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Abstract

Recently, a general approach for solving Riemann—Hilbert problems numerically has
been developed. We review this numerical framework, and apply it to the calculation of
orthogonal polynomials on the real line. Combining this numerical algorithm with the
approach of Bornemann to compute Fredholm determinants, we are able to calculate
spectral densities and gap statistics for general finite-dimensional unitary invariant
ensembles. We show that the accuracy of the numerical algorithm for approximating
orthogonal polynomials is uniform as the degree grows, extending the existing theory
to handle g-functions. As another example, we compute the Hastings—McLeod solution
of the homogeneous Painlevé 11 equation.

1 Introduction

We are concerned with computing finite dimensional random matrix statistics for unitary
invariant ensembles. These statistics are expressed in terms of orthogonal polynomials, Airy
functions and Painlevé functions. The common thread is the presence of a Riemann—Hilbert
(RH) representation. We take a computational approach to these RH representations which
results in accurate numerical methods for calculating unitary invariant ensemble statistics.
To the reader familiar with RH problems, our techniques pull from the method of nonlinear
steepest descent including contour deformations and the so-called g-function technique. We
adapt these techniques for numerical use, and analyse the resulting numerical algorithm,
which requires extending the analysis of the numerical algorithm to the as-of-yet unconsidered
case of g-functions.

Our primary focus are eigenvalue statistics of unitary invariant ensembles. Unitary in-
variant ensembles are n x n random Hermitian matrices
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for real-valued random variables M;; and M.
Eigenvalue statistics of invariant ensembles are expressible in terms of the kernel!

Ko, 1) = oy 2V @+ ) ()T (y) = T ()7 (y)
n\%; n—1 Z—y ,

where 7, are the monic polynomials 7y, 71, ... orthogonal to the weight
ean(x) dfC,

where .
Tn-1 = [/ o1 (2)e ™ da

is a normalization constant. Particular statistics include the spectral density

ap, = @) g
n
describing the global distribution of eigenvalues®. The limiting spectral density — the weakx
limit of du, as n — oo — is the equilibrium measure associated to the potential V' [8,
Section 6.4]. We also calculate gap statistics, describing the local distribution of eigenvalues;
namely, the probability that no eigenvalue belongs to a set 2. These are given by the
Fredholm determinant [14, (4.65)]

det(] — ]Cn|L2(Q))7

where KCp,| 120y denotes the integral operator with kernel KC,, on L?(Q).

Gap statistics for invariant ensembles follow two principles of universality. For x in the
bulk — i.e., inside the support of the equilibrium measure — the gap statistic of a properly
scaled neighbourhood of x approaches the sine kernel distribution?:

P (s) = det(] — S|r2(_sg)) for S= sm(x——y)
r—y
Moreover, the edge statistic — i.e., the probability that no eigenvalue lies in a properly scaled
neighbourhood of co? — generically approaches the Tracy—~Widom distribution:
Ai'(y) — Ai'(z)Al (y)

. A'
P (s) = det(I — Alr2(s,0)  for A= ) x—y .

The literature proving the validity of these universality laws is extensive, see [2] for an
overview. Of particular interest to the present paper are proofs for unitary invariant ensem-
bles based on asymptotic analysis of RH Problems associated with orthogonal polynomials:
for bulk statistics see [8] and for edge statistics see [9]. Underlying these two universal-
ity laws are Painlevé transcendents; in the case of the Tracy—Widom distribution it is the

!This form for the unscaled kernel comes form [6, (1.2)], though using the notation from the scaled kernel
in [8, Chapter 8]. We have altered the definition of 7, _; to avoid cancelling imaginary constants.

2This is also called the one-point correlation function [8, Section 6.4] or the level density [15, Figure 12.1].
We use spectral density in accordance with [2, Figure 1.1].

3Instead of scaling (2, one can also scale the matrix itself in the statement of the universality law; cf. [3
Theorem 3.1.1]. Alternatively, one can rescale the kernel of the operator through a change of variables [8
Chapter 8]. We choose the convention of scaling only  and leaving the kernel unchanged.

4Another statement of the Tracy-Widom universality law is in terms of scaling the largest eigenvalue,
cf. [3, Theorem 3.1.4]. We use a scaled neighbourhood of infinity in accordance with [6, (1.15)].
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Hastings—McLeod solution to Painlevé II [20], whereas the sine kernel distribution is express-
ible in terms of a solution to Painlevé V [21]. These Painlevé representations can also be
expressed as RH problems [16], which can be viewed as RH problems for the logarithmic
derivative of p*™ and p?!, in contrast to the RH problems for the kernel K, that we will
calculate. See Appendix A for a discussion of a numerical RH approach for computing the
Hastings—McLeod solution of Painlevé II.

The statistics differ from universality laws for finite n and, in general, there are no known
expressions in terms of Painlevé transcendents. Hence our aim is to calculate the finite-
dimensional statistics to explore the manner in which the statistics approach universality
laws depends on the potential V. To accomplish this task, we calculate the associated
orthogonal polynomials numerically, also using their Riemann-Hilbert representation, via
the framework of [26, 27]. By deforming the contours appropriately, we realize a numerical
method that is uniformly accurate for large and small n, as in [28].

An overview of the paper follows:

Section 2 We present the numerically calculated finite-dimensional invariant ensemble statis-
tics. We see in our numerical experiments that the rate in which bulk statistics ap-
proach the universality law depends strongly on the magnitude of the density of the
equilibrium measure (see Figure 4): where eigenvalue density is small, finite n statistics
differ from universality behaviour greatly. Importantly, because we do not require the
knowledge of local parametrices for the RH problem, our numerical approach continues
to work for degenerate potentials, such as those that arise in the study of higher order
Tracy—Widom distributions [6].

Section 3 We review the numerical method for Riemann—Hilbert problems of [27]. This
includes conditions from [28] for the numerical approximation to be uniformly accurate
with respect to a parameter (in our case n), when the contours are appropriately
deformed and scaled (Section 3.2). This approach avoids the use of local parametrices,
which are needed for the asymptotic analysis of RH problems.

Section 4 We alter the deformations of [8] for calculating orthogonal polynomials, to be
incorporated into the numerical approach of Section 3. This includes (Section 4.1) a

review of the numerical approach for calculating equilibrium measures and g-functions
of [24].

Section 5 We adapt the resulting deformation to achieve uniform approximation, extending
the theory of [28] for RH problems that use g-functions.

Remark As an alternative to manually deforming RH problems, an optimization algo-
rithm can be used to automate the deformation process [34]. Unfortunately, support for
g-functions is not yet incorporated, inhibiting the usefulness to the RH problems considered
in this paper.

Remark An alternative to the approach advocated in this paper is to calculate the or-
thogonal polynomials directly for each n via modified Gram—Schmidt and numerical quadra-
ture. For small n, this is likely to be more efficient. However, the number of quadrature
points must greatly exceed n to ensure stability [19, Example 2.35]. Moreover, the calcula-
tion must be restarted for each n as the weight e™™" changes. On the other hand, the RH
approach has computational cost independent of n, making it more practical for investigating
large n behaviour.
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Figure 1: Calculated spectral densities for the GUE for n = 3,10 and 100, compared to
Monte Carlo simulation.
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Figure 2: Calculated spectral density for V(z) = % — %x3 + % + %x for n = 3,10 and 100.
Dashed line is the equilibrium measure (n = 00).

2 Finite-dimensional invariant ensemble statistics

In this section, we compute the finite n statistics of unitary invariant ensembles by using the
numerical method for calculating =, and v, _17m,_1 that we develop in future sections. What
is apparent in the numerical results is that the behaviour of local statistics is tied strongly
to the global density of eigenvalues; i.e., the magnitude of the density of the equilibrium
measure.

For unitary invariant ensembles, the spectral density is the distribution of the counting
measure. In Figure 1, we compare the GUE (i.e., V(z) = 2?) spectral density (numerically
calculated using our approach) for n = 3,10 and 100 to a histogram, demonstrating the
accuracy of the approximation. (Because the polynomials involved are Hermite polynomials,
we also verify the accuracy directly.) This shows a phenomena where the distribution exhibits
n “bumps” of increased density, likely corresponding to the positions of the finite charge
energy minimization equilibrium; i.e., the Fekete points (see [32, Chapter I11] for definition).

In Figure 2, we plot the finite n spectral densities for the potential

4 4, a2t 8
V(z) = T + 50 + =%
which is an example of a potential whose equilibrium measure vanishes at an endpoint, and
hence the edge statistics follow a higher order Tracy—Widom distribution [6]. Interestingly,
this change in edge statistic behaviour is not just present in the local statistics, but clearly
visible in the decay of the tail of the global statistics.

We turn our attention to local gap statistics, which are described by the Fredholm deter-

minant

det(] — ’Cn|L2[Q]).

Using the method of Bornemann [5], we calculate the determinant, provided that the kernel
itself can be evaluated. Thus, we successfully compute finite gap statistics by calculating



I M . I
0.05 0.005

0.010

I Pl -t

. . .
0.015 0.020 0.025 0.030

Figure 3: The calculated probability that there are no eigenvalues in (—s,s) for the GUE
(plain) versus Monte Carlo simulation (dashed), for n = 50 (left) and n = 100 (right).
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Figure 4: The calculated probability that there are no eigenvalues in the scaled neighbour-

hood z + 2= for n = 50, 100, 200 and 250 for z = 1 (left, ¢(1) ~ .055) and x = 1.5 (right,
2

¥(1.5) ~ .0105), for the potential V(z) = & — -ta® + % + 3z

orthogonal polynomials using the RH approach. In Figure 3, we plot the gap statistics versus
a histogram for the GUE in the interval (—s, s)°.
To see universality in the bulk, we scale the interval with n; in particular, we need to
look at the gap probability for ( )
—5,8

Kn(z,z)
Alternatively, KC,,(x, z) can be replaced by its asymptotic distribution to get

(_57 5)
()’

where dp = ¥(x)dx is the equilibrium measure of V. For x inside the support of p, this
statistic approaches the sine kernel distribution®. We demonstrate this in Figure 4 for the
degenerate potential, showing that the rate in which the statistics approach universality
depends on the magnitude of the density of the equilibrium measure: convergence is more
rapid when ¢ (z) has larger amplitude.

Q=zx+

Q=x+

5We are not imposing the bulk scaling introduced below, to demonstrate that the numerical approach
does not depend on choosing the scalings correctly.

5This was demonstrated in [8, Chapter 8] for an equivalent, rescaled kernel acting on (—s, s). Here, we
leave the kernel unmodified, and scale only €.



Figure 5: The equilibrium measure for V(z) = e — z (left) and the scaled gap statistic for
n = 10,20, 40 and 80 (right). The dashed line is the Tracy—Widom distribution (n = co).

Next, we consider edge statistics. In the generic position (i.e., when the equilibrium
measure has precisely square root decay at its right endpoint b), the gap probability for

S

tends to the Tracy-Widom distribution”; here ¢y is a constant associated with the equi-
librium measure, see Section 4.2 for its precise definition and the numerical method for its
calculation. In Figure 5, we plot the computed equilibrium measure for V(x) = e*
(computed as described in Section 4.1), and its scaled edge statistic for increasing values of
n. While the finite statistics are clearly converging to the Tracy—Widom distribution, the
rate of convergence is much slower than the convergence of bulk statistics where the density
of the equilibrium measure is large.

Remark There are several methods for calculating universality laws —i.e., n = oo statis-
tics — including using their Painlevé transcendent representations, see [4] for an overview.
An additional approach based on RH problems is to represent, say,

— X

Oslogdet(l — S|r2(—ss))

as a RH problem. This can be solved numerically for multiple choices of s, and the results
integrated numerically, see [7] for examples in the degenerate case. This approach is accurate
in the tails, whereas the Fredholm determinant representation that we use only achieves
absolute accuracy. However, we are not aware of similar RH problems for finite n.

3 Riemann—Hilbert problems and their numerical so-
lution

Riemann—Hilbert (RH) problems are the fundamental object of study for the remainder of
the manuscript, as we will reduce the calculation of orthogonal polynomials to the numerical
solution of an RH problem. RH problems are boundary-value problems in the complex plane.
One seeks a piecewise-analytic function ® with specified discontinuities on a given oriented
contour I'. We first define the limits from the left and right of I'":

"We found this particular form by specializing [6, (1.15)], though it is equivalent to the rescaled kernel
found in [9, (1.23)].



Definition 1 Suppose ® is analytic off an oriented contour I'. Then, for s € ', the limat
from the positive/left (negative/right) side of T' is denoted ®*(s) (P~ (s)), provided the limit
exists and is continuous at s.

We can now define a RH problem:

Definition 2 Given an oriented contour I' and G : I' — C?>*2, a RH problem is the task of
finding a function ®(z) such that

1. ®(2) is analytic in C\ T,
2. ®(2) is continuous in D for each connected component D of C\ T,

3. ®(z) satisfies the jump condition

4. and lim), o ®(2) = I.
We use the notation ® = [G;T'] when ® is the unique solution of [G;T.

Importantly, the RH problems we consider can be converted to equivalent singular inte-
gral equations (SIEs) defined on T'. In this sense, solutions to RH problems are essentially
defined by their behaviour at the boundary of their domain of analyticity. While I may be
complicated and self-intersecting, it is one-dimensional which simplifies the complexity of
the problem.

The numerical solution of a RH problem begins with the equivalent SIE as is done in
[27]. The starting point for reducing an RH problem to an SIE is the Cauchy transform.

Definition 3 The Cauchy transform is defined for z € C as

CrU(z) = L/r Us) ds

2m s—z

Provided that U s Holder-continuous — with sufficient decay at infinity when I' is unbounded
— the Cauchy transform is analytic for all z off I'. Furthermore, its limits from the left and
right, denoted CfEU(s) are continuous away from self-intersection and end points of T".

We can extend the left and right limits of the Cauchy transform C% to operators on L*(T).
These operators satisfy [8, p. 185]:

° Cﬁ are well-defined bounded linear operators on L*(T) and

e the Plemelj Lemma holds: Cff — Cp = 1.
Before we discuss the numerical method in more detail we make three assumptions:
1. Assume the solution of the given RH problem is of the form
O(z) =1+ CrU(z2), (2)
where U : T' — €?*? and each entry of U is in L*(T).

2. We make an assumption on I'. Let v C I' be the set of self-intersection (junction)
points. Assume



e I'=T'U...UTE,
e I"NIY Crv,i#3j,and
e M;(IV) = [—1,1] for an affine transformation M;(IV).

In particular, we assume that I' is a piecewise-smooth contour.

3. We assume all jump matrices satisfy the product condition:

Definition 4 For a RH problem ® = [G;1], let G; = G| be the restriction of G to
V. For a junction point ¢ of T, let T, ... . T" be a counter-clockwise ordering of the
subcomponents of I' that have  as an endpoint. G satisfies the product condition if

ﬁ G { 1, if IV is oriented outwards

J =1 o= —1, otherwise,
for all junction points ¢ of T'.

A substitution of (2) into (1) while using the Plemelj Lemma yields
U-CUG-I)=G—1. (3)
We use the notation
CIG:TMU=U-C UG- 1),

which defines bounded linear operator on L?*(T') provided G € L>(T).
Our numerical scheme is to solve this SIE using a collocation method. We approximate
U on each IV by a finite-dimensional sum of mapped Chebyshev polynomials:

T} (s) = Tu(M;(s)),

where Tj(x) = cos(karccosz) is the kth-order Chebyshev polynomial of the first kind. In
general, the order of the approximating polynomial on each IV may be set independently.
For simplicity and ease of exposition, we assume all orders are equal. In other words, for
s € I we approximate U(s) = U,,(s), where we define

Un(s) =U(s) for selV, where
m—1

Un(s) = D ULT{(s),
k=0

for as-of-yet unknown coefficients U} € C?*2.
Following the results of [27], if we are given the coefficients, we evaluate C [G;T| U,
pointwise by using an exact expression for the Cauchy transform of our basis:

Proposition 1 [25] .
CriT}(2) = C—11)Tk(M;(2))



Theorem 1 /25, 26/ Define

( larctanhz for k=0
im 2F1( (1 11)/2,Z2 =) for k<0 and k odd
Vr(2) = 7%1(1 22 <%’k2 - for k <0 and k even
21 (2 ) - for k>0 and k odd,
( 2k-1(2) for k>0 and k even,

where o Fy is the hypergeometric function [23]. Then

1 _ -
CTi(2) = =5 [¥n(J3 (2)) + k(I (2))]
where
J2)=z2—Vz—1Vz+1
is an inverse of the Joukowsky transform J(z) = 3(z + z71).
We choose the coefficients U, ,i by enforcing (3) to hold pointwise at a collection of Lm

points. (Recall that L is the total number of subcontours of I'.) In other words, we choose
points {z{,...,z] } lying on each I/, and solve the 4Lm x 4Lm linear system

ClG;T)Un(z)) =G(z]) — 1. (4)

We choose mapped Chebyshev points:

{],...,2],} = {1\43-1(—1),1\4]»1 (cosw [1 - - i 1D ,...,Mj1(1)}.

This means every junction point of I' is included in the collocation system, with multiplicity
equal to the number of contours emanating from the junction point. (We must include these
points in the numerical scheme so that CU,, remains bounded.) We denote these repeated
points by

{£+Oe191,...,f—i—()eiep}

where 0y, ...,0, are the angles in which the components of I' that include £ as a junction
point emanate from £. But, as seen in Theorem 1, the Cauchy transform for our basis blows
up at such points! To overcome this discrepancy, we assume that the solution satisfies the
zero-sum, condition:

Definition 5 Let IV, ... IVt be a counter-clockwise ordering of subcomponents of I that
contain a junction point ( as a endpoint. U,, satisfies the zero-sum condition if, at every

such junction point it satisfies
> oili(¢) =0

where o; = —1 if the left endpoint of IVi is (, o; = 1 if the right endpoint of TV is .

We define an alternate expression for the Cauchy transform at the junction points by
assuming that U, satisfies the zero-sum condition. Generically, CrU has logarithmic singu-
larities at each junction point of I'. The zero-sum condition provides a sufficient condition



for CrU to remain bounded as the junction point is approached. An elementary analysis of
the Cauchy integral shows that

C-anU(z) = i/_l Uls) =UQ) 4, UA) log (Z — 1) |

C2mi) ., s—z 27i z+1
1 [1U((s)—U(1) U(1)
~ ds — log 2
omi ), s—1 7 om 8
U(1)

log|z — 1| +ia —1)].
S log |z — 1] + arg(= — 1)
The unboundedness of C(_11)U(z) at z = 1 is a direct consequence of log |z — 1|. The zero-
sum condition guarantees the cancellation of this term. For a different description of this
see [8, p. 185]. Furthermore, it is clear that the value and existence of

) U(l)
ilgﬂl CnU(z) — 9 log |z — 1],

i

depends on how z — 1. This motivates a new definition for the Cauchy operators at
intersection points, which we express in terms of the mapped Chebyshev basis.

Definition 6 The finite-part Cauchy transform® € is defined as follows: For z not an end-
point of T, it is equivalent to the Cauchy transform:

€T (2) = Cr T (2).
Otherwise, for zi the left endpoint of TV and z{z the right endpoint, if 0 # 0; define

€F]~T,f(zi + Oew) = aIl; + ir,I; arg(—ei(e’eﬂ'))

—€FjT]g(Zg% + Oew) = a% + ir,? arg(eiw_@j))

for (noting that M; are constants)

log2 (=1)*
k108 +( )

- L
ay =(-1) 2mi im [x—1(=1) + pr(=1)] + 74 log |MJ’| ’
log2 1
R R
o = B2 L (1) + (1) rf g [0
—1)k 1
7“]% = —( ) and 7“]1;{ - T .
27 2mi

where
[5] ,2i—1

()= D 5y

i=1

Corresponding to evaluating on the contour IV itself, define

+ (i i0, Ly L
€5 T (2] +0e™) = ay Limry,

€5 T (2 + 0e7%) = aff £ inry

by the left and right limits as 6 — £0;.

8Not to be confused with the Hadamard finite-part integral.

10



The usefulness of this alternative definition is that it is equivalent to the standard Cauchy
transform for functions which satisfy the zero-sum condition:

Lemma 1 [27] If U,, satisfies the zero-sum condition, then
€U (2) =CUp(2),
including limits as z approaches a junction point of T'.

Sketch of Proof Let ( be a junction point of I'. From the asymptotic behaviour of arctanh z,
we see near ¢ that if ¢ is an endpoint of IV |

. O' . .
CriT}(z) ~ —Z—;ilog |z — 21|+ Cy,

where 0 = arg(z — () and o; is defined as in Definition 5. If ¢ is not a junction point of IV,
then ' A A
CFjT]g (Z) ~ CFJT]g(C) = Cék

(where C§ . is 6 independent). Thus,
. . , 1 . .
CUn(2) = Z ; UiCriTji(z) ~ — Z Ujqu(C)% log |Z - Zz]’ + Z Zk: Cg,k;
J J J
=>.> G
ik
since the zero-sum condition ensures that

ZojUf(g) = 0.

The remaining constant C(; > which we refer to as the finite part, are precisely the constants
we defined above. O

Thus, assuming the coefficients U,g are in the space so that U,, satisfies the zero-sum
condition, we replace (4) by

€[G.T)Un(54) = G() = 1. (5)
This is justified by the following:

Lemma 2 [27] If the linear system (5) is nonsingular, then the calculated U, satisfies the
zero-sum condition.

Sketch of Proof Let ¢ be a junction point, and assume for simplicity that o; = 1 or 0 and
I'; are ordered by increasing arguments ¢;. Define

O =1+ € Un(C 4 0e%),

and define '
G; =G+ Oelef)

(i.e., the limit of the jump along I'/). The collocation system imposes ®;” = ®;G;. But the
definition of € imposes that

(I)j_+1 = (I)+ + ((9j+1 — 9])5 and (I)l_ == (I)z + (61 + 2m — GL)S

11



for

U;(0)
S:_Zaj 2]7'('1 '
j

These equations give

L
(6y+ 27 —0,)Gr -+ G+ > (0, —0,1)G;--- Gy,

Jj=2

o =0/G,---GL+ S

L
(01 + 27— 0,) 1+ (0, — 0;-1)G; -+ Gy,

=2

=07+ S

where we use the product condition (see Definition 4) satisfied by the jump matrix of the
RH problem:

Gy---Gp=1.
If
L
(01 +2m — 0+ (0, —0;-1)G; -+ Gy
j=2

is nonsingular (the nonsingular junction condition), then S = 0, implying the zero-sum
condition.

Now suppose the nonsingular junction condition is not satisfied, and we replace the
condition in the collocation system that

o =G,
with S = 0. We then have
Q= (IJj and & = o},
Thus

;G = CIDI,lGLAGL - .= q’ff1G1 -G 1GyL
= quL,

and the removed condition is still satisfied. In other words, the two linear systems are

equivalent.
O

In conclusion, the fact that the linear system is nonsingular implies that the numerically
constructed

D, (2) =14 CUn(2)

is analytic off I', bounded on C and satisfies the correct jumps at the collocation points.

3.1 Function spaces

Before we continue we must briefly introduce some notions and notation that allow issues
related to regularity to be addressed. We follow [28] and interpret the finite-dimensional
operator defined by applying €[G;T’| to a piecewise polynomial then sampling and inter-
polating the resulting function at {zi} as mapping of piecewise polynomials to piecewise
polynomials. Indeed, the sampled function at the values {zi} is identified with its unique

12



piecewise-polynomial interpolant and we use Z,, to denote this interpolation operator. De-
fine L2 (V) to be the space of matrix-valued functions with entries being mapped mth order
polynomials. For I' =Tt U --- UT’ define

L3(0) = P L)

Define L2, (') to be the closed subspace of L? (I') consisting of functions that satisfy the
zero-sum condition. Thus Z,, €[G; T is a well-defined linear operator from L7, _(T') to L2 (I").
As is mentioned in [28], Z,,€[G;T] maps to a proper subspace L2 (I') of L?,(I'). Note that
this is required since L2, _(I') is necessarily of lower dimension than L? (T').

For each component contour IV and k¥ € Nt we define the Sobolev spaces H*(I'V) and
WH(T7) in the usual way [28]. For the contour T

A = @) HA(T). Whs(r) = @ wh=(r).

Finally, for Banach spaces X, Y we use £(X,Y) to denote the Banach space of bounded linear
operators from X to Y with the induced operator norm. If X =Y then £(X,Y) = L(X).

3.2 Uniform approximation theory

Since we are interested in the behaviour of orthogonal polynomials for all n, including the
onset of universality as n becomes large, we look for a method that retains accuracy for
arbitrarily large n. To accomplish this, we will utilize the uniform approximation framework
developed in [28].

The building blocks of uniform approximation consist of a strategy for solving RH prob-
lems, and a theorem for showing uniform approximation:

1. Assumption 1: Assume that the numerical method used for solving RH problems
satisfies a reasonable conditioning property.

2. Lemma 3: Truncate unbounded jump matrices when they are close to the identity.

3. (9): Separate and scale contours near stationary points (using Assumption 2 as a
guide).

4. Lemma 4: Iteratively solve the separated contours, recovering the solution to the
original RH problem.

5. Theorem 2: Reduce proving uniform approximation to showing boundedness of jump
matrices and inverse operators of the resulting RH problems.

For our numerical scheme to fit into the uniform approximation framework, we must
assume the following:

Assumption 1 Assume there exists a constant o > 0 such that

1(Zn<€IG T M v, xm) < DmO||CIGT] o2y, D >0,
Xy = LG,z(r)v Yin = E?n(r)?

whenever C|G; 1] is invertible, G—1 € WH°NHY(T') and G satisfies the production condition.

13



Determining « for the numerical method in [27] is still an open problem but numerical
tests indicate that it holds true for all & > 0. Under this assumption it is shown in [28] that

U = Unllzay < Cm***H||U | ey,

where C' depends only on C[G; '] and its inverse. As before, U is the solution of C|G;T'|U =
G — I and U, is its numerical approximation. When U depends on the parameter n, the
degree of the orthogonal polynomial, we aim to bound ||U|| g#(ry uniformly in n for sufficiently
large k. The uniform approximation theory provides a framework to do exactly this. We
demonstrate the essentials with an example.

Problem 1 Forc> 0 and n > 1, consider the scalar RH problem

Ot (2) = D (2) (1 + %e‘"(z_“)2+i6”> , z€R (6)
d(c0) = 1.

While this problem can be solved in terms of explicit integrals we study it from our numerical
analysis point-of-view. The first step is truncation:

Lemma 3 (Contour truncation [28]) Assume G — I € W"> N H*¥T). Then for every
€ > 0 there exists an matriz-valued function G., G. — I € Wk N H¥T), and a bounded
contour I'. such that

e G.=1onT\T

e GG = G, in a neighbourhood of every intersection point of T',

o ||GE — G||L2mLoo(l“) < 6, and

° HC[G, F] — C[GE; FE] HE(LQ(I‘)) < EHCr\_Hﬁ(LZ(F)).

This justifies the truncation of the contour R to an interval while introducing a small
error. Furthermore, this truncation can be done to preserve the smoothness of the solutions.
In practice, we ignore the issues related to smoothness and we truncate the contour when
the jump is, to machine precision, unity (or the identity matrix) since that is our numerical
limitation.

For n =1 it suffices to truncate R to I' = [-7 4+ a, 7 + a]. We deal with n > 1 with the

next step: scaling. Define k through z = k/\/n + a and define I, = [-7,7]//n + a. We
approximate (6) with

Ut(z) =0 (2) (1 + %e‘”(z_“)2+icn> , zely, (7)
V(o) = 1.

We change to the k variable. Define W(k) = W(k/\/n + a) so that

~ ~ 1 .
Ut(z) =¥ (2) (1 + 56"“2“‘3”) , kel[-7,7] (8)
W (o0) =
When this problem is treated numerically the convergence rate (as m — oo) to the solution
does not depend on n.

14



The additional complication that arises in applications is that the contours consist of
multiple components. To generalize the scaling approach, assume that we have a sequence
of RH problems {[G,; ;] }, depending on the parameter n. The theory of [28] requires that
I',, can be decomposed into [ components which are scaled individually:

r,=0 u---uQ, (9)
where {Q }/_, are mutually disjoint and have the form
O =al OV + .

In other words, we assume I',, is the disjoint union of contours, each of which is an affine
transformation of a fixed contour. Once we have this separation of I',, we attempt to solve
the RH problem [G,;T’] in an iterative way. Define the restricted jumps G}, = G,|q; and
the jumps after variable change Hi (k) = G (ol k+7), k € Q;. The following result is found
in [28]. For notational simplicity we suppress the dependence on n. But it is important to
note in the general case every function, but not €7, depends on n.

Lemma 4 (Scaled and shifted solver) Define &, = [H'; Q'] and &, = &, (Z;’f1> Fur-
thermore, for each j =2,3,...,1 define ®; ;(k) = ®;(a’k + ) and set

- B ) - (2=
®j = [Ojo1y PrgH;® 5 50 V], @j(2) = @ ( ) ‘

o
Then & = &y --- O, solves [Gp; Ty

This lemma states that we can treat each disjoint contour separately. We first solve a
RH problem on one subcomponent of I',, and modify the full RH problem by the solution.
This removes the subcomponent from the RH problem and modifies the remaining jumps.
This process is repeated until all contours are taken account of.

We use the following rule of thumb to determine the proper scalings o (compare with
Problem 1):

Assumption 2 If the jump matriz G has a factor ™ and 37 corresponds to a qth order
stationary point (i.e., 0(z) ~ C(z—[37)?), then the scaling which achieves asymptotic stability
is (a constant multiple of) ad = n=4/4.

3.3 Conditions for uniform approximation

A significant question is whether each of these smaller RH problems [H;; 7] is solvable. From
a practical numerical standpoint this possible issue does not seem to affect the conditioning
of the method. From a theoretical standpoint this question is settled for large n in [28]
provided o, — 0 for all j as n — oo. We make a necessary assumption that is true in all
cases we consider here, after possible truncation.

Assumption 3 Assume that the jump matriz G is C* when restricted to each component
IV of T and decays to the identity matriz faster than any polynomial at each isolated endpoint
of I and at oo if oo € T'.

The following theorem is the fundamental result of [28] and gives the required tools to
address the accuracy of the Riemann—Hilbert numerical methods for orthogonal polynomials
for arbitrarily large n:
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Theorem 2 Assume
o C[H], V|71 exists and the norm ||C[H}, V)7 | 12y < C for all j and n,
o ||H]|lwrqiy < Cr for all j and n, and
e o) =0 asn — co.
Then for n sufficiently large
e The algorithm of Lemma 4 has solutions at each stage,

e The approximation Ul of U’ — the solution of the SIE at stage j in the algorithm of
Lemma 4 — converges uniformly with n in the L? norm as m — oo.

The theorem states that if the contours 2/ all have decaying measure then local bounded-
ness properties of functions and operators on each of the contours is made global for n large.
As is demonstrated below, bounding the W*° norms of the matrices H7 is often straight-
forward and the boundedness properties of the inverse operator follows from the asymptotic
analysis of the RH problem.

Remark Similar results hold when the bounds in Theorem 2 are known for a ‘nearby’
RH problem. In this case bounds on the nearby RH problem give slightly weaker convergence
properties that can still be seen to be uniform in an appropriate sense [28].

Remark An important aspect of this theory is that whether or not the theory applies
in a straightforward way is not critical. The theory still guides deformation, truncation and
scaling of contours.

4  Orthogonal polynomials

To calculate the kernel IC,,, we need to calculate the polynomials m,(z) and 7,,—17m,-1(x),
where 7(z), 71 (z), . . . are monic polynomials orthogonal to the weight eV (®) dz, supported
on the real line. These polynomials can be expressed in terms of the solution to a RH
problem:

Problem 2 [17] The function

Tn(2) Crlmne™V](2)
() = (—27Ti’Yn17Tn1(2) _QWiancR[Wnle_anz)) ’

where )

Tn-1 = {/ oy (z)e V) dx}

solves the RH problem on the real line

1 e—nV(z) o 0
+ = - ~Y
Y=Y (0 1 ) and Y (0 z”) as z — oQ.

To apply the numerical method described in Section 3, we must transform the RH problem

for Y into a suitable form for numerical solution. To accomplish this, we transform Y by
representing it explicitly in terms of new functions which satisfy the following properties:
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1. Y — T so that 7"~ [ at infinity: (Eq. (11)) The condition at infinity is necessary
for the representation

T(z) = I+ CrlU(2), (10)

to be valid. Furthermore, this representation is necessary for the application of the
chosen collocation method.

2. T — S so that the oscillatory jumps of 7" are transformed to exponentially
decaying jumps of S: (Eq. (12)) Oscillations in the jump matrix are an indication
of an oscillatory solution. In this case the solution is difficult to resolve numerically.
Thus, we seek exponential decay to resolve the complication.

3. S +— @ so that the jumps of ® are localized and scaled: (Eq. (13)) The uniform
approximation theory is applicable when the RH problem has localized and scaled jump
contours. This is the step that produces accurate numerical results for arbitrarily large
n.

4.1 Equilibrium measures

Our first task is to remove the growth in Y at oo. To accomplish this, we must compute the
so-called g-function, which has logarithmic growth at infinity so that e*"9(*) ~ 2" but has
special jump properties so that its incorporation into the RH problem will allow for uniform
approximation.

The ¢ function is associated with the equilibrium measure of V:

Definition 7 The equilibrium measure p is the minimizer of

// log — dp(z) dp(y) + / V(z)dp(z).

|z — |

We review the numerical approach to calculating equilibrium measures in [24], but in the
context of calculating the g-function. For simplicity, we assume that the equilibrium measure
of V' is supported on a single interval (a,b); a sufficient condition is that V' is convex [8].
(We remark that the below procedure was adapted to the multiple interval case in [24],
and adapting our numerical procedure for computing orthogonal polynomials, and thence
invariant ensemble statistics, to such cases would be straightforward.)

With the correct choice of (a, b), there exists g satisfying the following scalar RH problem:

1. g analytic off (—o0,b) and ¢’ is bounded at a and b,
2. g4(x)+g-(x) =V(z) — ¢ for a <z < b and some constant ¢,
3. g(z) ~logz+O(L) as z— oo, and
4. g4 (z) — g—(z) = 27i for —o0 < z < a.

To calculate g, we first calculate its derivative ¢ = ¢’, which satisfies:
1. ¢ is analytic off (a,b) and is bounded at a and b,
2. ¢i(x)+o_(z) =V'(z) for a <z <D,

3. ¢(2) ~ L as z— o0

17



(Differentiating the asymptotics at infinity is justified because g — logz has an isolated
singular point at infinity at which it is bounded; therefore it is analytic at infinity.) In typical
analysis, ¢ is defined as an integral (a Cauchy transform). For computational purposes, it is
preferable to use the following representation in terms of the Chebyshev expansion of V.

Given a candidate (a,b), we describe all functions that have the correct jump on (a, b),
decay at infinity and have weaker than pole singularities at a and b.

Definition 8 Let y € C and
@) =3 AiTi(@).
k=0

where Ty, is the kth order Chebyshev polynomial of the first kind. Define

_Oo 1k o < X
P (2) = 2 Sl () 2V IVirl Violvirl

for the inverse Joukowski transform
JM2)=2—Vz—1Vz+1.
Denote the affine map from (a,b) to (—1,1) as

at+b b—a
My (2) = 5 + 5 ?

and define
Plapyf(z) =Pylf o M(a,b)](M(;,lb)(Z»‘

Theorem 3 /25, 2] Suppose the Chebyshev expansion of f(Mp)(x)) converges absolutely.
Then, for all x € C, Py f(2) is a solution to

¢4 (x) +o-(z) = f(z) for x€(a,b) and ¢(o0)=0.

Furthermore, every solution to this scalar RH problem that has weaker singularities than
poles at a and b is equal to Py f(2) for some x.

Sketch of Proof We sketch the proof for (a,b) = (—1,1). The fact that (directly verifi-
able by the substitution z = cos )

o) - I @)k +2J51(a:)"f’

where

Jo ) =z —iV1—avV1+a=1limJ  (z+ie)
el0

implies that P, f satisfies the correct jumps (using absolute convergence of the series to
interchange limits).

Now suppose ¢ also satisfies

O1(2)+6_(x) = f(x) for ze(=1,1) and  ¢(o0) =0
with weaker than pole singularities at +1. Then xk = Pf — ¢ satisfies

ky(x)+k_(z)=0 for xe(—1,1).
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If we let 0(2) = Kk(2)Vz — 1z + 1, we have 6, = 0_, i.e., ¢ is continuous (and thus analytic)

n (—1,1). Because k has weaker than pole singularities at +1, we have that § also has
weaker than pole singularities at 1. Since these singularities are isolated, it follows that
0 is analytic at £1, and hence analytic everywhere: 0 is constant. This shows that  is a
constant multiple of ﬁm, completing the proof. _

Based on the preceding theorem we want to choose (a,b) and x so that ¢ = P [V'].
So that ¢ has the correct properties, we need to investigate the Chebyshev coefficients of

VI(Map(2)) = Y ViTi(x)

To achieve the desired properties, we want ¢ to be bounded:
Vo=20 and x = 0.

We also want ¢(z) ~ 2

These two conditions give us a function

Fla.b) = ((b Vi 8)’

for which we want to find a root. We calculate Vj and V; to high accuracy using the composite
trapezoidal rule applied to

1 V/(M(a’b)(x))Tk(x) - T
/1 V1—22 dz = 2/WV(M y(cos 6)) cos kO db.

This calculation is trivially differentiable with respect to a and b, hence we easily apply
Newton iteration to find a root of F'. Convexity ensures that this root is unique [24].

Once (a,b) are computed, we calculate ¢(z) by using the discrete cosine transform to
calculate the Chebyshev coefficients of V’. We then have the equilibrium measure [24]

: ,/1—M
=5 (07 (z) — ¢ (2)] do = ZVkUk 1

where Uy are the Chebyshev polynomials of the second kind. This expression comes from
Plemelj’s lemma and the fact that ¢ is the Cauchy transform of dyu:

o) =5 | dulz)

27 r—z

M, (2)) da

To calculate g, we compute an indefinite integral of ¢ that has the correct decay at infinity

[24]:
/ b(z b—a

—log J;. (Mab)( z))
M(ab)( z))kt JJ:l(M(;,lb)(z))k_l
* Z Vi ( k1 R T— ‘
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This formula was derived by mapping J;* (M, (@ lb)(z)) back to the unit circle, where it became
a trivially integrable Laurent series. Choosing (arbitrarily) = € (a,b), we calculate

t=V(x) = g(x) — g-().

The numerically calculated g consists of approximating Vj using the discrete Cosine
transform and truncating the sum. Due to the analyticity of V', the errors in these computed
coefficients are negligible, and the approximation of g is uniformly accurate in the complex
plane.

4.2 Scaling constant for edge statistics

Associated with the equilibrium measure are the Mhaskar—Rakhmanov-Saff numbers [22, 31]
cy — along with the analytically unneeded dyy = b — ¢y — which we need to know to
determine the correct scaling so that the edge statistics tend to the Tracy—Widom distribu-
tion. We re-express the constant ¢ as stated in [9] in terms of constants that we have already
calculated: the support of the equilibrium measure and its Chebyshev coefficients. The equi-
librium measure for the scaled potential V(M) (x)) has support (—1,1). Its equilibrium
measure is

_ V2 X2
M/ () (M () e = “ =9 (Miogy(2)) do = (b= ) 5= 3" Vil (2) o
k=1
:1—_I2h(1‘)dx,
27

as in [9, (3.3)]. We define the constant

~ 2/3
M1)2\"? 1
- = |- k
« ( 5 ) 5 (b—a) ; Vi
as in [9, (3.10)]. The scaling constant is then
) ~ 2/3
a
= =0b-—a)? ) kY
R (b—a) ; g

Remark For the degenerate potential of Figure 4, ¢ = 0 and hence the scaling breaks
down. This coincides with the fact that the edge statistics for the associated ensemble does
not follow the standard Tracy-Widom distribution.

4.3 Lensing the RH problem

We rewrite Y to normalize the behaviour at infinity:

nt nt
ez 0 e ™ 0 ez 0
y_<0 eg>T(0 ew)(o eg>, (11)

so that T ~ I and has a jump along the real line, on which it satisfies

e9-=9+)  @nlg++g-+L=V)
=T 0 enl(g+—9-)
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Ty
( 1 en(29+7V+Z) > \ E+ 1 < 7L(2g V+24) >
0 1 1 0
Y_
A
L

1
n(V {—2g) 1

Figure 6: The jumps of S.

( 1 enlg+t+g-+E=V)
0 1 r<a
e (9-—9+) 1

0 en(y+—9)> a<w<b
1 en(29+€—V)
0 1

b<ux

\

We appeal to properties of equilibrium measures [8, (7.57)] to assert that

g+(z)+g-(x)+0—-V <0

for + < a and x > b, thus those contributions of the jump matrix are isolated around
a and b. On the other hand, g, — ¢g_ is imaginary between a and b [8, pp. 195], hence

etn(9+—9-)

becomes increasingly oscillatory on (a, b).

We wish to deform the RH problem

into the complex plane to convert oscillations into exponential decay. To accomplish this,
we introduce the lensing as in Figure 6, where we rewrite T' by

By substituting

;

1 0
en(Vf£f2g) 1 = E"'
1 0 (12)
n(V-t-2g) 1 z €2
otherwise.

ng:V_g*_g?
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we see that the oscillations have been removed completely from supp pu:

1 0 1 0

Sy =T, <_en(V—f—29+) 1) =T (_en(g—9+) 1)

en(g-—9+) 1 1 0
1- 0 eMg+=9-) | \ —enlo-—9+) 1

0 1 1 0 0 1
T <_1 en(9+g—)) =5- (_en(Vf2g—) 1) (_1 en(Vf2g—))

0 1

()

However, we have introduced new jumps on I'y and I'j, on which

1 0
S+ = T+ =T_=5_ (en(V—€—2g) 1) :

4.4 Removing the connecting jump

We have successfully converted oscillations to exponential decay. However, to maintain
accuracy of the numerical algorithm for large n, we must isolate the jumps to neighbourhoods
of the endpoints @ and b. To achieve this, we remove the jump along (a,b). We introduce
a parametriz that solves the RH problem exactly on this single contour. In other words, we
require a function which satisfies the following RH problem:

Ni(z) = N_(x) (_01 (1)) for a<x<b and  N(o0)=1I.
The solution is [§]

oty ()0 ) o= (22)”

i.e., v(z) is a solution to

vi(zr)=iv_(z) for a<z<b  and v(oo) = 1.

An issue with using N as a parametrix is that it introduces singularities at a and b,
hence we also introduce local parametrices to avoid these singularities. In the event that the
equilibrium measure 1 (x) has exactly square root decay at the edges, asymptotically accurate
local parametrices are known (see Section 5.1). However, if the equilibrium measure has
higher order decay (a la the higher-order Tracy—Widom distributions [6]), the asymptotically
accurate local parametrices are only known in terms of a RH problem.

For numerical purposes, however, we do not need the parametrix to be asymptotically
accurate: we achieve asymptotic accuracy by scaling the contours. Thus we introduce the

trivially constructed local parametrices which satisfy the jumps of S in neighbourhoods of a
and b:

((1 0
) 1) z<arg(z—a)<m
b —m <arg(z—a) < —% | [enlV-t-29) 0
Pu(z) = 10 ’ ( 0 en(vmg))
(1) _01 —3 <arg(z—a) <0
I otherwise
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1 0 1 1 0 1
N( en(V—t=2g9) 1 >N N( en(V—t=2g9) 1 >N

(24 —V+0) n(29—V+1)
N(é ¢ 1 )N ! Loe )N*1

1

1 0\ g 1 0 -1
N( en(V—t=2) | )N N< n(Vot=29) | >N

Figure 7: The jumps of ®. We use a counter-clockwise orientation on the circle about a and
b.

and

1 0 9
Io<carglz —b) <

1 q) 3 <aslz-b)

0 -1
—m <arg(z —b) < - en(V—t-29) 0

Py(z) = 1 1 ’ 0 o~V —t—2g)

bl 2t < arg(z —b) <0
—= <arg(z —

0 1 3 &

/ otherwise
We write

N(z) |z—al]>rand |z—b>r
S(z) =P(2) ¢ B(2) |z—0b < (13)
P.(z) |z—al<r

The final RH problem for ® satisfies the jumps depicted in Figure 7. Note that, in general,
r will depend on n. We discuss this in more detail in the next section.

In practice, we do not use infinite contours. We truncate contours when the jump matrix
is, to machine precision, the identity matrix (see Lemma 3). In all cases we consider here,
after proper deformations the jump matrices are C*° smooth and are exponentially decaying
to the identity matrix for large z. We deform the remaining contours to be line segments con-
necting their endpoints. The resulting jump contour consists only of affine transformations
of the unit interval.

4.5 Contour scalings

In the case of a non-degenerate equilibrium measure, V(2) — £ —2g(2) ~ c,(z—a)*? as z — a
and V(z) — £ —2g ~ cy(z — b)*? as z — b. In accordance with Assumption 2, we scale the
contours like n~%/3:

O = —n72B300 4 ¢ and Qi =n"253Q0 + 1,

where the Q° that is used in practice is depicted in the left graph of Figure 8, and the
angle of the contours are chosen to match the direction of steepest descent. This implies

that 7 ~ n~2/3. In the first-order degenerate case (eg., V(z) = & — La3 + 2 4 Sg),

5
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Qo 0!

Figure 8: The pre-scaled Q° used for non-degenerate endpoints and the pre-scaled Q! used
for first-order degenerate endpoints. These are the contours that are used in practice.

V(z) — € —2g(2) ~ cy(z — b)"/? as z — b and so we scale like n=7/? (implying r ~ n~"/?) at
the degenerate endpoint:
QL =n723Q% 4 ¢ and Q% =n772Q 41,

where Q' is depicted in the right graph of Figure 8 (the angle is sharper to attach to the new
direction of steepest descent). Higher-order degenerate equilibrium measures require higher-
order scalings, but this can be determined systematically by investigating the number of
vanishing derivatives of the equilibrium measure. This is the final form of the RH problem
that we used in the numerical calculations of Section 2. A discussion the accuracy of the
numerical solution of this scaled and shifted RH problem for large n is presented below.

5 Achieving uniform approximation

Having described the form of the RH problem which we solve numerically, we want to show
that the resulting approximation remains accurate as n becomes large by satisfying the condi-
tions of Theorem 2. While we do not use the local parametrix in the numerical algorithm, we
do need it to show that the deformed contour satisfies the uniform approximation properties.
Thus we introduce the local parametrix in Section 5.1, noting that it can also be used in the
numerical scheme to achieve uniform approximation (though not for degenerate potentials).
We then use this parametrix to show uniform approximation properties in Section 5.2. To
achieve this, we must adapt the jump matrix to cancel the effects of singularities resulting
from the parametrix N(z).

5.1 The classical Airy parametrix

In this section we present the deformation and asymptotic solution of the RH problem,
needed for the asymptotic analysis of orthogonal polynomials, as in [8, Section 7.6]. For
brevity of presentation in this section we only consider potentials of the form V(z) = z*™.
For the asymptotic analysis and deformations in the more general case of V' (z) polynomial
see [10, 11, 12, 13].

The goal of the section is to construct a parametrix d that is a sectionally analytic,
matrix-valued function so that S®~! — I as n — oo where S is the solution the deformed
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and lensed RH problem in Figure 6. The RH problem for the error E = S®~! has smooth
solutions and is a near-identity RH problem in the sense that the associated singular integral
operator is expressed in the form I — K, with ||K,||z2) = 0 as n — oo. Thus E can be
computed via a Neumann series for sufficiently large n.

The deformation proceeds much in the same way as Section 4.4, except we have a = —c,
b= cfor c >0 [8]. Wereplace P, and P, with new functions ¢ _. and v, that are constructed
out of the Airy function. It is important to note that due to the near-identity nature of the
problem we do not scale the jump contour (i.e., 7 ~ 1). We now construct the functions v_,
and ?.. As an intermediate step, define

( Al (s)  Ai(w?s)

—i%o 27
Ai'(s) w?Ai(w?s) ¢ 0<args <3
Ai(s)  Ai(w?s) iy 27
Ai'(s) w?Ai’(w?s) )¢ ° B S AESST
=Y A AW\ e (10 PO
Ai'(s) w?Ai’(w?s) ¢ -1 1 TS ABSS
Ai(s) —w?Ai(ws) \ =, (1 0 i
\ ( Ai'(s) —Ai'ws) )¢ 11 3 S args < 2m
w=e3

The relations

Ai (5) + wAi (ws) + w?Ai (w?s) = 0,
Ai'(s) + w?Ai’(ws) + wAi’(w?s) = 0,

can be used to show that W(s) satisfies the following jump conditions

( 11
01 seEM
0
( 1 ) S €72
Ut(s) =T (s) .

1
1
0
-1 8673

1
0
10
\ 11) €M

See Figure 9 for v;, 1 =1,...4.
Since we only consider V' even in this section, the equilibrium measure is supported on a
symmetric interval [—c, ¢] for ¢ > 0. Define

3

AG) = Je(2)(z = 0¥ A) = (2 — (AR
ol2) = 5 (V(2) = 0) = g(2).

It follows from the branching properties of ¢ that A and A are analytic in a neighbourhood
of ¢. Furthermore, since A(c) = 0 and X(c) = (A(c))?/? # 0 we use it as a conformal change
of variables mapping a neighbourhood of z = ¢ into a neighbourhood of the origin. More
precisely, fix an € > 0 and define O. = A7} ({|z] < €}).

Define

Ve(2) = L(2)T(n*3\(2))emos
L(z) = ( 1_ :1 ) Ve T8 ((z + ) AY3(2))7/,

—1
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O =
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>

VN
O =
— =
~_

Figure 9: The jump contours for ¥ with jump matrices. We use # = 27/3 below.

1. solves the local RH problem shown in Figure 10(b). The symmetry of V(x) implies that
V_o(z) = o31).(—2)o3 satisfies the jumps shown in Figure 10(a). We are ready to define the

full parametrix

e(2) z € O,

D(2) ={ V_o(2) ze-0, .
N(z) otherwise

(14)

N
( (32}“‘) (1) > ( 621""’ (1) )
(a) (b)

Figure 10: The local parametrices near z = +c. As above #' > 0 is included for concreteness
but its exact value is not needed. (a) The jump contours for ¥_, with jump matrices. (b)

The jump contours for 1. with jump matrices.

We need a result concerning the asymptotics of the Airy function
. o 1 71/4 7283/2 ]_
Al(S)—mS e 3 <1+O(m>),
. 1 2.3/2 1
/ _ 3/4 —%s
Ai'(s) = —Qﬁs e 3 <1+O(—83/2>),

as s — oo and | arg s| < m. These asymptotics, along with the definition of A(z), can be used
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to show

I+0(n™), z€00,, (15)
V()N H2)=1+0(n"), €00, (16)

<
o
—
I\
=2
I
—
~—
N
SN~—
Il

as n — oo uniformly in z provided O, U O_, is contained in a sufficiently narrow strip
containing the real line. See [8, Section 7.6] for the details.

We take the RH problem for S in Figure 6 and label 0O, and 0O_.. Note that without loss
of generality we take O, and O_, to be open balls around ¢ and —c, respectively. (Analyticity
allows us to deform any open, simply connected set containing ¢ or —c to a ball.)

Figure 11: The jump contours 2 for the error £. The jump matrix J for £ which is taken
as the piecewise definition as shown. We use a counter-clockwise orientation for the circles
about +c. These circles have radius r ~ 1.

Since . and 1_. solve the RH problem locally in O, and O_., respectively, the function
E =S¥ 1is analytic in O, and O_.. See Figure 11 for the jump contour, {2, and jump
matrix, J, for the RH problem for E. It is shown in [8, Section 7.6] using (15) that the
jump matrix for this RH problem tends uniformly to the identity matrix as n — oo, again
provided that all contours are in sufficiently small neighbourhood of the real line. Thus

1T = C[J; Q) |l cr2) = O(nh),

and a Neumann series produces the unique solution u of C [J;Q]u = J — I. S is found via
the expression

S(z) = (I +Cau(2))¥(2).

5.2 Obtaining the bounds in Theorem 2

To apply Theorem 2 one has to first identify the correct scalings for the contours and second,
establish bounds on the relevant operator norms and function derivatives.

5.2.1 The RH problem for F

In this case, we consider numerically solving the RH problem for F, rather than scaling and
shifting the contours as we do in practice. This simplifies the proof of uniform approxima-
tion considerably though the exact form of the Airy parametrix is needed explicitly in the
numerics. Unfortunately, this local parametrix does not apply to degenerate potentials. We
contrast this with the analysis in the following section where the Airy parametrix is needed
to prove asymptotic accuracy but is in no way needed to perform calculations.
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Take I'), = €2 (see (9)); that is, we do not scale the contour. The near-identity nature
of the RH problem allows us to avoid any scaling of the problem. Using the asymptotic
expansions for the derivatives of Airy functions one can show that

1T = Illweoe@nmr@) = On).

Furthermore, the fact that ||C[J; Q]| c2@) < C follows easily from the Neumann se-
ries argument already given. Therefore Theorem 2 shows that the numerical method will
uniformly approximate solutions of this RH problem for small and arbitrarily large n.

To demonstrate the convergence properties of the solution for large n we use the following
procedure. Let U,, denote the approximation of u obtained using the numerical method
for RH problems discussed above with m collocation points per contour. When we break
up §2 into both its non-self-intersecting components and into its components that can be
represented by affine transformations of the unit interval we end up with 14 contours. Thus,
we use a total of 14m collocation points. We solve the RH problem with m = 10 and
then again with m = 20. We sample U;q at each collocation point for Uy and measure the
maximum difference at these collocations points. We define this difference to be the Cauchy
error. Figure 12 demonstrates that the error decreases as n — oc.

0.1}
0.001 }
10°}

1007 }

Cauchy Error

I 10 100 1000 10* 10° 10
n

Figure 12: The Cauchy error between Uyg and Usy as n — oo. This plot indicates that it
takes fewer collocation points to approximate F as n increases.

5.2.2 The RH problem for ¢

While for non-degenerate potentials we can solve the RH problem associated with F numer-
ically, the RH problem for & that we use in practice is of a fundamentally simpler form.
No additional special functions (e.g Airy functions) are needed and yet the contours are
located away from the stationary points, a and b (we return, for now, to allowing general
potentials). All deformations are performed by a reordering and analytic continuation of
previously defined functions. Thus we want to show that our strategy of scaling contours
does indeed satisfy the criteria of uniform approximation of Theorem 2.

To achieve uniform approximation, we must first alter the jump matrix so that it remains
bounded as n — oo. This will be achievable using only properties of N(z) near a and b,
and we prove the resulting jump matrix is bounded in Lemma 7. We also need to show that
the inverse of the operator is bounded. Using the local parametrix, we accomplish this in
Lemmas 5 and 6.

In this section we assume we are in the non-degenerate case. (While we claim that
uniform approximation is indeed achievable for degenerate potentials, proving this would
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be more challenging due to lack of explicit local parametrices.) We therefore consider the
following jump contour (see Figure 13)

[, =QUQ,

for
QL =n723Q% + ¢ and Q% =n723Q° 40,

Furthermore, define G to be the jump matrix for @, see Figure 7.

We first rectify the issue with the jumps on these scaled contours: as n — oo, they
approach the unbounded singularities of N(z), violating the condition of Theorem 2 that
jump matrix must be bounded. However, we expand

w2 (2 ()55 02) (et
) () () )

e (2 (4 () (1)

) () () ()

N(a+ zn~%3)"

+

N(b+ zn~%3)"

Define
— 1 —i 1 i
_ . —1/6 1/6
Nyn=mn <i 1)+n (_1 1)
and
1 i 1 —i
_ 1/6 1/6
Nom=n (—i 1)*" (i 1)
so that

N(a+ Z”_Q/B)Na,n» N;ﬁN(a +zn 23T N(b+ zn_Q/g)Nb’n and ]\_fb_J}N(b + 2n~ Y3

are uniformly bounded for z restricted to an annulus around zero as n — co. These matrices
are used to remove the growth of the jump matrix in the limit n — oo. We demonstrate this
procedure, which is a modification of the algorithm in Lemma 4. We truncate the contours
of the RH problem for ® by removing the dashed contours in Figure 7. For € > 0 and small,
this gives us an approximation ®. of ® with jump matrix G, so that G. — I is supported on
QL U2, Additionally, G, satisfies

INT'GN — N7'GN||p2np~ = O(e) and G(z) = G(2) for |z —a] =7 or |z —b] = 7. (17)

Our method of scaling contours ensures that e is independent of n. We separate the RH
problem for @, into two problems [G1; QL] and [Gy; Q2] with solutions ®; and ®,, respectively.
See Figure 13 for the piecewise definition of G; and G,. Our solution procedure is (formally)
as follows:

1. Scale G1: Define H,(z) = G1(b+ zn~%/3).
2. Remove the growth of Hy(z): If & = [Hy; Q] define

- Nyn®1N; M) if 2 > rn?/3
B (z) = b !
1(2) = { ancbl if 2 < rn?/3.
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A straightforward calculation shows that ®f(2) = ®~(2)H,(z) where

- | Ny Hi(2)Ng)! i |z| > rn?/3,
H(z) = { H (2)N,} if 2| = rn?/3.

bn>
Recall that in this case the contour is scaled according to r ~ n=2/3.
3. Solve for ®; = [H;; Q] and therefore

(1)1 = [Gl, Q,}L] = ijéi)l (ng/g(z - b)) me.

4. Modify Gy: If &, = [G; T, then ®. &7 has the jump Gy = &1Go®7! on Q2 and is
analytic elsewhere.

5. Scale Gy Define Hy(2) = Gy(a + 2n=2/3).
6. Remove the growth of Hy(z): As in (18), define

where &y = [Hy; Q). Then & (2) = &, (2)Hy(z) where
— NanHy(2)NJLif 2] > rn2/3,
Hy(z) =4 o 1
0= { Gl
7. Solve for ®y = [Hy; Q] and therefore

Dy =[Gy QL] = N, @, (n2/3(z — a)) Ny

1 en(29+-V+E) ) . n(204—V+0)
N 1 e™\“9+ 1
1 N( 0 1 >N

1 0\ w4 1 0\ .,
N( en(V7Z72g) 1 )N N( e‘!L(V*[*Qg) 1 )N

(a) (b)

Figure 13: The separate RH problems for ®; and ®5. All circles have counter-clockwise
orientation. (a) The jump contour Q! and jump matrices for ®;. (b) The jump contour Q2
and jump matrices for ®s.

We solve two RH problems in this procedure and it is seen that the RH problems have
jump matrices that are uniformly bounded in n. This is a necessary condition (but not
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sufficient!) for the numerical method to be asymptotically accurate. To further analyse the
asymptotic behaviour of these RH problems we must bound the inverse of the operators by
comparing the solutions with the Airy parametrix. We assume again that V(z) = 2?™ so
that we have a = —c and b = ¢, ¢ > 0. We use this restriction for convenience: we have
already defined the parametrix associated with this choice of V' above.

We must alter our local parametrices to investigate their behaviour both on the fixed
outer contour JO, and the scaled contour of the RH problem on which we solve numerically.

Therefore, we alter the local parametrices by defining (compare with (13))

Y(2)PE(2) i +e <7,
U_(2) =4 ¥ _(2)N7! if |z+ ¢ >rand z€ O_,
I, otherwise,
Ve(2) P (2) if |z —¢| <,
Uo(2) =< e(z)N! if [z—¢|>rand z € O,
I, otherwise.

The jump contours ¢ and 2 ¢ for the RH problems for V. and V_. with jump matrices J.
and J_. are shown in Figure 14.

The following lemmas present a step toward our final result that proves asymptotic
accuracy: they demonstrate that the local parametrices . and W_,. can be used to bound
operator inverses. For the analysis, we extend G (G3) to ¢ (2.¢) by defining G; = I on
Q2 \ QL (Go = 1 on 0\ 02).

Figure 14: The separate RH problems for ¥, and W_.. The contours give a representation
for Q¢ and Q¢. All circles have counter-clockwise orientation with r ~ n=?/3. (a) The jump
contours and jump matrices for ®.. (b) The jump contours and jump matrices for ®_..

Lemma 5 There exists a constant C > 0 and functions Ay, By such that

GiJ; ' =T+ N[A(n ) +Bi(e)]N' for |z—¢| >, (19)
GiJ;' =1, for |z—c|=r and,
ICHH 0] ™ ] 222020 < C

where ||[A1(n)||r2nre = O(n) and || By(€)||z2nr~ = O(e).
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Proof  For (19) it follows from scaling and truncation that for sufficiently large n, Gy — I is
supported inside O,. Furthermore, on 7\ 90, J. = G by construction so that (17) implies

N7'G.G™'N = I+ By(e),
GJ ' =1+ NBj(e)N".

The analysis in in [8, p. 227] implies on 0O,
ng =1 + Al(nfl),

Since G; = I on 00, we obtain (19). To prove the remainder of the lemma use unscaled
jumps

Hi(2) = Hy(n?*(= = <)),

s Nmendo(2)N, L if [z =] >,
Je(2) = { JC(Z>NI)_:1c,n if |z—c|=r.

From (19) we have
|25 = 1 2oy = O(n™) + O(0)
It follows that ||.J,|| Leo(qe) is uniformly bounded in n so that
1Ay = Jellpzrzs=0g) = O(n™") + O(e).

This implies ||C[Hy; Q¢]—C[J.; QN 2200y = O(n1)+0O(€) since 1Cac Il 2(r2(0g)) is uniformly
bounded in n. Therefore it suffices to show that ||C[J,; Q]| £(L2(Q)) is uniformly bounded
in n. This is clear since the inverse operator can be written in terms of

@ v e (20)

(2) = Nozen VN1 (2) if 2>,
T Noeen U, if 2 <1

and C,. , both of which are uniformly bounded in n on €2;,. It remains to rescale the contours.
We use a simple affine scaling and this leaves the Cauchy operators invariant: it does not
affect the norm. In other words:

ICIH1; Q] 22y = C < IC[H1; ¢ + 17 2Q0) ™| £z (esn-2/500)) = C-

The final step is to notice that C[Hy; Q%] is the identity operator on Q¢ \ n*3(€y — ¢).

([l
We now bound the inverse operator on the second solved RH problem.
Lemma 6 There exists a constant C > 0 and functions As, By such that
GoJ =} =T+ N[Ay(n™Y) + Bo(e)INTY, for |z+¢| >, (21)

GoJ L =T+ [Ay(n™) + Bo(e)]INY, for |z+¢| =7, and,
IC[H2; Q0] | £z2(00)) < C

where ||Ag(n)||2are = O(n) and ||Ba(€)||z2nre~ = O(e).
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Proof First, for ®; we have the representation

Q(2) =1+ N, (CarU(2)) No—en, U(z) = u(n®?(z —¢)), uw=C[Hy; Qo] (H, —1I).

bcn

Lemma 5 implies that u has uniformly bounded L? norm on €)j so that a change of variables
shows || U z2(q1) = O(n™/3) . In addition, ||1/(- — 2)*||2(1) = O(n~'/3) for z bounded away
from Q). Therefore [CoiU(z)| = O(n=?/%). This estimate can be improved. Define

U=C[J, Q| (J. - I).

It can be shown that [|U—U||r2(qc) = O(€)-O(n~3)+O(n~*/3) where we use the convention
that U = 0 on Q¢ \ QL. Furthermore, Co: U = 0 on the compliment of O, so that

CarU = ConU — Co: U on Q,°.
We find that [[Cay Ul| f2n 0 (0ze) = O€) - O(n™*?) + O(n=5/%). We write
By = [+ NN N, (CosU () Noen N1 (2),
and using that N™'(z)N,_, , = O(n*/?) for z € Q¢ we find

Oy = I+ N[A3(n~") + By(e)]N 1,
Ot =T+ N[Ay(n™) + By(e)]N
where Az, A, satisfy the property stated above for A; and Bs, By satisfy the property stated
for By. Expand
GoJ =} = GoJ =} + GyN[As(n) + Bs(e)]N~1J~}
+ N[Ag(n_l) —I— BQ(E)]N_lGQJ:Cl
+ N[A2(n™") + Ba(e)]N"'GaN[As(n) + Bs(e)] N1
We note that NGy N and N~'J-!N are uniformly bounded on Q" , and G5.J~, satisfies an
analogous estimate as G1J; ! does in Lemma 5. So, we write
GoJ =l =T+ N[A; (™) + By(e)]N 7!
+ NN'GyN[A3(n™Y) + B3(e)]NT'JINN~!
-+ N[Ag(nil) + BQ(E)]N71G2J:61NN71
+ N[Az(n™) 4 By(e)]N*GyN[As(n ™) + Bs(e)] N *JINNL.
This proves (21). The proof of the second statement proceeds in precisely the same way as

in Lemma 5. This proves the lemma.
(I

We can now bound the jump matrices.

Lemma 7 There exists constants Cy > 0, independent of n, such that for sufficiently large
n we have

||I_{i||ka°°ﬂHk(Qo) < Ck, 1=1,2.
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Proof We consider ¢ = 1 first. The only terms that may cause growth in the derivatives
are

rk(z) = e~ 2neletn™22) and N(c+ n_2/3Z)Nb:c,n-

From the analysis of [8, p. 197] it follows that ¢(z) = do(z—¢)**+d1(2—c)**+0O ((z — ¢)/?).
(This asymptotic series can be differentiated as y/z — cp(z) is analytic.) Therefore,

k(z) = exp (—2d023/2 — 2y 4 .. .

and hence differentiating #(2) or 1/k(2) with respect to z will never cause growth in n.
Similar arguments apply to N(c + n~2/32)Ny_.,,. From the expansion of N(c+n=%3z) we
have a series of the form

N(c+ n_2/3z)]vb:c7n = fo(z) + Z M_(9j-1)s3(n) f(2),

j=1

where M_(9j41)/3(n) = O(n~**1/3) Again, differentiation of N(c+n~*32) in z will never
cause growth in n. This proves the claim for ¢ = 1. For ¢ = 2, we must bound derivatives of
®y(—c+n~?32) and Hy(z). The boundedness of the derivatives of Hy(z) follows from the
arguments for ¢ = 1. Recall, for ®; we have the representation

@1(2) = 1+ N, (CorU(2)) Moo U(2) = uln®3(z =€), u(z) = CLHy: Q0] ™ (Hy — 1),

Since u has uniformly bounded L? norm on Qo, [|U||L2@y) = O(n~/%) . From the fact that
Nocens Nyt o = O(n'/%) we have that 9F(N,_.,, (Ca1U(z)) Np—en) = O(n™/3) on Q2 where

b=c,n b=c,n
we used the fact that [|[1/(- — 2)*| 121y = O(n~'/2) for 2z bounded away from Q}. This
proves the lemma for i = 2. O

In practice, we approximate ®; so we never solve the exact RH problem [Hy; (g]. Recall
this approximation is found by first numerically approximating the solution ®; of [H;; ]
by ®;,, (with m collocation points on each smooth component of ). Theorem 2 shows
that the approximation ®,, will converge uniformly in n and z away from Q4 as m — oo
(subject to Assumption 1). The size of the difference ‘il,m — @, can be traced back to an L?
error on §)y. In other words,

D1, (2) =T+ Copum(z) and ®y(2) = I + Cou(2),
where ||u — w120y — 0 is satisfied as m — oo. It follows from Cauchy-Schwarz that
(@1, (0% (2 = €)) = Da(n** (2 — )| < |1/ (- = 0**(2 = ) |20 |1t = | 22010yn /.
Therefore from Ny, Nb_zlcm = O(n'/%), we bound
||q)1,m — @1“[/00(9%) S CHU — um|]L2(Qo)n_1/3.
Similar arguments show

H(I)l_}n — & M| (2) < Cllu— um||L2(QO)n_1/3 +On 3.

Define H. 2.m to be H, with ®; replaced by ®4 ,,,. The final lemma we need for our fundamental
result of this section follows.
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Lemma 8
HF[Z:m — HZHLQQLOO(Q()) — 0 asm — o0,
uniformly in n.

Proof The case |z +c| > r is treated first. We use the unscaled jump matrices to show L*>
convergence. consider

o (0 (2 + ¢)) = Ha(n®? (2 + ©)) ) )
= Nue—en®1(2)Go(2) 07 (2) Ny = Nae—en®1,0(2)Go(2) @11, (2) N,

- Na:—C,TL(CI) ( )_q)l m( ))Na_——cn a*—CnGQ( ) a——ana*—qu)ll(z) (z—l—cn
+Na=fc,nq)l,m( )N ! _a—fan2() a——ana=fc,n(q)fl<Z) o 1>N !

a=—c,n a=—c,n

—c,n

We have seen that

Na:—c,ncbl m(z)Na_l—cn - 0(1)
Na—*cnq) (Z)Na—l—cn = O<1)
@

(1),

fl*—C HGQ(Z) a=—cn
and finally
”N :fc,n(q)l - (bl m)Nﬁ_lfcmHL‘x’(Q%) S CHU - umHLQ(Qo)a

a=

INomcn (@7 = @) N2l 02) < Cllu = umll20g) + O™ - Olu = tn|Z2qy))-

a=

for a new constant C. This demonstrates that ||Ha,, — Hal|r2nr=(0y) — 0 uniformly in n
since €y is bounded. The case of |z + ¢| < r follows form this analysis since fewer N,—_.,,
terms are present in that case. O

As before, let u = C[Hy; 4]~ (Hy —I) with u,, being its numerical approximation. Define
v = C[Ha2; Qo) H(Hy — I) and v™ = C[Ham; Q| (Ham — I). Let v, denote the numerical
approximation of v and define

Dy, = =N (I + Cgovm(nQ/?’(z +¢))No=—cn,

a=—c,n

which is an approximation of ®,.
We are now ready to prove our main extension of the uniform approximation theory.

Theorem 4 The following limits hold, uniformly with respect to n:

|l — Ul 22(00) = 0 as m — oo,

v = Um || L2(e) = 0 as m — oo.
Furthermore,

lim sup [(2) — By ()P n(2)] = O(6)

m— 00 zeS

for S bounded away from T',, where € is the error associated with contour truncation, see
(17).

Proof  The first limit was proved above. Lemma 8 implies |[v™ — v||12(q,) — 0 uniformly in
n. The triangle inequality produces the second limit. Finally, Cauchy-Schwarz applied the
Cauchy integral implies

lim sup |®(z) — ®1m(2)Pom(2)] =0,

m—r 00 2€8

uniformly in n. Combining this with (17) proves the theorem. a
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6 Conclusion

We presented a numerical method for computing statistics of unitary invariant ensembles,
based on solving the associated Riemann—Hilbert problem numerically. This required solving
a scalar Riemann—Hilbert problem to calculate the g function associated with the equilibrium
measure. Scaling the contours appropriately resulted in a numerical method that remains
accurate for large n, without knowledge of the local parametrices. We showed that the
accuracy of the resulting numerical method, under Assumption 1, was uniformly accurate in
n.

Our hope is that this framework leads to a better understanding of the relationship
between the potential V', universality laws and finite n statistics.

A Computing a Hastings—McLeod Solution of the Painlevé
II transcendent

Here we focus on the (homogeneous) Painlevé II ODE, it is as follows:
u"(z) = 2u(z) + 2u? (). (22)

(For brevity we refer to the homogeneous Painlevé II simply as Painlevé I1.) There are many
important applications of this equation: as mentioned above, the Tracy—Widom distribution
[33] is written in terms of the Hastings-McLeod solution ¢ [20]:

det(] — A|r2(500)) = €xp <— /Oo(x — 8)¢*(x) dx> for
¢"(r) = xq(x) +2¢*(v) and q(z) ~ —Ai(z) as = — 0.

Furthermore, it has also been shown that asymptotic solutions to the Korteweg-de Vries and
modified Korteweg—de Vries equations can be written in terms of Ablowitz—Segur solutions
[1]. The aim of this section is to demonstrate that the RH formulation can indeed be used
effectively to compute solutions to Painlevé II, even in the asymptotic regime.

Solutions to differential equations such as (22) are typically defined by initial conditions:
at a point x we are given u(x) and «'(z). In the RH formulation, however, we do not
specify initial conditions. Rather, the solution is specified by the Stokes’ constants; constants
S1, S2, 3 which satisfy the following condition:

S1 — S + S3 + S15283 = 0. (23)

We treat the Stokes’ constants as given, as, in many applications they arise naturally
whilst initial conditions do not. Given such constants, we denote the associated solution to
(22) by

PII<51732;53;Z)' (24)

P and its derivative can be viewed as the special functions which map Stokes’ constants to
initial conditions.

At first glance, computing solutions to (22) appears trivial: given initial conditions, sim-
ply use one’s favourite time-stepping algorithm, e.g., input it into an ODE toolbox such
as MATLAB’s ode45 or MATHEMATICA’s NDSolve. Unfortunately, several difficulties imme-
diately become apparent. In Figure 15, we plot several solutions to (22) (computed using
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the approach we are advocating): the Hastings—McLeod solution and perturbations of the
Hastings—McLeod solution. Note that the solution is inherently unstable, and small pertur-
bations cause oscillations — which make standard ODE solvers inefficient — and poles —
which completely breaks such ODE initial value problem solvers (the issue of poles can be
resolved using the methodology of [18]).

’ af
d [
\

L . M

L 5 10 -10 -5 L "~.‘ 5,

ol 2l
-4 -4 :
(a) (b)

Figure 15: Solutions to Painlevé II, with the Hastings—McLeod solution in solid, showing
that an initial value solver for Hastings—-McLeod must be unstable. (a) Small perturbations
at the right end integrated left. (b) Small perturbations at the left end integrated right.

Remark There are many other methods for computing the Tracy—Widom distribution
itself as well as the Hastings—-McLeod solution [5, 4], based on the Fredholm determinant
formulation or solving a boundary value problem. Moreover, accurate data values have been
tabulated using high precision arithmetic with a Taylor series method [29, 30]. However, we
see that there is a whole family of solutions to Painlevé II which exhibit similar sensitivity
to initial conditions, and thus a reliable, general numerical method is needed even for this
case. We note that the approach [18], which combines boundary value problem solvers with
initial value problem solvers, may also be successful for calculating such solutions. However,
it only works with initial conditions, not with Stokes’ constants.

1 82(3—&/3/\3—21:::)\
(o =70)

A

1 0 v 13 . 0
83681‘/3)\fs+2i1)\ 1 816&/3)‘ +2izA 1

1 —spem8i/3N°—2iz) 1 —sge8i/3N —2iz)
0 1 0 1

v
1 0
752681'/3)\3-%—21',:1-/\ 1

Figure 16: The contour and jump matrix for the Painlevé II RH problem.

Let ®(z;A) solve the RH problem depicted in Figure 16: let ' = T'; U --- U Iy for
[, {se™#/3=1/6) . s € R}, i.e., T consists of six rays emanating from the origin, as see in
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Figure 16. Then the jump matrix is defined by G(z; \) = G.(z; A) for z € I',, where

1 s e—i8/3>\3—2i:v)\
< 0 " 1 > if Kk even,
Gr(z; N) = Ge(N) =
1 0 .
5,8/ 20N ] if  odd,
with s, = —s1,85 = —s9 and sg = —s3. This is the RH problem which was solved numerically

in [26]. We recover the corresponding solution to Painlevé II from @ by [16]

Pi(sy, 892, 83;x) = 21 im AP (25 \)12.

A—00

As |z| becomes large, the jump matrices G are increasingly oscillatory. We combat this
issue by deforming the contour so that these oscillations become exponential decay. To
simplify this procedure, we first rescale the RH problem. Note that, if we let z = \/m/\,
then the jump contour I' remains unchanged, and

O (2) = OF (x52/V/]a]) = &7 (23 2/V/[2)G(z/V/]a]) = &7 (2)G(2),
where G(2) = G, (2/+/]z]) on T, for

( 1 Sﬁe—i|z|3/29(z)

0 ] ) if kK even,

Gu(z/V/lal) = o
( s 6i|x‘3/20(z) 1 ) if k Odd,
and
2 3 ,
0(z) = 3 (42° + 2e" ™87 2)
Then

Pu(sy,s9,83;x) = 2i Alim AD(x; \)12 = 204/ |z| lim z@(z)lg.
— 00 Z—> 00

A.1 Positive z with s, =0

We deform the RH problem for Painlevé II so that numerics are asymptotically stable for
positive x. The deformation is extremely simple under the following special case:

S9 = 0 (25)

We remark that, unlike other deformations, the following deformation can be easily extended
to achieve asymptotic stability for z in the complex plane such that —% < argz < %.

On the undeformed contour, the terms e*il7**6() hecome oscillatory as |z| becomes large.
However, with the right choice of curve h(t), eF0(h(1) has no oscillations; instead, it decays
exponentially fast as ¢t — oo. But A is precisely the path of steepest descent, which passes
through the stationary points of 8, i.e., the points where the derivative of 6 vanishes. We

readily find that
0'(2) = 2(42% + 1),

and the stationary points are z = £i/2.
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G4 Ge
Gg Gl
G1G3

G4 GG

Figure 17: Deforming the RH problem for positive x, assuming (25).

We note that, since Gy = I, when we deform I'y and T'3 through i/2 they become
completely disjoint from I'y and I'g, which we then deform through —i/2. We also point out
that Ggl = (G4 and Ggl = (44; thus we reverse the orientation of I'; and I'y. Define I'y to be
the curve G is defined on and I'; be the contour Gy is defined on, as seen in Figure 17.

Now recall that
) 7
| +£=) =+-.
(+5) =%

However, we only have I'y emanating from /2, with jump matrix

1 0
Gl = ( Slei‘x|3/29(z) 1 ) .

This is exponentially decaying to the identity along I'y; as is G4 along I'j. We employ the
approach of Section 3.2. We first use Lemma 3 to truncate the contours near the stationary
point. What remains is to determine what near means. Because 6 behaves like O (z 4 i/2)”
near the stationary points, Assumption 2 implies that we should choose the shifting of
B = i/2 and By = —i/2, the scalings oy = ay = r|z|™* and the canonical domains
Q) = Qy = [—1,1]. Here r is chosen so that what is truncated is negligible in the sense of
Lemma 3. G is similar. The complete proof of asymptotic stability follows from Theorem 2.

A.2 Negative r with s; = —s3 =47 and s, =0

We now develop deformations for the Hastings—McLeod solution for negative z, which cor-
responds to s; = +i, s = 0 and s3 = Fi [16]. We realize numerical asymptotic stability in
the aforementioned sense for the following special case:

§1 = —83=+i and Sy =10 (26)
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We begin by deforming the RH problem (Figure 16) to the one shown in Figure 18. The
horizontal contour extends from —a to a for a > 0. We determine a below. Define

_ _ 0 Sle—i|z\3/29(z)
Go = GGy = ( Sleilx\3/29(z) 1 ’

Note that the assumption s; = 0 simplifies the form of the RH problem substantially, see
Figure 18(b). We use an approach similar to that of the equilibrium measure to replace ¢

Db

(a) (b)

Figure 18: Deforming the RH problem for negative x, assuming (26). The black dots repre-
sent +a. (a) Initial deformation for s, # 0. (b) Simplification following from s, = 0.

with a function possessing more desirable properties. Define
; (2)=6(2) 1
0(s) = e gy — (00 ) gt = (2 - e

The branch cut for g(z) is chosen along [—a, a]. If we set a = 1/4/2 the branch of g is chosen
so that g(z) — 6(z) ~ O(¢7"). Furthermore, g, (2) + g-(2) = 0 and Im(g_(2) — g1(2)) > 0
on (—a,a). Define G; = ©2'G;0, and note that

113/2 94+ (2)+9—(2)
o\%) = . (2)+9_(2) . _(2)=9_(2) = ip3/29=()—9-() | .
316”“3/2% el|5,;|3/2% s, el / .

As x — —o0, Gy tends to the matrix

The solution of the RH problem
Ut(2) =0 (2)J, z€[—a,a], ¥(x)=1,

is given by

out 1 B(z) + B(z)7! —is1(B(2) = B(z)™Y) (2o 1/4
Ui (z) = 2 ( —is1(B(z) — B(2)™1) B(z) + B(z)7L ) , Bz) = (Z—i—a) .

Here 8 has a branch cut on [~a,a] and satisfies 3(z) — 1 as z — oo. It is clear that
(WoRt), Go(Weit) =t — I uniformly on every closed subinterval of (—a, a).
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We define local parametrices near +o:

I if —% <arg(z—a)<3
v = Cfl’l if £ <arg(z—a)<m ,
Gy if —m<arg(z—a) <%
I if 2 <arg(z+a)<mor —7w <arg(z+a) < &
U =) Gil if0<arg(z+a) <%

N

Gy if —F <arg(z4a)<F
We are ready to define the global parametrix. Given r > 0 define
Uy iflz—af <7
\IJHM: \Ijﬁf/[ if ’Z+Oé| <r
U if |24+ ol >rand [z —al >r

It follows that Wy satisfies the RH problem shown in Figure A.2.

TR Gy (TR

PG (PR !
Figure 19: The jump contours and jump matrices for the RH problem solved by Wy The

radius for the two circles is r.

Let ® be the solution of the RH problem shown in Figure 20(a). It follows that A = dW5L,
solves the RH problem shown in Figure 20(b). The RH problem for A has jump matrices

N . _ A p—1
TGP (Trnt) -G (Tpn) 1 UrmGr Wy

(‘I’Im)féo(\l’um)ll\‘

. (Tm) -G (Trm) 1 X
UimGa Vi UanmGo Vi

(a) (b)

Figure 20: The final deformation of the RH problem for negative x, assuming (26). The
black dots represent +a. (a) After conjugation by ©. (b) Bounding the contours away from
the singularities of g and 3 using Wyy;.

that decay to the identity away from +a. We use Assumption 2 to determine that we should
use r = |z|~!. We solve the RH problem for A numerically. To compute the solution of

Painlevé 11 we use the formula

P(41,0, Fi; ) = 2i/|z| lim 2A(2)12.
zZ—00
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See Figure 15 for a plot of the Hastings—McLeod solution with s; = —i. To verify our
computations we may we use the asymptotics [16]:

Pu(—i,0,i;2) ~ @/_7:” +0 (2757, (27)

PH(—i, 0, 1, ,I)

We use

DHM(Z’) = —1 s

—X

2

as an indicator of of the relative error, which should tend to zero for x large and negative.
We demonstrate this in Figure 21(a).
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Figure 21: Analysis of the numerical approximation of Pi(—i,0,1i;z). (See Figure 15 for a
plot of the solution for positive and negative x. For small |z| we solve the undeformed RH
problem.) A verification the numerical approximation using the asymptotics (27).

Remark Since § has unbounded singularities we expect that a similar issue as in Sec-
tion 5.2.2 will arise. We do not go though the details of this but this approach produces
accurate numerics for all z on the real line.
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