for almost every z € T.
Definition 3.1. The Cauchy transform pair is the pair of boundary values of the Cauchy integral Cr:
Cu(z) = (Cru(z))*. (3.3)

It is well known that for fairly general contours (including every contour we considered here) that the
limits in (3.3) exist non-tangentially almost everywhere. The operators CZ are bounded from L?(T) to itself
and satisfy the operator identity [8]

i —¢Cp =1 (3.4)

Remark 3.1. When deriving a RHP one must show that ®—1 € ranCr. This is generally done using Hardy
space methods [8, 6]. Brevity is the governing motivation for the above definition of a RHP.

We convert the RHP into an equivalent singular integral equation (SIE). Assume ®(z) = I 4+ Cru(z) and
substitute into (3.1) to obtain

I+ Clu(z) = Cru(2)G(2) + G(2). (3.5)

Using (3.4),
u(z) — Cru(z)(G(z) = I) = G(z) — I. (3.6)
Definition 3.2. We use C[G;T] to refer to the operator (bounded on L?(T") provided G € L>(T')) in (3.6).

In what follows we assume at a minimum that the RHP is well-posed, or C[G;T|~! exists and is bounded
in L3(T') and G — I € L*(1).

We need to establish the smoothness of solutions of (3.6) since we approximate solutions numerically.
This smoothness relies on the smoothness of the jump matrix in the classical sense along with a type of
smoothness at the self-intersection points, vy, of the contour.

Definition 3.3. Assume a € . Let I'y,..., Iy, be a counter-clockwise ordering of subcomponents of T'
which contain z = a as an endpoint. For G € W5(T') N H*(T') we define G; by Glg, if I'; is oriented
outwards and (G|r,)~! otherwise. We say G satisfies the (k — 1)th-order product condition if using the
(k — 1)th-order Taylor expansion of each G; we have

HG’Z-:I—i—O((z—a)k),forjzl,...,k—l, Ya € vq. (3.7)
i=1

To capture all the regularity properties of the solution of (3.6), and to aid the development of numerical
methods, we introduce the following definition in the same vein as Definition 3.3.

Definition 3.4. Assume that a € 79 and let T'y,..., T, be a counter-clockwise ordering of subcomponents
of T' which contain z = a as an endpoint. For f € H*(T), define

A : d\J . L
fi(j) _ fhmz_md(d—?) flr,(2) if Ty is oriented outward, (3.8)
lim,_,, (E) flr: (2) if Ty 4s oriented inward.
We say that f satisfies the (k — 1)th-order zero-sum condition if
) - _
S £ =0, forj=0,....k—1 and Va € . (3.9)

i=1



G2 = (Glr,) ™!
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Figure 1: A typical intersection point and the definition of Gi.

Remark 3.2. These definitions imply conditions also when T' has an isolated endpoint. In that case G = 1
at this endpoint and f = 0.

This motivates the following definition.

Definition 3.5. A RHP [G;T] is said to be k-reqular if
e G,G71 satisfy the (k — 1)th-order product condition, and
e G—I,G7 ' —TeWhre(T)nH*T).

It is worth noting that when I is bounded the H*(I") condition is trivial. We include it for completeness.
A useful result [9, Chapter II, Lemma 6.1] is:

Lemma 3.1. Let I' be a smooth non-closed curve from z = a to z = b with orientation from a to b. If
f € HY(T), then

1) g @) _ JO) | [ DFQ

D _
r¢—=z a—z b—2z r ¢—=z

Due to cancellation, CFi commutes with the weak differentiation operator for functions that satisfy the
zeroth-order zero-sum condition. We use the notation H¥(I") for the closed subspace of H*(I") consisting of
functions which satisfy the (k — 1)th order zero-sum condition. This allows us to use the boundedness of
CE on L*(I) to show the boundedness (with same norm) of CZ from H¥(T') to H*(T). The results in [16],
combined with the fact that differentiation commutes with the Cauchy operator on these zero-sum spaces
can be used to prove the following theorem.

Theorem 3.1. Given a RHP [G;T| which is k-reqular, assume C|G;T] is invertible on L*(T'). Then u €
HE(T), the solution of (3.6), satisfies

DFy = C[G;T) 7! <D’f(G ~I)+ D*(Cru-(G—1)) —CrD"u- (G — I)). (3.10)

where the right-hand side of (3.10) does not depend on D*u.



Corollary 3.1. Under the hypotheses of Theorem 3.1, u satisfies an inequality of the form
ull ey < pr (1G = Hlwee @ ICIG; Tl 2ez2oy) ICIG Tl 2z2@op 1G = Il s (3.11)
where py is a polynomial of degree k whose coefficients depend on |Cr || £(12(r))-

Proof: Taking the norm of (3.10) gives a bound on the semi-norm || D*ul|2(r) in terms of [[ul| ge-1(ry. Us-
ing (3.10) for k—1 gives a bound in terms of ||u|| x—=2(ry. This process produces a bound of the form (3.11). B

Remark 3.3. The expression for the derivative in Theorem 3.1 can be used to bound Sobolev norms of the
solution in terms of Sobolev norms of the jump matriz if a bound on the norm of the inverse operator is
known. In some cases, when the jump matriz depends on a parameter, and the Sobolev norms of the jump
matriz are bounded or decaying, the resulting bounds are of use.

We often use the following theorem which is derived from the results in [7].

Theorem 3.2. Consider a sequence of RHPs {[G¢;T]}e>0 on the fized contour T' which are k-reqular.
Assume G¢ — G in WE(T') N H*¥(T) as £ — oo, then

e IfC[G;T] is invertible then there exists a T > 0 such that C[G¢;T'] is also invertible for &€ > T.
o If O, is the solution of [Ge, T, and ® the solution of [G;T'], then ‘I’? — ®F = 0 4n H*T).
o || Pe — @||yioe(s) — 0, for all j > 1, whenever S is bounded away from T.

Proof: The first statement follows from the fact that C[G¢;T'] converges to C[G; T in operator norm. The
second property follows from Corollary 3.1. The final property is a consequence of the Cauchy-Schwartz
inequality and the fact that ||ue — /g2y — 0. B

4 The Numerical Solution of Riemann—Hilbert Problems
The goal in this section is to introduce the necessary tools to approximate the operator equation
Cl[G;Tlu=G—1. (4.1)

We start with two projections Z,, and P, both of finite rank. Assume P,, is defined on H!(T') and Z,, is
defined on H(T'). Define X,, = ranP,, and Y,, = ranZ, equipping both spaces with the inherited L?(T")
norm. We obtain a finite-dimensional approximation of C[G;T] by defining

Cn|G;Tu = Z,,C[G; Tu.

It follows that C,,[G;T] : X, — Y,,. This is useful under the assumption that we can compute C[G; '] exactly
for all u € X,,. An approximate solution of (4.1) is obtained by

U, = Cp[G; T Z,.(G — 1),
whenever the operator is invertible. We use the pair (Z,,, P,) to refer to this numerical method.

Remark 4.1. One may have concerns about C,,|G;T| because the dimension of the domain and that of the
range are different. It turns out that C[G;T] maps HL(T') to a closed subspace of H' (') and we can define Z,
on this space. In the numerical framework of [11], solving the associated linear system results in a solution
that must satisfy the zeroth-order zero-sum condition, justifying the theoretical construction above. In what
follows we ignore this detail.

To simplify notation, we define 7[G;TJu = Cru(G — I) (so that C[G;T] = I — T[G;T]) and T,[G;T] =
T, T|G;T]. We use a few definitions to describe the required properties of the projections.



Definition 4.1. The approzimation C,[G;T to C[G;T] is said to be of type (v, 8,7) if, whenever C[G;T] is
invertible for n > N, C,|G;T] is invertible and

o [[CalG: Tl eerrry, vy < Cin®*(1+ (|G = I oo () [ICr [l 2(z2(r)))
o [CAlG;TI gy, x,) < ConP[IC[GS T £(r2(ry) and
o [|TalGiT]llc(x, vy < Csn[|G = I oo () ICr [ 22T -

The constants here are allowed to depend on T.

The first and second conditions in Definition 4.1 are necessary for the convergence of the numerical
method. This will be made more precise below. The first and third conditions are needed to control
operator norms as G changes. It is not surprising that the first and the third conditions are intimately
related and in §6 we demonstrate the connection.

Remark 4.2. Some projections, mainly those used in Galerkin methods, can be defined directly on L?(T).
In this case we replace the first condition in Definition 4.1 with

1CalGi Tl 22y, v,y < C1n* (1 + |G = I oo () ICE [l 222 (r)))-
This condition and the second condition with o = v are implied by requiring
1 Znll o2 (ry, v,y < Cin®.

In this sense Galerkin methods are more natural for RHPs, though we use the collocation method of [11]
below because a Galerkin method has yet to be developed.

Definition 4.2. The pair (Z,,,Py) is said to produce an admissible numerical method if
e The method is of type (o, 8,7).

e For allm > 0, ||Z,u — u||gr(ry and ||Pyu — ul|g1i(ry tend to zero faster than n™™ as n — oo for all
u € H*(T); for some s.

e T, is bounded from C(T') to L*(T'), uniformly in n.

Remark 4.3. We assume spectral convergence of the projections. This can be relaxed but one has to spend
considerable effort to ensure o, B and v are sufficiently small.

Next, we prove the generalized convergence theorem.
Theorem 4.1. Assume that (I, Py) produces an admissible numerical method. If C|G;T) is 1-reqular and
invertible on L*(T'), we have
lu—wn| L2y < (14 en®tP)||Pu — ul| gy with (4.2)
¢=ClCIG; T ey (X + |G = Il Loy ICr | 222 (r)))- (4.3)
Proof:  First, for notational simplicity, define K,, = C,[G;T], K = C[G;T] and f = G — I. Then u, =
KT, f = K,;'Z,,Ku. Further, since u € HX(T),
U — Uy =U — Pru+ Pru — uy,
=u — Ppu+ Pou — K, ' T, Ku
=u—Ppu+ ICEIIC””Pnu - IC;lLJCu
=u — Ppu + IC:LI(ICnPnu — I, Ku)
=u — Ppu + K, ' T, K(Pou — u).
We used K, Pou = Z,KP,u for u € H}(T') in the last line. Taking an L?(T') norm, we have

ot = ey < 10T + K Tk = P ey < (14 en™ ) u— P 1) 8



Remark 4.4. In the case mentioned above where Z,, and P, can be defined directly on L*(T) we obtain a
purely L*(T) based bound

Hu — Un”Lz(p) S (1 + C?”LCH_’Q)H’LL — PnuHL2(1")~

Corollary 4.1. Under the assumptions of Theorem 4.1 and assuming that [G;T] is k-regular for large k
(large is determined by Definition 4.2) we have that ®,, = I + Cru, is an approzimation of ®, the solution
of |G;TY, in the following sense.

o &F — &+ - 0 in L*(T) and
o [|[® — P|lioo(g) — 0 for all j > 0, whenever S is bounded away from T'.

Proof: The first claim follows from the boundedness of the Cauchy operator on L?(I') and, as before, the
Cauchy-Schwartz inequality gives the second. B

Below we always assume the numerical method considered is admissible. The ideas presented thus far
are general. In specific cases the contour I' consists of disjoint components. We take a different approach to
solving the RHP in this case.

Example 4.1. Consider the RHP [G;T'] with T' = T'1 UT'y where T’y and T's are disjoint. To solve the full
RHP, we first solve for ®; — the solution of [G|r,;T1] — assuming that this sub-problem has a unique
solution. The jump on 'y is modified through conjugation by ®1. Define

Go = &G, ®7 L.

The solution ®5 of [C:'g;l"g} is then found. A simple calculation shows that ® = &P, solves the original
RHP [G;T].

This idea allows us to treat each disjoint contour separately, solving in an iterative way. When using this
algorithm numerically, the dimension of the linear system solved at each step is a fraction of that of the full
discretized problem. This produces significant computational savings. We now generalize these ideas.

Consider a RHP [G;T] where I' = T'; U--- UT. Here each I'; is disjoint and T'; = «;Q; + §; for some
contour ;. We define G;(z) = G(2)|r, and H;(k) = G;(oiik + B;). As a notational remark, we always
associate H; and G is this way.

Remark 4.5. The motivation for introducing the representation of the contours in this fashion will be made
clear below. Muainly, this formulation is important when «; and/or B; depend on a parameter but €; does
not.

We now describe the general iterative solver.
Algorithm 4.1. (Scaled and Shifted RH Solver)
1. Solve the RHP [Hy; ] to obtain &)1. We denote the solution of the associated SIE as Uy with domain
Q1. Define ®1(z) = o, (Z;—?l)

2. For each j =2,...,¢ define ®; ;(2) = ®;(a;z + B;) and solve the RHP [Hj; ;] with

Hj=®; 1 - (I)l,jqu)i; R

J=Lj>
to obtain i)j, Again, the solution of the integral equation is denoted by U; with domain §;. Define
— & —B;
@;() = &; (52).

3. Construct ® = Oy --- $y, which satisfies the original problem.



When this algorithm is implemented numerically, the jump matrix corresponding to H ;j is not exact. It
depends on the approximations of each of the ®; for i < j7 and more specifically, it depends on the order of
approximation of the RHP on §; for ¢ < j. We use the notation n; = (nq,...,n;) where each n; is the order
of approximation on £2;. We use n > m whenever the vectors are of the same length and n; > m; for all j.
The statement m — 0o means that each component of n tends to co. Let ®; ;n, be the approximation of
®; ; and define

Hjm, =®j-1jm, o PrinHi®jn, @ in, -
If the method converges then ﬂ’j,nj — FIj uniformly as n; — oo.

A significant remaining question is: “how do we know solutions exist at each stage of this algorithm?”
In general, this is not the case. C[G;T] can be expressed in the form K — 7 where K is the block-diagonal
operator with blocks C[G;;T;] and T is a compact operator. Here T represents the effect of one contour on
another and if the operator norm of 7 is sufficiently small solutions exist at each iteration of Algorithm 4.1.
This is true if the arclength of each I'; is sufficiently small. We leave a more thorough discussion of this to
§5.1. An implicit assumption in our numerical framework is that such equations are uniquely solvable.

The final question is one of convergence. For a single fixed contour we know that if (Z,,,P,) produces
an admissible numerical method and the RHP is sufficiently regular, the numerical method converges. This
means that the solution of this RHP converges uniformly, away from the contour it is defined on. This
is the basis for proving that Algorithm 4.1 converges. Theorem 3.2 aids us when considering the infinite-
dimensional operator for which the jump matrix is uniformly close, but we need an additional result for the
finite-dimensional case.

Lemma 4.1. Consider a sequence of RHPs {[G¢;T]}¢>o on the fized contour ' which are k-regular. Assume
Ge — G in L>=(T) N L*(T) as £ — oo and [G; 1] is k-regular, then

o If C,[G;T is invertible, then there exists T'(n) > 0 such that C,[Ge; T is also invertible for € > T(n).

o If ®, ¢ is the approzimate solution of [G¢;T'] and ®,, is the approzimate solution of [G;T], then @y, ¢ —
®,, — 0 in L?(T') as £ — oo for fized n.

o [Py ¢ — Ppllwice(sy = 0, as § = oo, for all j > 1, whenever S is bounded away from T for fived n.
Proof: We consider the two equations
CalGe; Tlun g = In(Ge — 1),
Cn|G;Tuy = I, (G — 1).
Since the method is of type (a, §,7), we have (see Definition (4.1)),
1Cn[Ge; T = CulGi Tl £(x,v7) < C3n”(ICH |l 222 |Ge — Gl Loy = E(§)n7.
For fixed n, by increasing &, we can make E() small, so that

1 1 1
C,[Ge;T] — C,[G;T vy < — nP< )
[CalGe: T) = CalGi Tlllcx. v < G IEG T Moy ™ = TCa G T Mo

Specifically, we choose £ small enough so that

1 1

1 n~7 P,
2 C2Cs |ICIG T £ez2(ry)

E@) <

Using Lemma 2.1 C,,[G¢; T is invertible, and we bound
ICa[Ges T = CalGi T 2 vix,) < 2Can® HYCIG; T 7 2y B (€)- (4.4)
Importantly, the quantity on the left tends to zero as & — oo. We use a triangle inequality

[tn = unellrzmy < [(CalGe; 17" = CalGTI ™) Za(G = Dllz2(ry + ICA[G T T 20 (G = Gl L2y



Since we have assumed that T' is bounded and that the norm of Z,, : C(T') — L*(T) is uniformly bounded in
n, we obtain L? convergence of u,, to Up,e as § — 00:

||7.Ln — un7§||L2(p) § CgﬂzﬁJF’YE(f)”G - IHLOC(I") + C47’Lﬂ||G - GE”LOO(F) S C5n26+7E(§). (45)
This proves the three required properties.

Remark 4.6. A good way to interpret this result is to see FE(§) as the difference in norm between the
associated infinite-dimensional operator which is proportional to the uniform difference in the jump matrices.
Then (4.4) gives the resulting error between the finite-dimensional operators. It is worthwhile to note that if
a =0 =v=0 then § can be chosen independent of n.

Now we have the tools needed to address the convergence of the solver. We introduce some notation to
simplify matters. At stage j in the solver we solve a SIE on ;. On this domain we need to compare two
RHPs:

° [f{], Q]] and
(] [Hj,nj ) QJ] .
Let U; be the exact solution of this SIE which is obtained from (H ;:85]. As an intermediate step we need

to consider the numerical solution of [f] 5€;]. We use Uj,, to denote the numerical approximation of Uj
of order n;. Also, U;n, will be used to denote the numerical approximation of the solution of the SIE

associated with [ﬁjﬂj Q4]

Theorem 4.2. Assume that each problem in Algorithm 4.1 is solvable and k-reqular for sufficiently large k.
Then the algorithm converges to the true solution of the RHP. More precisely, there exists N; such that for
n; > N; we have

\Uin, — UillL2(,) < Cr [(maxni)aﬂi + (maxni)mﬂ]lf?gf‘ 1Z.U; — UJ’”Hl(Qj)?

where L, is the appropriate projection for €);.

Proof: ~We prove this by induction. Since Uy n, = U;n, the claim follows from Theorem 4.1 for i = 1.
Now assume the claim is true for all j < i. We use Lemma 4.1 to show it is true for i. Using the triangle
inequality we have

1Uin, = Uill2) < Uin, = Uiz + 11U = Uil L200)-
Using Theorem 4.1, we bound the second term:
1U; = Ui, | 220y < O P ITUs = Uil -
To bound the first term we use (4.5),

HULnl — Ui,ni L2(Qi) S CnfﬁJwE(ni,l). (46)

E(n;_1) is proportional to the uniform difference of H; and its approximation obtained through the numerical
method, f[i,ni,y By the induction hypothesis, if k is sufficiently large, Lemma 4.1, tells us that this difference
tends to zero as m;_; — 00, and the use of (4.5) is justified. More precisely, the Cauchy—Schwartz inequality
for each ), j < i and repeated triangle inequalities results in

i—1

1H: = Him, |00 < C YU = Ui,z (4.7)

j=1

Combining (4.6) and (4.7) we complete the proof. B

Remark 4.7. The requirement that k is large can be made more precise using Definition 4.2 with m =
max{l(2a + 7),l(a+ B)}. There is little restriction if («, B,7) = (0,0,0).
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5 Uniform Approximation

In this section we describe how the above results can be used. First, we briefly describe how to obtain an
explicit asymptotic approximation. Second, we use the same ideas to explain how numerics can be used to
provide asymptotic approximations. The idea we continue to exploit is that the set of invertible operators
between Banach spaces is open. Before we proceed, we define two types of uniform approximation. Let
{US}¢>0 be a sequence, depending on the parameter &, in a Banach space such that for each &, |[US—U¢|| — 0
as n — oo for some U¢.

Definition 5.1. We say the sequence {US}¢>o is weakly uniform if for every e > 0 there exists a function
N(§) : RT = N taking finitely many values such that

1§, US| <e

©

Definition 5.2. We say the sequence {US}¢>o is strongly uniform (or just uniform) if for every e > 0 there
exists N € N such that forn > N

|US — US| < e

The necessity for the definition of a weakly uniform sequence is mostly a technical detail, as we do not
see it arise in practice. To illustrate how it can arise we give an example.

Example 5.1. Consider the sequence

U, :{ - —n? —<f—n>2} _
{Untneso = ysin+e™ +e n 20

For fived &, US — sin&. We want, for € > 0, while keeping n bounded
|US —sin¢| = |67"2 + 67(57")2\ < e.

We choose n > & or if € is large enough we choose 0 < n < £. To maintain error that is uniformly less then
€ we cannot choose a fized n; it must vary with respect to &. When relating to RHPs the switch from n > &
to 0 < n < & is related to transitioning into the asymptotic regime.

5.1 Nonlinear Steepest Descent

For simplicity, assume the RHP [G¢,T¢] depends on a single parameter ¢ > 0. Further, assume ' =
a(&)Q + B(€) where Q is a fixed contour. It follows that the matrix-valued functions

HE(k) = G*(a(€)Q + B(9)),

are defined on . Assume there exists a matrix H such that [|[H — H%|| 1) — 0 as £ — co. Use ®¢ and
® to denote the solutions of [H¢; )] and [H; ()], respectively. Applying Theorem 3.2, ®¢ approximates ® in
the limit. If everything works out, we expect to find

=D+ 0(), v>0. (5.1)

Furthermore, if we find an explicit solution to [H; 2] we can find an explicit asymptotic formula for the RHP
[G€;T¢]. This function @ that solves [H¢; Q] asymptotically will be referred to as a parametriz.

We return to Example 4.1 and introduce a parameter into the problem to demonstrate a situation in
which the RHPs on each disjoint contour decouple from each other.

Example 5.2. Assume ¢ =T5 U I‘g and

I = a1 () + B,
5 = as(€)Q + B, |B1— Ba| > 0.

11



Assume that each §; is bounded. We consider the L?> norm of the Cauchy operator applied to a function
defined on TS and evaluated on T'S: Creu(z)|pe. Eaplicitly,
1 2

CF§u(z) ! /1“ u(s) dx.

2mi €s—2

This is a Hilbert—Schmidt operator, and

dxdk|
2 < |
||Cr§||[:(Lz(r§),L2(rg)) = /F§ /Fg |x—k|2' (5.2)

A simple change of variables shows that

|dsdy|
||CI‘§”%(L2(F§),L2(F§)) < |O‘1(§)0‘2(£)|AI /Q2 |a1(§)s _a2(§)y+51 _62‘2'

Since the denominator in the integral in (5.3) is bounded away from zero and both §; are bounded, the
right-hand side tends to zero if either ay or ag tend to zero.

This argument, with more contours, can be used to further justify Algorithm 4.1 in this limit by noting
that this type of Cauchy operator (evaluation off the contour of integration) constitutes the operator T in §4.
We have the representation

(5.3)

ClGL;T] 0

CIG5 T =
. 0 Cl65T

+ T8,

where || T z(z2ry) — 0 as & — oc.

This analysis follows similarly in some cases when ; depends on £. For example, when
Inf |6,(§) = B2(§) = 6 > 0. (5.4)

One can extend this to the case where (5.4) is not bounded away from zero but approaches zero slower than
a1(§)az(§). For simplicity we just prove results for §; being constant.

Furthermore, the norms of the inverses are related. When each of the «;(§) are sufficiently small, there
exists C' > 1 such that

1 _ _ _
5HC[G;F] YNewemy) < ml?iXHC[Gi;Fi} ey < CICIG T iz ry)- (5.5)

Due to the simplicity of the scalings we allow the norms of the operators C[G;;T;] and C[G;;T;] =t to coincide
with their scaled counterparts C[H;; ;] and C[H;; ;] .
The choice of these scaling parameters is not a trivial task. We use the following rule of thumb:

Assumption 5.1. If the jump matriz G has a factor e and By, corresponds to a qth order stationary point
Br (i-e., 0(2) «~ C(z — Bi)9), then the scaling which achieves asymptotic stability is ay(£) = |€|71/4.

We prove the validity of this assumption for the deformations below on a case-by-case basis. We need
one final result to guide deformations. We start with a RHP posed on an unbounded and connected contour.
In all cases we need to justify the truncation of this contour, hopefully turning it into disconnected contours.

Lemma 5.1. Assume [G;T] is k-regular. For every e > 0 there exists a function G, defined on T and a
bounded contour I'c C I' such that:

e Gc=ITonT\T,,

(] ||G€ — G”Wk,oo(r)mHk(F) < €

12



o [G.,T.] is k-regular and
ICIG;T] = ClGe, T £(z2(ry) < €llCr |l 2(z2(ry)-
Proof: A matrix-valued function f is chosen such that

o f

e f =1 in a neighborhood of all intersection points,

r; € Coo(]_—‘z)’

e f has compact support, and
o [(G—=DI)f+T—Gllwreoomnurm <€
Equate G = (G —I)f + I. The last property follows immediately. B

This justifies the truncation of infinite contours to finite ones and it shows this process preserves smooth-
ness. When it comes to numerical computations, we truncate contours when the jump matrix is, to machine
epsilon, the identity matrix. In what follows we assume this truncation is performed and we ignore the error
induced.

5.2 Direct Estimates

As before, we are assuming we have a RHP that depends on a parameter ¢, [G¢;T¢] and I'¢ is bounded. Here
we use a priori bounds on the solution of the associated SIE which are uniform in £ to prove the uniform
approximation. In general, when this is possible, it is the simplest way to proceed.

Our main tool is Corollary 3.1. We can easily estimate the regularity of the solution of each problem
[H;; Q] provided we have some information about [|C[GS; T%]~! |l z(z2(r,)) or equivalently IC[HE; Q] 220
We address how to estimate this later in this section. First, we need a statement about how regularity is
preserved throughout Algorithm 4.1. Specifically, we use information from the scaled jumps H; and the local
inverses C[H;; ;]! to estimate global regularity. The following theorem uses this to prove strong uniformity
of the numerical method.

Theorem 5.1. Assume

o {[G5, T }es0 is a sequence of k-reqular RHPs,

the norm of C[Hf, Q71 is uniformly bounded in &,

| HE [l () < C, and

;(§) = 0 as &€ — oo.
Then if k and & are sufficiently large

e Algorithm 4.1 applied to {|{G*,T%]}¢>0 has solutions at each stage,

° ||Uf||Hk(Qi) < P, where P, depends on HH?HHk(Qi)ﬁWk,oc(Qi), ||C[Hf;Qi]_1HE(L2(Qi)) and HUfHLz(Qj)
for j <1t and

e the approximation Uz‘%ni of Uf (the solution of the SIE) at each step in Algorithm 4.1 converges
uniformly in € as n; — oo, that is, convergence is strongly uniform.

Proof: First, we note that since «;(§) — 0, (5.3) shows that jump matrix f{f for the RHP solved at stage 4

in Algorithm 4.1 tends uniformly to H f This implies the solvability of the RHPs at each stage in Algorithm
4.1, and the bound

ICIHS: Q)™ 2y < ClUCIHS; Q) ™Ml £z ()
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for sufficiently large . As before, C' can be taken to be independent of £. We claim that ||Uf||Hk(Qi) is
uniformly bounded. We prove this by induction. When i = 1, Uf = C[HS,Q;]"}(H* — I) and the claim
follows from Corollary 3.1. Now assume the claim is true for j < i. All derivatives of the jump matrix
ﬁf depend on the Cauchy transform of Uf evaluated away from 2; and Hf . The former is bounded by
the induction hypothesis and the later is bounded by assumption. Again, sing Corollary 3.1 we obtain the
uniform boundedness of ||Uf | % (0,)- Theorem 4.2 implies that convergence is uniform in §. W

The most difficult part about verifying the hypotheses of this theorem is establishing an estimate of
[C[HE; Q5] | 2(r2(0,)) as a function of £&. A very useful fact is that once the solution ¥¢ of the RHP [G*;T'¢]
is known then the inverse of the operator is also known:

CIGE TS = Cfe[u(WE) FI[(E) ™1 — Cre [u(W) M [(w) 7). (5.6)

This is verified by direct computation. When W¢ is known approximately, i.e., when a parametrix is known,
then estimates on the boundedness of the inverse can be reduced to studying the L> norm of the parametrix.
Then (5.5) can be used to relate this to each C[G$; T]~! which gives an estimate for the norm of C[HS; ;]!
We study this further in section 7.

5.3 Failure of Direct Estimates

We study a toy RHP to motivate where the direct estimates can fail. Let ¢(x) be a smooth function
with compact support in (—1,1) satisfying max|_; jj |¢(x)| = 1/2. Consider the following scalar RHP for a
function u:

pt(x) = p (@) (1 + la) (1 + 712640, (5.7)
u(oo) =1, ze[-1,1], £>0. (5.8)

This problem can be solved explicitly but we study it from the linear operator perspective instead. From
the boundedness assumption on ¢, a Neumann series argument gives the invertiblity of the singular integral
operator and uniform boundedness of the L? inverse in &. Using the estimates in Corollary 3.1 we obtain
useless bounds, which all grow with ¢. Intuitively, the solution to (5.7) is close, in L? to the solution to

vi(z) = v (2)(1+ ¢(2)), (5.9)
v(co) =1, z€[-1,1], & >0, (5.10)

which trivially has uniform bounds on its Sobolev norms. In the next section we introduce the idea of a
numerical parametrix which helps resolve this complication.

5.4 Extension to Indirect Estimates

In this section we assume minimal hypotheses for dependence of the sequence {[G¢;T¢]}¢>0 on €. Specifically
we require only that the map & — Hf is continuous from R* to L%°(Q;) for each i. We do not want to
hypothesize more as that would alter the connection to the method of nonlinear steepest descent which only
requires uniform convergence of the jump matrix. In specific cases, stronger results can be obtained by
requiring the map £ — Hf to be continuous from R* to W*>°(Q;).

The fundamental result we need to prove a uniform approximation theorem is the continuity of Algorithm
4.1 with respect to uniform perturbations in the jump matrix. With the jump matrix G we associated Hj,
the scaled restriction of G to I';. With G we also associated Uj;, the solution of the SIE obtained from
[f] ;3:€;5]. In what follows we will have another jump matrix J and analogously we use K, to denote the
scaled restriction of .J and P; to denote the solution of the SIE obtained from [K;,Q;].

Lemma 5.2. Assume {[G57F5]}520 is a sequence of 1-reqular RHPs such that & — Hf is continuous from
R* to L>®(;) for each i. Then for sufficiently large, but fived, mn; the map & — Ufnl is continuous from
R* to L(€2;) for each i.

14



Proof: We prove this by induction on 4. For i = 1 the claim follows from Lemma 4.1. Now assume the
claim is true for j < ¢ and we prove it holds for i. We show the map is continuous at n for n > 0. First, from
Lemma 4.1

U, = Ut 2oy < Cri® T E(E,m),

where E(§,n) is proportional to HH:’n gf,ni,l Lo (0.)- A similar argument as in Theorem 4.2 gives

-1
i—1

||Hin,ni_1 - Hf,ni_l ||L°°(Sli) < C(n,mi) Z ||U;Zn7 - Uf,nj HLQ(Slj),

j=1

for |€ — n| sufficiently small. By assumption, the right-hand side tends to zero as £ — 7 and this proves the
lemma. W

It is worthwhile noting that the arguments in Lemma 5.2 show the same continuity for the infinite-
dimensional, non-discretized problem. Now we show weak uniform convergence of the numerical scheme on
compact sets.

Proposition 5.1. Assume {[GS,T¢]}¢>0 is a sequence of k-reqular RHPs such that all the operators in
Algorithm 4.1 are invertible for every £. Assume that k is sufficiently large so that the approzimations from
Algorithm 4.1 converge for every & > 0. Then there exists a vector-valued function N (i,€) that takes finitely
many values such that

13 3
||U’L,N(l,§) - Ui HL2(Q;) <e
Moreover if the numerical method is of type (0,0,0) then convergence is strongly uniform.

Proof: Let S C R™ be compact. It follows from Lemma 5.2 that the function E(¢, n,i) = ||Ufn — Uf||Lz(pi)
is a continuous function of ¢ for fixed n. For € > 0 find an n¢ such that E(§,ne, i) < €/2. By continuity,
define d¢(ng) > 0 so that E(s,ng,i) < € for |s—&| < d¢. Define the ball B(£,6) = {s € Rt : |s—¢| < §}. The
open sets { B(, 0¢) }ees cover S and we can select a finite subcover {B(&;,d¢,)}1_,. We have E(s, ng,,i) < €
whenever s € B(£;,0¢,;). To prove the claim for a method of type (0,0,0), we use the fact that ¢ can be
taken independent of n¢ and that E(s,n,i) < € for every n > n,. B

Definition 5.3. Given a sequence of k-reqular RHPs {[G*,T¢]}¢>0 such that
o T¢=T5U---UT%, and
o T5 = a;() + B,
another sequence of k-reqular RHPs {[J%, 5] }¢>0 is said to be a numerical parametriz if
o Z‘f:EfU-nUEg,
o X =%+ 0y,
o For alli
TE(il)k + 1) = G (ei(©k + Bi) = 0, (5.11)
uniformly on ; as &€ — oo,

e the norms of the operators and inverse operators at each step in Algorithm 4.1 are uniformly bounded
in &, implying uniform boundedness of J* in &, and

e the approximation anz of Pf (the solution of the SIE) at each step in Algorithm 4.1 converges uni-
formly as minn; — oo.
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This definition hypothesizes desirable conditions on a nearby limit problem for the sequence {[G%, T¢]}¢>o.
Under the assumption of this nearby limit problem we are able to obtain a uniform approximation for the
solution of the original RHP.

Lemma 5.3. Assume there exists a numerical parametriz {J¢, X¢ eso for a sequence of RHPs {[G¢,T¢|}e>o-
Then for every € > O there exists N; and T > 0 such that, at each stage in Algorithm 4.1,

”UfNL - Uf”m(gi) <e€for&E>T. (5.12)

Furthermore, if the numerical method is of type (0,0,0), then (5.12) is true with N; replaced by any M; >
N;.

Proof: At each stage in Algorithm 4.1 we have
Uin, = Utz < Ui, = Pinlliz@n + 155, = Pflez@n + 15 = Uf 2 (5.13)

Since ani originates from a numerical parametrix we know that ||an — Pf|| £2(0;) — 0 uniformly in £ as
n; is increased. Furthermore, ||]375 - Uf||Lz(Q) depends only on ¢ and tends to zero as {£ — co. The main

complication comes from the fact that a bound on ”Ufm - me | 2(q,) from (4.4) depends on both m;
and ¢ if the method is not of type (0,0,0). The same arguments as in Lemma 5.2 show this tends to zero.
Therefore we choose n; large enough so that the second term in (5.13) is less than €/3. Next, we choose &
large enough so that the sum of the remaining terms is less than 2/3e. If the method is of type (0,0,0) this
sum remains less than e if n; is replaced with n for n > n;. This proves the claims. Il

Now we prove the uniform approximation theorem.

Theorem 5.2. Assume {[G*,T¢]}¢>0 is a sequence of k-regular RHPs for k sufficiently large so that Algo-
rithm 4.1 converges for each £. Assume there exists a numerical parametriz as & — oo. Then Algorithm 4.1
produces a weakly uniform approzimation to the solution of {[G¢, I’é]}gzo. Moreover, convergence is strongly
uniform if the method is of type (0,0,0).

Proof: Lemma 5.3 provides an M > 0 and Ny () such that if £ > M then
||U§N1(i) - UfHLZ(Qi) < e, for every i.
According to Theorem 5.1 there is an N2(&,7) such that
”Uf,Nz(f,i) - UfHLz(Qi) < €, for every i.

The function

[ Ni(), ife> M,
N(&,2) —{ No(€. 1), if € < M,

satisfies the required properties for weak uniformity. Strong uniformity follows in a similar way from Lemma
5.3 and Theorem 5.1.

Remark 5.1. This proves weak uniform convergence of the numerical method for the toy problem introduced
in §5.83: we can take the RHP for v as a numerical parametriz.

The seemingly odd restrictions for the general theorem are a consequence of poorer operator convergence
rates when n is large. A well-conditioned numerical method does not suffer from this issue. It is worth
noting that using direct estimates is equivalent to requiring that the RHP itself satisfies the properties of a
numerical parametrix.

In what follows, we want to show a given sequence of RHPs is a numerical parametrix. The reasoning for
the following result is two-fold. First, we hypothesize only conditions which are easily checked in practice.
Second, we want to connect the stability of numerical approximation with the use of local, model problems
in nonlinear steepest descent.
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Proposition 5.2. Assume
o {[J5,X%]}es0 is a sequence of k-reqular RHPs,
. C[Kf, )7t has norm uniformly bounded in &,
o |ES[weoe(o,) < C, and
e 7 (&) = 0 as & = oo.
Then if k and & are sufficiently large
o Algorithm 4.1 applied to {[J¢, 2] }¢>0 has solutions at each stage and
o {[JS,X%]}¢es0 satisfies the last two properties of a numerical parametriz (Definition 5.3).

Proof: The proof of this is essentially the same as Theorem 5.1 B

Remark 5.2. Due to the decay of ~y;, the invertiblity of each ofC[Kf; Q] is equivalent to that of C[GS;T¢].

This proposition states that a numerical parametrix only needs to be locally reliable; we can consider
each shrinking contour as a separate RHP as far as the analysis is concerned.

6 A Numerical Realization

In [11], a numerical framework was constructed for computing solutions to RHPs, based on a method used
in [12] for computing solutions to the undeformed Painlevé II RHP. This framework is based on Chebyshev
interpolants. Consider the RHP [G;T], ' = T';y U --- U Ty, where each T'; is bounded and is a Mobius
transformation of the unit interval:

M;([-1,1]) =T,.
Definition 6.1. The Chebyshev points of the second kind are

-1
x[fl’l]’n cos T (1 — ﬁ)
w[—l,l],n —

[=1,1],n ' s
Tn COS 1

1
The mapped Chebyshev points are denoted
wi,n — Mi(ﬂl[_l’l]).

Given a continuous function f; defined on I'; we can find a unique interpolant at x*™ using mapped
Chebyshev polynomials. Given a function, f defined on the whole of I'; we define Z,, to be this interpolation
projection applied to the restriction of f on each I';. Clearly,

7, : H'(T) = HY(T)
and, because " contains all junction points,
Z,: H{T) — HX(T).

The framework in [11] is given by the pair (Z,,,Z,) and the matrix C,[G;T] is equal to Z,,C[G;T]Z,, with
some unbounded components subtracted; obeying the requirement that the two operators agree on H(T).
Now we address the properties required in Definition 4.2.
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Lemma 6.1. When G € W1°(T'), the numerical method in [11] satisfies:
e 7, is uniformly bounded in n from C(T) to L*(T') when T is bounded.
o |ICalGi Tl 2arry,y,) < CA+ NG = I lICr [l 2(z2(r)))-
o |TalGiTllecx, vy < OnPIIG = Il (0 lICr 2 recry)-
o | Zou — ullgri(ry < Csn®*|lullgs(r)-

Proof:  First, note that these constants depend on I'. Using the Dirichlet kernel one proves that Z, is
uniformly bounded from C(T') to an L? space with the Chebyshev weight [2]. The norm on this weighted
space dominates the usual L?(T") norm, proving the first result. For the second statement we take u € H!(T')
and consider

1Zn — Zo(G — D)Crull2ry < 1 Zallccemy,L2my (141G = Il poe @ ICr |2z oy, oyl 21 (ry)-

Since Y, is equipped with the L*(T') norm and [|Cr || z(m1(r),m1(r)) = ICr |l 2(z2(r)) we obtain the second
property. We then use for u € X,, (see §4) that ||lul| g1y < Cn?||ul|L2(r) to obtain

TG Tl 2(x vy < CRPIG = I|| oo [ICF 22y -

The last statement follows from estimates in [14] for the pseudo-spectral derivative. B

The final property we need to obtain an admissible numerical method, the boundedness of the inverse, is
a very difficult problem. We can verify, a posteriori, that the norm of the inverse does not grow too much.
In general, for this method, we see at most logarithmic growth. We make the following assumption.

Assumption 6.1. For the framework in [11] we assume that whenever [G;T] is 1-regular and C[G;T]~*
exists on L*(T') as a bounded operator we have for n > N

1CalG5 T N ev ) < CRPNICIG T lg(zeqry), B> 0. (6.1)

Remark 6.1. This assumption is known to be true for a similar collocation method on the unit circle using
Laurent monomials [13].

With this assumption the numerical method associated with (Z,,Z,) is of type (0,5,2). In light of
Theorem 4.1, we expect spectral convergence and the bound in Assumption 6.1 does not prevent convergence.
We combine Assumption 6.1, Theorem 4.1 and Theorem 3.1 to obtain

= unll L2y < CUCIG T Ml er2ay) (L + G = Il oo ICE a2y )n® P~ F llull e ry.- (6.2)

7 Application to Painlevé II
We present the RHP for the solution of the Painlevé II ODE (1.1). Let I' = TI'y U--- U T with I'; =

{seim(i/3=1/6) . s ¢ R*}, d.c., T consists of six rays emanating from the origin, see Figure 2. The jump
matrix is defined by G(A\) = G;(\) for A € T';, where

1 sie—m/gx?’—zim
N

] if ¢ is even,
B L 01 .

[ 5;€18/3X° 20X } if ¢ is odd.
From the solution ® of [G; T, the Painlevé function is recovered by the formula

u(z) = zlingo 2®12(2),
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1 0 1 0
836—%z3—2i1z 1 836—%23—21'%2 1

1 0 1 0
836_%23_2im2 1 Sgef%zg'f%xz 1

1 0
536—%z3—2irz 1

Figure 2: The contour and jump matrix for the Painlevé II RHP.

where the subscripts denote the (1,2) entry. This RHP was solved numerically in [12].

For large |z|, the jump matrices G are increasingly oscillatory. We combat this issue by deforming the
contour so that these oscillations turn to exponential decay. To simplify this procedure, and to start to mold
the RHP into the abstract form in §5, we first rescale the RHP. If we let z = \/W)\, then the jump contour
I" is unchanged, and

ot (2) = ¥ (V/]2])) = @ (V]2 N G(V]2]N) = @7 (2)G(2),
where G(z) = G;(z) on I'; with

[ 1 s;e™¢0()

Gi(2) 0 1
S;€e 1

} if ¢ is even,

€ = |z|>/? and

24 :
0(z) = gl (42° + 2¢' 87 2) .
Then
w(z) = lim A®1a(z; ) = Vo lim 2®19(x; 2). (7.1)
A—00 A—00

We assume that s153 > 1 and < 0. We deform T to pass through the stationary points £1/2, resulting in
the RHP on the left of Figure 4.
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The function

1— 5183 516_59
G6G1G2 = 82650 1+ 8189

has terms with exp(+£6). It cannot decay to the identity when deformed in the complex plane. We can
resolve this issue by using lensing [4]. Suppose we factor the jump function as ABC'. It is possible to separate
the single contour into three contours, as in Figure 3, assuming A and C are analytic between the original
contour and continuous up to the new contour. If ® satisfies the jumps on the split contour, it is clear that
we can recover ¢ by defining ¢ = ®C between the top contour and the original contour, ® = dA~1 between
the original contour and the bottom contour, and ® = P everywhere else, see the bottom of Figure 3. As in
the standard deformation of contours, the limit at infinity is unchanged.

c

ABC B

\
\4

=N

AT

Figure 3: Demonstration of the lensing process.

Now consider the LDU factorization:

_ _ 1 0 1— 5183 0 1 ewlf;s
GoGiGa=LDU = | o o, 1“ : ) HO = .

1—s1583 1—s153

U decays near ico, L decays near —ioco, both go to to the identity matrix at infinity and D is constant.
Moreover, the oscillators on L and U are precisely those of the original G matrices. Therefore, we reuse the
path of steepest descent, and obtain the deformation on the right of Figure 4. The LDU decomposition is

G2 Uy o GU™
G G, G el

GeG1G2 D

Gy Ges Gy G
Gs GsLY YL

Figure 4: Left: Initial deformation along the paths of steepest descent. Right: The deformed contour after
lensing.

valid under the assumption syso > 1.
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7.1 Removing the connected contour

Although the jump matrix D is non-oscillatory (in fact, constant), it is still incompatible with the theory
presented in §5: we need the jump matrix to approach the identity matrix away from the stationary points.
Therefore, it is necessary to remove this connecting contour. Since D = diag(d;, d2) is diagonal, we can solve
Pt =P~ D with P(oo) =1 on (—1/2,1/2) in closed form [7]:

2x+1

P(z) = <2x—1 0

)ilogd1/27r
)ilogd2/27r

2z—1

O (2x+1

PG5LP™! pL'pt

Figure 5: Left: Definition of ® in terms of W. Right: Jump contour for V.

This parametrix solves the desired RHP for any choice of branch of the logarithm. However, we must
choose the branch so that the singularity is square integrable [7]. In this case this is accomplished by choosing
the standard choice of branch.

We write

d=UP.

Since P satisfies the required jump on (—1/2,1/2), ¥ has no jump there. Moreover, on each of the remaining
curves we have

Ut =9 Pl =¢-GP ! =0 tPGP!,

and our jump matrix becomes PGP~!. Unfortunately, we have introduced singularities at 4+1/2 and the
theory of §5 requires some smoothness of the jump matrix. This motivates alternate definitions for ¥ in
circles around the stationary points. In particular, we define ® in terms of ¥ by the left panel of Figure
5, where ¥ has the jump matrix defined in the right. A quick check demonstrates that this definition of ®
indeed satisfies the required jump relations.

We are ready to apply Algorithm 4.1. Define

Q={z: |z = 1}u{re™* :r e (1,2)}U{re®/*:r e (1,2 U{re /4. r e (1,2)}U{re /* : 1 € (1,2)}.
In accordance with Assumption 5.1, we have
L 1 L iy
F1:§+€ Q and F2:—§+£ Q,

with the jump matrices defined according to Figure 5. Paths of steepest descent are now local paths of
steepest descent.
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7.2 Uniform Approximation

We have isolated the RHP near the stationary points, and constructed a numerical algorithm to solve the
deformed RHP. We show that this numerical algorithm approximates the true solution to the RHP. In order
to analyze the error, we introduce the local model problem for this RHP following [7].

Define the Wronskian matrix of parabolic cylinder functions D, ({),

_ sz/fl(iC) DV(C)
Zo(C) = [ dLlCD_V_l(ig) d%Dy(C) ] ’

and the constant matrices

Hyyo = €m0/ p oim(vi1/2)os 1, — [ 1 (1) ] s Hay = [ o ] 103 = { o - ]’

ho 0 1 0 -1
. V2r V2m o,
hg=—t——, h1 = —/——€'"".
I'(v+1) I'(—v)

The sectionally holomorphic function Z(¢) is defined as

(€), if arg( € (—7/4,0),
(O, if axgC € (0,7/2),
Z(() = (), if arg¢ € (/2, ),
(), if arg( € (w,37/2),
(©) (

, if argC e 37r/2 T /4).

NN

This is used to construct the local solutions

@r(z) — B(Z)(_hl/83)—03/2€it03/22—a3/2 |: g(lz) é :| Z(C(z))(—h1/53)"3/2.

\I/l(Z) = 0'2\117'(—2’)0'2,

where

02{? Bi}73(z)<g(2)zj1;§>w, ) = 2/—t0(z) + t0(1/2).

Consider the sectionally holomorphic matrix-valued function \il(z) defined by

P(z), if|z£1/2] > R,
l

S e Ty

(2), if|z—1/2] <R,
V' (z), if|z+1/2| <R.

U(z) =

We use [G’, f‘] to denote the RHP solved by W. See the top panel of Figure 6 for I". In [7] it is shown that ¥”"
satisfies the RHP for ® exactly near z = 1/2 and for ¥! near z = —1/2. Notice that @7 and ¥! are bounded
near z = +1/2. In the special case where logd; € R, P remains bounded at +1/2. Following the analysis in
[7] we write

®(z) = x(2)¥(2),

where y — I as ( — oo.

We deform the RHP for ¥ to open up a small circle of radius r near the origin as in Figure 5. We use
[G1;T4] to denote this deformed RHP and solution U;. See Figure 6 for T';. Also it follows that U(z)P~1(2)
is uniformly bounded in z and £. Further, \Ifl has the same properties. Since ¥ is uniformly bounded in
both z and £ we use (5.6) to show that C [Gl,Fl} ! has uniformly bounded norm. We wish to use this to
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show the uniform boundedness of the inverse C [G;T]~ L. To do this we extend the jump contours and jump
matrices in the following way. Set I'. = ' UT'; and define

| G(») ifzel,
Ge(z) = { I otherwise,

5 [ Gi(z) ifzely,
Gel2) = { 1 otherwise.

The estimates in [7] show that G, — G. — 0 uniformly on I'.. It follows that C[G‘e; [.]~! is uniformly
bounded since the extended operator is the identity operator on F\fl. Theorem 3.2 implies that C[Ge; Te] 71 is
uniformly bounded for sufficiently large £, which implies that C[G; '] ™! is uniformly bounded for ¢ sufficiently
large, noting that the extended operator is the identity operator on the added contours. We now use this
construction to prove the uniform convergence of the numerical method using both direct and indirect
estimates.

7.3 Application of Direct Estimates

We proceed to show that the RHP for W satisfies the properties of a numerical parametrix. This requires
that the jump matrices have uniformly bounded Sobolev norms. The only singularities in the jump matrices

is of the form
z—1/2\"
= Ro
s(z) <Z+1/2) ,UE

After transforming to a local coordinate k, z = £~ /2% — 1/2, we see that

g-ﬂ2k+-1>”

S(h) = sl 2 - 1/2) =2 (£

The function S(k) is smooth and has uniformly bounded derivatives provided & is bounded away from &k = 0.
The deformations applied thus far guarantee that k will be bounded away from 0. To control behavior of
the solution for large k we look at the exponent which appears in the jump matrix

2i 1\? 8i 1\?*
0(2) = = — 4 - hd -
(2) 3 z<z+2> +3(z—|—2> ,

Ok) =02k —1/2) = % — 4ik* /€ + %k?’/g?’/?

and define

If we assume that the contours are deformed along the local paths of steepest descent, all derivatives of
e£®(®) are exponentially decaying, uniformly in &. After applying the same procedure at z = 1/2 and after
contour truncation, Theorem 5.1 implies the RHP for W satisfies the hypotheses of Theorem 5.1, proving
strong uniform convergence.

7.4 Application of Indirect Estimates

The second approach is to use the solution of the model problem to construct an numerical parametrix. Since
we have already established strong uniform convergence we proceed to establish a theoretical link with the
method of nonlinear steepest descent, demonstrating that the success of nonlinear steepest descent implies
the success of the numerical method, even though the numerical method does not depend on the details of
the nonlinear steepest descent. We start with the RHP [G’l; f‘ﬂ and its solution \ill. As before, see Figure 6
for I';. Define @ = (‘111)"r — (\ill)_ which is the solution of the associated SIE on I';. The issue here is that
we cannot scale the deformed RHP in Figure 5 so that it is posed on the same contour as [G;T]. We need
to remove the larger circle.
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Figure 6: Top: Jump contours for the model problem with solution . Note that J, and J; are the jumps
on the outside of the circles. They tend uniformly to the identity as & — oo [7]. Center: The jump contours,
f‘l, for the function \ill. The inner circle has radius r and the outer circle has radius R. Bottom: Contour
on which U is non-zero. This can be matched up with the right contour in Figure 5.

We define a new function U = di¢ where ¢ is a C* function with support in (B(-1/2, R)UB(1/2, R))NI,
such that ¢ =1 on (B(1/2,r)UB(-1/2,7))NI'; for r < R. Let I'y be the support of U (see bottom contour
in Figure 6). Define Wy = I 4 Cp U. From the estimates in [7], it follows that

U =0;G,

where G5 — G tends uniformly to zero as £ — co. We have to establish the required smoothness of U. We
do this explicitly from the above expression for W P! after using the scalings z = £~ 2/2k + 1 /2. The final
step is to let £ be large enough so that we can truncate both [G;T] and [Go;I'5] to the same contour. We
use Proposition 5.2 to prove that this produces a numerical parametrix. Additionally, this shows how the
local solution of RHPs can be tied to stable numerical computations of solutions.

Remark 7.1. This analysis relies heavily on the boundedness of P. These arguments would fail if we were
to let P have unbounded singularities. In this case one approach would be to solve the RHP for x. The jump
for this RHP tends to the identity. To prove weak uniformity for this problem one only needs to consider the
trivial RHP with the jump being the identity matrix as a numerical parametriz.

7.5 Numerical Results

In Figure 7 we plot the solution to Painlevé II with (sq,s2,s3) = (1,—2,3) and demonstrate numerically
that the computation remains accurate in the asymptotic regime. We use u(n, z) to denote the approximate
solution obtained with n collocation points per contour. Since we are using (7.1) we consider the estimated
relative error by dividing the absolute error by /x. We see that we retain relative error as x becomes large.

Remark 7.2. Solutions to Painlevé II often have poles on the real line, which correspond to the RHPs not
having a solution. In other words, ||C[T, Q]| is not uniformly bounded, which means that the theory of
this paper does not apply. However, the theorems can be adapted to the situation where x is restricted to a
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subdomain of the real line such that ||C[T, Q]| is uniformly bounded. This demonstrates asymptotic stability
of the numerical method for solutions with poles, provided that x is bounded away from the poles, similar to
the restriction of the asymptotic formule in [7].

Y R ——
. T s e
0.1 Lo e s

0.001 = E

< S M A A '(\m-\r' W \Mwl B ’"\"I"n‘,' \\V\‘l "\’" v

-10000 —-8000 —6000 —4000 —-2000 0

Relative Error

Figure 7: Left: Plot of the solution, u, for small 2 (Solid: real part, Dashed: imaginary part) Right: Relative
error. Solid: |x|™'/2|u(12, x) —u(36, z)|, Dashed: |u(8,z)—u(36,z)|/\/|z|, Dotted: |u(4,x)—u(36,z)|//|x].
This plot demonstrates both uniform approximation and spectral convergence.

8 Application to the modified Korteweg—de Vries Equation

In this section we consider the numerical solution of the modified Korteweg-de Vries equation (1.2) (mKdV)
for © < 0. The RHP for mKdV is [15]

O (2) = d (2)G(2), z€R,
D(o0) =1,

_ [ 1=p(x)p(=2) —p(=z)e ")
G(z) = pé’z)ef(z) P :
0(z) = 2izx + 8iz3t.

In the cases we consider p is analytic in a strip that contains R. If z < —ct'/3 the deformation is similar
to the case considered above for Painlevé II and asymptotic stability follows by the same arguments. We
assume x = —12¢2t'/3 for some positive constant c. This deformation is found in [15]. We rewrite 6:

0(z) = —24ic? (2t'/3) + 8i(2t"/%)3.
We note that 6’ (zg) = 0 for 2o = +£+/—x/(12t) = £ct~ /3. We introduce a new variable k = zt'/3 /¢ so that
O(ket™3) = —24ick + 8ic*k® = 8ic® (k® — 3k).

For a function of f(z) we use the scaling f(k) = f(kct='/3). The functions 6, G and p are identified similarily.
After deformation and scaling, we obtain the following RHP for ®(k):

Ot (k) =0 (k)J(k), ke X =[-1,1]UT; UTy UT3UTy,
(k)a if k € [_171]a
if kel Uy,

], if ke T3 UTy,



where I';, i = 1,2,3,4, shown in Figure 8, are locally deformed along the path of steepest descent. To
reconstruct the solution to mKdV we use the formula

u(z,t) = 2iz lim k® (k). (8.1)

Remark 8.1. We assume p decays rapidly at oo and is analtytic in a strip that contains the real line. This
allows us to perform the initial deformation which requires modification of the contours at co. Ast increases,
the analyticity requirements on p are reduced; the width of the strip can be taken to be smaller if needed. We
only require that each I'; lies in the domain of analticity for p. More specifically, we assume t is large enough
so that when we truncate the contours for numerical purposes, they lie within the strip of analyticity for p.

I

Figure 8: Jump contours for the RHP for mKdV.

The parametrix derived in [5] is used to show that C[J, ] has an inverse that is uniformly bounded by
using (5.6) as was done in the previous section. We use the analyticity and decay of p at oo along with the
fact that the contours pass along the paths of steepest descent.

The contour is fixed (i.e., independent of z, ¢ and ¢), and this situation is more straightforward to analyze
than the previous example. Repeated differentiation of J(k) proves that this deformation yields a uniform
numerical approximation. Furthermore, replacing ¢ by any smaller value yields the same conclusion. This
proves the uniform approximation of mKdV in the Painlevé region

{(z,t) i t>e, x<—e,x>—124Y3) > 0.

where € is determined by the analyticity of p.

8.1 Numerical Results

In Figure 9 we show the solution with initial data u(x,0) = —2e~" with ¢ = +/9/4. The reflection coefficient
is obtained using the method described in [15]. We use the notation u(n,z,t) to denote the approximate
solution obtained with n collocation points per contour. We see that the absolute error tends to zero rapidly.
More importantly, the relative error remains small. We approximate the solution uniformly on the fixed,
scaled contour. When we compute the solution using (8.1) we multiply by zo which is decaying to zero along
this trajectory. This is how the method maintains accuracy even when comparing relative error.
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Figure 9: Left: Plot of the solution along x = —(3t)'/? for small time. Center: Absolute error, |u(5,,t) —
(10, z,t)|, for long time Right: Relative error |u(5,x,t) — w(10,z,¢)|/|u(10, z,t) for long time.
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