UNIVERSALLY BAIRE SETS AND GENERIC
ABSOLUTENESS

TREVOR M. WILSON

ABSTRACT. We prove several equivalences and relative consistency re-
sults involving notions of generic absoluteness beyond Woodin’s (Zﬁ)“BA

generic absoluteness for a limit of Woodin cardinals A. In particular, we
prove that two-step 3%(II%)"B> generic absoluteness below a measur-
able cardinal that is a limit of Woodin cardinals has high consistency
strength, and that it is equivalent with the existence of trees for (I17)"Bx
formulas. The construction of these trees uses a general method for
building an absolute complement for a given tree T assuming many
“failures of covering” for the models L(T,V,) below a measurable car-
dinal.

INTRODUCTION

Generic absoluteness principles assert that certain properties of the set-
theoretic universe cannot be changed by the method of forcing. Some pro-
perties, such as the truth or falsity of the Continuum Hypothesis, can always
be changed by forcing. Accordingly, one approach to formulating generic ab-
soluteness principles is to consider properties of a limited complexity such
as those corresponding to pointclasses in descriptive set theory: Zj%, ,Zv%,
projective, and so on. (Another approach is to limit the class of allowed
forcing notions. For a survey of results in this area, see [1].) Shoenfield’s
absoluteness theorem implies that 3 statements are always generically ab-
solute. Generic absoluteness principles for larger pointclasses tend to be
equiconsistent with strong axioms of infinity, and they may also relate to
the extent of the universally Baire sets.

For example, one-step X3 generic absoluteness is shown in [3] to be
equiconsistent with the existence of a Ys-reflecting cardinal and to be equiv-
alent with the statement that every Al set of reals is universally Baire. As
another example, two-step X3 generic absoluteness, which is the statement
that one-step 251)) generic absoluteness holds in every forcing extension, is
shown in [16] to be equivalent with the statement that every set has a sharp
and in [3] to be equivalent with the statement that every X3 set of reals is
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universally Baire. As a third example, projective generic absoluteness (ei-
ther one-step or two-step) is equiconsistent with the existence of infinitely
many strong cardinals, as shown by theorems of Woodin and Hauser [6]. A
question raised in [3] asks whether projective generic absoluteness implies,
or is implied by, the statement that every projective set is universally Baire.
This question is still open.

A bit higher in the complexity hierarchy we reach an obstacle: The con-
tinuum hypothesis is a 7 statement that cannot be generically absolute, so
generic absoluteness principles at this level of complexity must be limited in
some way. One approach is to consider a generic absoluteness principle that
is conditioned on CH. This principle is consistent relative to large cardinals
by a theorem of Woodin (see [8] for a proof.)

The approach that is more relevant to this paper is a restriction from
2 to (22! where T is a pointclass of “well-behaved” sets of reals (in par-
ticular, it should not contain well-orderings of R.) The pointclass uB of
universally Baire sets of reals and also its local version uB) are both exam-
ples of such pointclasses, and indeed Woodin has shown that if X is a limit
of Woodin cardinals then generic absoluteness holds for (32)"Bx statements
with respect to generic extensions by posets of size less than .

In this paper we investigate generic absoluteness for pointclasses beyond
(2%)“13*, both in relation to strong axioms of infinity and determinacy and
in relation to the extent of the universally Baire sets. First, we consider
generic absoluteness for I (II2)"Bx statements. This level of complexity is
interesting because, whereas (£2)"B* generic absoluteness follows from the
modest large cardinal hypothesis that A is a limit of Woodin cardinals, gen-
eric absoluteness for the slightly larger pointclass 3% (II2)"Bx is not known
to follow from any large cardinal assumption whatsoever (although it can
be forced from large cardinals.) Moreover, inner model theory suggests a
possible reason that it should not follow from large cardinals.

In Section 2 we define the principle of one-step EIR(ILI%)“BA generic ab-
soluteness below a limit of Woodin cardinals A, get a consistency strength
upper bound for it in terms of large cardinals, and get an equivalent char-
acterization in terms of a closure property of the pointclass of A-universally
Baire sets. The problem of finding a consistency strength lower bound for
this generic absoluteness principle remains open.

In Section 3 we prove some lemmas for constructing absolute complements
of trees. These lemmas do not require any facts about generic absoluteness
or about the pointclass of uB) sets, and they may be read independently
of the rest of the paper. Alternatively, the reader who wishes to focus on
results pertaining to generic absoluteness may skip this section except for
the statements of Lemmas 3.3 and 3.4.

In the remaining sections, we consider stronger principles of generic abso-
luteness and we derive consistency strength lower bounds for these principles
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in terms of strong axioms of determinacy. The method for doing this is out-
lined as follows. Given a limit A of Woodin cardinals, we show that certain
generic absoluteness principles imply strong axioms of determinacy in the
model L(Hom},RR}) associated to a V-generic filter on Col(w,<\). It is
convenient to express these strong axioms of determinacy in terms of the
extent of the Suslin sets.

In Section 4 we prove the following result which gives a consistency
strength lower bound for two-step 3®(II?)"B> generic absoluteness below
a limit A of Woodin cardinals in the case that \ is measurable.

Theorem 0.1. If A is a measurable cardinal and a limit of Woodin cardinals,
and two-step IX(TI2)"Br generic absoluteness holds with respect to generic
extensions by posets of size less than X, then the model L(Hom}, RY) satisfies
AD + “every I3 set of reals is Suslin.”

Under ZF + AD the statement “every II? set of reals is Suslin” is equiv-
alent to the statement 6y < © about the length of the Solovay sequence.
In terms of large cardinals, it is equiconsistent with the “AD 4+ 6y < ©
hypothesis,” which says that ZFC holds and there is a limit A of Woodin
cardinals and a cardinal § < A that is <A-strong. Note that the hypothesis
“X\ is a measurable cardinal and a limit of Woodin cardinals” alone, with-
out any generic absoluteness assumption, is significantly weaker than the
AD + 6y < © hypothesis.

In Section 5 we consider another generic absoluteness principle, and derive
an even stronger lower bound for it in terms of strong axioms of determinacy:

Theorem 0.2. If A is a measurable cardinal and a limit of Woodin cardinals,
and L(uBy,R) = L(uBy,R)VIY for every generic extension V[g] by a poset
of size less than X, then the model L(Hom},R}) satisfies AD + DC + “every
set of reals is Suslin.”

The theory ZF 4+ AD + “every set of reals is Suslin” is equivalent to the
theory ZF+ADg by work of Martin and Woodin. In terms of large cardinals,
by work of Woodin and Steel it is equiconsistent with the “ADg hypothesis,”
which says that ZFC holds and there is a cardinal A that is a limit of Woodin
cardinals and of cardinals that are <A-strong. For more information about
these equivalences and equiconsistencies involving ADg, see [15, §8]. In the
context of ZF 4+ ADg, the addition of DC contributes a bit more consistency
strength. However, Theorem 0.2 is still very far from a proof of equicon-
sistency because the best known consistency strength upper bound for the
hypothesis exceeds that of a supercompact cardinal.

The author would like to thank John Steel, Nam Trang, and Martin
Zeman for their helpful comments on earlier drafts of this paper.

1. A-UNIVERSALLY BAIRE SETS AND (X?)"Br sETS

For our purposes, a tree is a tree on w® x Ord for some natural number
k. That is, it is a collection of finite sequences of elements of w* x Ord,
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closed under initial segments and ordered by reverse inclusion. Usually we
assume that k = 1 for simplicity and leave the obvious generalizations to the
reader. Also, we will freely abuse notation by treating a finite sequences of
(k+1)-tuples from w* x Ord as a (k+ 1)-tuple of finite sequences. We follow
the usual convention that elements of the Baire space w“ are called reals
and the Baire space itself may be denoted by R when appropriate. Given a
tree T on w x Ord and a real = we define a tree T, on Ord, called a section
of T', by

T, ={s€O0rd<: (x| |s|,s) € T}
The projection p[T] of T is the set of reals defined by
p|T] = {x € R : T is ill-founded}.

For any given real x the statement x € p[T] is generically absolute by the
absoluteness of well-foundedness. Reals added by forcing may or may not
be in p[T].

An equivalent definition of the projection p[T] is to let [T] be the set of
infinite branches of T', which is a closed subset of w* x Ord”, and to let p[T]
be its projection onto the first coordinate.

A set of reals A is Suslin if it is the projection of a tree. That is, A = p[T
for some tree T on w x Ord. The pointclass of Suslin sets is a natural
generalization of the pointclass of £{ (analytic) sets, which have the form
p[T] for trees T on w X w. Suslin sets form an important object of study
in the context of the Axiom of Determinacy. However, under the Axiom
of Choice every set of reals is trivially Suslin as witnessed by a tree T' on
w x 2% Accordingly in the context of AC one has to add some conditions
in order to get an interesting definition.

A pair of trees (7T, T) on w x Ord is A-absolutely complementing, where A
is a cardinal, if in every forcing extension by a poset of size less than A the
trees project to complements: p[T] = R \ p[T]. The condition p[T] N p[T] =
() is generically absolute by the absoluteness of well-foundedness, but the
condition p[T] U p[T] = R may fail to be generically absolute. (And for
the trivial Suslin representations given by the Axiom of Choice it is not
generically absolute.)

A set of reals A is A-universally Baire if there is a A-absolutely comple-
menting pair of trees (7,7) such that A = p[T]. The pointclass uB) is
defined to consist of the sets of reals that are A-universally Baire.! Note
that if A is a limit cardinal and a set of reals A is k-universally Baire for all
cardinals k < A then it is A-universally Baire; this can be seen by “amalga-
mating” a transfinite sequence of trees into a single tree whose projection is
the union of their projections. A set of reals is universally Baire (uB) if it is

IWe follow the notational convention of [8] and [15] but not of the original paper [3]. What
we call A-universally Baire would be called <A-universally Baire according to the original
convention because it involves generic extensions by posets of size less than .
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A-universally Baire for all cardinals A. The notion of universally Baire sets
of reals was introduced in [3] as a generalization of the property of Baire.

Given a set of reals A € uB) and a generic extension V[g] of V by a
poset of size less than \, there is a canonical extension AV19 c RV of A
defined by AVl9 = p[T]V[Q] for any A-absolutely complementing pair of trees
(T,T) € V with A = p[T]V. This extension of A does not depend on the
choice of A-absolutely complementing trees.

Important examples of A-universally Baire sets are given by the Martin—
Solovay tree construction, which shows that every <A-homogeneously Suslin
set of reals is A-universally Baire. Conversely, if A is a limit of Woodin
cardinals then by the Martin—Steel theorem and a theorem of Woodin (see [8,
Theorem 3.3.13]) every A-universally Baire set of reals is <A-homogeneously
Suslin, so we have an equality of pointclasses: uBy = Hom.y. In turn, by a
theorem of Martin every homogeneously Suslin set of reals is determined—
that is, that one player or the other has a winning strategy in the game
whose payoffs are according to that set.

In fact, from the hypothesis that A is a limit of Woodin cardinals one
can get not only the determinacy of uB) sets, but an entire model of ZF +
AD via Woodin’s “derived model” construction. This construction will be
useful to us as a way of bringing together the uB) sets existing in various
generic extensions under a single umbrella. We define the following standard
notation:

Definition 1.1. Let A be a limit of Woodin cardinals and let G C Col(w, <))
be a V-generic filter. Then we let

Ry, = | J RVIGT], HCE = | HCVIC], and
a<A a<A

AL = U AVIGIel if A € uB,.
a<\

Finally, we define the pointclass Homg, consisting of all subsets of R, of the
form A% where A € (uBy)VI€ for some a < A\. We remark that Hom},
might just as aptly been called uBg;.

The following theorem is a special case of Woodin’s derived model the-
orem. For a proof of this special case, see [15]. The axiom AD" in the
theorem is a technical strengthening of AD that holds in all known models
of AD.

Theorem 1.2 (Woodin). Let A be a limit of Woodin cardinals and let G C
Col(w, <A) be a V-generic filter. Then the model L(Homg,,R7,) satisfies
ADT.

Remark 1.3. The theory of the model L(Homg, R%,) does not depend on the
choice of generic filter G because the Levy collapse forcing poset Col(w, <)

is homogeneous. Therefore when appropriate we will omit G from the no-
tation and refer to “the” model L(Homj, RY).
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Remark 1.4. In the past Theorem 1.2 has been called the derived model
theorem and the model L(Homg,, Rf,) has been called the derived model of
V at A by GG. More recently the term “derived model” usually refers to a
model D(V, A, G) which in many cases properly contains L(Homg, Rf,), and
the “derived model theorem” refers to the theorem (also due to Woodin)
that this larger model satisfies ADT. For the statement and proof of the
derived model theorem in its full generality, see [17].

The advantage of the newer definition is that every model of ADT +V =
L(p(R)) can be realized as D(M, A, G) for some model M, some limit A\ of
Woodin cardinals of M, and some M-generic filter Col(w,<\). However,
the models of the form L(Homg, Rf,) will be sufficient for our purposes in
this paper.

The following generic absoluteness theorem will be used fundamentally
throughout the paper. For a proof, see [15].

Theorem 1.5 (Woodin). Let A be a limit of Woodin cardinals. For every
real x, every set of reals A € uBy, every formula p(v) in the language of set
theory expanded by two new predicate symbols, and every generic extension
Vigl of G by a poset of size less than \ which is absorbed into a generic
extension V[G] by Col(w, <), the following equivalences hold:

3B € uBY (HCY; €, A, B) = ¢l]
= 3B cuB(¥ (HCVY; €, AVY, B) = o[a]
<= 3B € Homg, (HCy; €, A;, B) E ¢lz]
<= 3B € L(Homg, R¢;) (HCG; €, A, B) = o[z].

To understand the possible uses of Theorem 1.5, it may be instructive to
consider the following special cases:

o If A = {x}, we get generic absoluteness for various restricted no-
tions of ¥:2(x). In particular we get (¥2(x))"B* generic absoluteness
between V' and Vg].

e If ¢ does not mention B, we get generic absoluteness for statements
that are projective in A and its expansions AY19) and A* respectively.

The main consequence of AD™ in the derived model that we will need is
given by the following theorem, also proved in [15].

Theorem 1.6 (Woodin). AD" implies that every X3 set of reals is the
projection of a definable tree T on w x Ord.

The tree in Theorem 1.6 comes from the scale property of X2, but we will
not need this sharper notion. We will often use the following immediate
corollary of Theorems 1.5 and 1.6. Note that if A is a limit of Woodin cardi-
nals and 7' is a tree given by applying Theorem 1.6 in the model L(Hom}, RY)
then we have T' € V' by the homogeneity of the forcing Col(w, <\).
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Corollary 1.7 (Trees for (¥2)"B» formulas). Let A be a limit of Woodin
cardinals. For every formula ¢(v) in the language of set theory expanded by
a new predicate symbol, there is a tree T, € V' such that for every generic
extension V]g] of V by a poset of size less than A\ and every real x € V|g]
we have

€ p[T,] < 3B cuB{¥ HCVY €, B) k= o[a.

We remark that these trees can be used to get (X2)"Bx generic absolute-
ness between V' and V|g] by a standard argument using the absoluteness
of well-foundedness, just as Shoenfield trees can be used to get X} generic
absolutess. In the case of (¥2)"BA generic absoluteness it is simpler to prove
the absoluteness directly, using the stationary tower, than to build the trees
T, of Corollary 1.7. However, these trees T, will still be quite useful for
other purposes.

The following theorem can be considered as a basis theorem for the point-
class ¥2. For a proof, see [15, Lemma 7.2].

Theorem 1.8 (Woodin). AD™ implies that every true ¥2 statement has a
witness that is a A? set of reals.

Woodin’s basis theorem easily generalizes to say that for every real z,
every true Y3 (z) statement has a A?(z) witness, uniformly in z in the fol-
lowing sense. The author no doubt is not the first to take note of this
generalization, but does not know of a reference for it.

Lemma 1.9. Assume AD" and let p(v) be a formula in the language of set
theory expanded by a new unary predicate symbol. Consider the %3 set S
defined by

yeS < JdBCR (HC;€,B) = ¢yl

Then to each real y € S we can assign a witness B(y) C R satisfying (HC; €
,B(y)) E ¢ly] in such a way that the binary relations

{(y,2) eERxR:yeS & z€ B(y)}
{(y,2) eERxR:yeS & z¢ B(y)}

are both ¥3. In other words we have B(y) € A¥(y) for each real y € S,
uniformly in y.

Proof. This follows easily from the main ingredient from the proof of Woo-
din’s basis theorem (see [15, Lemma 7.2].) Namely the fact that for every
real y, if there is a set of reals B such that (HC; €, B) = ¢ly], then there is

such a set B with the additional property that B € OD; (AR) for some set of
reals A. Note that the model L(A,R) depends only on the Wadge rank of A
and not on A itself. Minimizing this Wadge rank and then minimizing the
witness B in the canonical well-ordering of OD; (AR) sets, a straightforward
computation shows that the witness B(y) we obtain in this way is A2(y)

uniformly in y. O
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In particular the above lemma applies to the pointclass ¥? of the model
L(Homj, R}) where X is a limit of Woodin cardinals. Next we will obtain a
version of the lemma in terms of the pointclass (£2)"Bx.

Lemma 1.10. Let A be a limit of Woodin cardinals and let p(v) be a formula
in the language of set theory expanded by a mew unary predicate symbol.
Consider the (X2)"Bx set S defined by

yeS < JBecuB) (HC;€,B) = ¢[y].

Then to each real y € S we can assign a witness B(y) € uBy satisfying
(HC; €, B(y)) = ¢ly] in such a way that the binary relations

{(y,2) eRxR:yeS & z€ B(y)}
{(y,2) eRxR:yeS & z¢ B(y)}

are both (32)"Br. In other words we have B(y) € (A%(y))*B* for each real
y € S, uniformly in y.

Proof. This is easily seen to follow from Lemma 1.9 using the generic abso-
luteness between V' and the model L(Homj,RY) that is provided by The-
orem 1.5. Note that if y is a real in V, then for any A3(y) set of reals
A € L(Hom}, R}) the restriction ANV is in uB) as well as in (A?(y))"B* be-
cause of the A-absolutely complementing trees provided by Corollary 1.7. [J

2. ONE-STEP 3%(I1?)"BX GENERIC ABSOLUTENESS

Next we will consider principles of generic absoluteness for pointclasses
beyond (£?)"B>. First we define a “lightface” (effective) version.

Definition 2.1. Let A be a limit of Woodin cardinals. Then 3% (IT2)"Bx
generic absoluteness below X is the statement that for every formula ¢(v) in
the language of set theory expanded by a new unary predicate symbol, and
for every extension V[g] of V' by a poset of size less than A, we have

Jy e RY VB € uBY (HCY; ¢, B) = ¢[y]
> Jy e RV vB e uBYY (HCVW) €, B) k= oly].

Remark 2.2. The canonical inner model M, for w many Woodin cardinals
does not satisfy I%(I12)*Bx generic absoluteness below its limit of Woodin
cardinals A, as mentioned in [15, Remark 5.4]. This is because it satisfies
the VR (X2)"Bx statement “every real is an a mouse with a uB, iteration
strategy,” but this statement fails in the generic extension to add a Cohen
real, and indeed it fails in every generic extension by a poset of size less than
A that adds a real.

This remark applies not only to M, but also to some other mice satisfying
stronger large cardinal axioms, as shown in [14]. It is an open question
whether 3®(I12)"Bx generic absoluteness below ) is implied by any large
cardinal hypothesis on A.
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Remark 2.3. The upward direction (from V to Vg]) of I®(I12)"Bx generic
absoluteness is automatic from (X2)"Bx generic absoluteness; more specifi-
cally, from (X2(y))"B generic absoluteness where y is a real witnessing that
the 3®(I13)"Bx statement holds in V.

In the terminology of Hamkins and Lowe in [4], the existence of a real y
witnessing an 3% (I12)"B> statment is a button from the point of view of Vj.
That is, once “pushed” (made true) by forcing, it cannot be “unpushed”
(made false) by any further forcing. Therefore 3¥(IT2)UBx generic absolute-
ness is a special case of the maximality principle MP defined by Hamkins in
[5]. More precisely, if A is a limit of Woodin cardinals and V) = MP then
JFR(T12)uBr generic absoluteness holds below .

The consistency of E]R(H%)UBA generic absoluteness can be established by
a compactness argument. The argument is based on the argument for the
consistency of the maximality principle MP in [5]; we just have to localize
it to V) and check that the hypothesis “A is a limit of Woodin cardinals” is
preserved, which we do below for the convenience of the reader.

Proposition 2.4. If the theory ZFC + “there are infinitely many Woodin
cardinals” is consistent, then so is ZFC 4+ “\ is a limit of Woodin cardinals
and FR(T12)"Br generic absoluteness holds below \.”

Proof. Let M be a model of ZFC + “there are infinitely many Woodin car-
dinals” and let AM € M be a limit of Woodin cardinals of M. Let T be
the theory in the language of set theory expanded by a constant symbol
A consisting of the ZFC axioms, the assertion that A is a limit of Woo-
din cardinals, and for each formula ¢(v), the assertion “if the statement
Jy € RVB € uB), (HC; €, B) = ¢[y| holds in some generic extension of V'
by a poset of size less than A, then it holds already in V.” The theory T
implies that 3% (I12)"Bx generic absoluteness holds below )\, so it remains to
check that it is a consistent theory.

Indeed, given any finite subset Ty C T' let ¢o(v), ..., ¢n—1(v) enumerate
all the formulas ¢(v) that are mentioned in Tj) and have the property that the
FR(I12)"Bx statement “Jy € R VB € uB, (HC; €, B) = ¢[y]” holds in some
generic extension of M by a poset of size less than M. For each i < n take
a poset P; € (V)M whose top condition forces this 3¥(I12)UBr statement to
hold over M. Then any generic extension of (M, A*) by the product forcing
Py x -+ x P, satisfies the statements “Jy € R VB € uB, (HC;€,B) E
wily]” for all i < n, and also it still satisfies ZFC + “\ is a limit of Woodin
cardinals” because Woodin cardinals are preserved by small forcing, so it
satisfies Tj. O

The next result is an equivalent condition for 3% (I12)"Bx generic absolute-
ness to hold below A in terms of a closure property of the pointclass uB, of
A-universally Baire sets of reals.

Proposition 2.5. For any limit of Woodin cardinals A\ and any real x, the
following statements are equivalent.
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(1) FR(T12)uBr generic absoluteness holds below .
(2) Every (A2)"Bx set of reals is \-universally Baire.

Proof. (1) = (2): The proof of this direction is analogous to [3, Theorem
3.1] with the pointclass (X%)"Br in place of the pointclass Y. Let A be a
(A2)uBx set of reals and take formulas ¢(v) and 1 (v) such that for all reals
y we have

ye A < 3B cuB) (HC;€,B) E ¢[y]
<= —3dB € uB, (HC; €, B) = ¢¥y].

Let T, and T}, be trees such that in every generic extension V[g] of V by a
poset of size less than A we have, for every real y € V|g],

y € p[Ty] <= 3B € uB,) (HC; €, B) = ¢ly]

y € plTy] < 3B € uB,\ (HC; €, B) = ¢[y].
In particular, in V' we have A = p[T,] = R\ p[Ty]. We claim that the
trees T, and Ty, are A-absolutely complementing. Let V]g] be a generic
extension of V' by a poset of size less than A. As usual, the absoluteness of

well-foundedness gives p[T,] N p[Ty] = 0 in V[g]. On the other hand, the
VR (£2)uBr statement

Vy € R3AB € uB, (HC; €, B) = o[y] V ¢yl

holds in V, so by our hypothesis (1) it continues to hold in V[g]. Therefore
we have

Vgl = plTe] Up[Ty] = R,
so the trees Ty, and Ty, project to complements in Vg].
(2) = (1): Suppose that the ¥®(322)"Bx statement
Vy € R3AB € uBy (HC; €, B) = ¢[y]

holds in V. We want to show that it continues to hold in generic extensions
by posets of size less than A. In this case Lemma 1.10 gives a total function
y — B(y) uniformly choosing (A2(y))"B* sets of reals to witness our true
(X2(y))"Bx statements. That is, the relation

W ={(y,2) e RxR:ze€ B(y)}

is (A2)"Bx. By hypothesis (2), this relation W is A-universally Baire. (The
weaker fact that each of its sections W, = B(y) is A-universally Baire is
already given by the lemma.) The fact that

Yy € R (HC; €, W,) = ¢ly]

holds can be expressed as a first-order property of the structure (HC; €, W).
Letting V[g] be any generic extension of V' by a poset of size less than A,
and letting WVl ¢ RV x RVI9 denote the canonical extension of W to
Vlg], we have

(HC; e, W) < (HCV) e, wVldhy.
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Therefore we have
vy € RV (HCVEL e, (WV),) = oly).

This shows that the sections (WV19]), for reals y € V[g] witness that our
VR(22)uBx statement holds in Vg, as desired. O

Remark 2.6. Recall that the canonical inner model M, for w many Woodin
cardinals does not satisfy 3% (I12)"B» generic absoluteness below its limit of
Woodin cardinals A. This can now be seen to follow from the fact that M,
has a (A2)"Bx well-ordering of its reals, and that no well-ordering of the
reals can have the Baire property (which is a consequence of the universal
Baire property for Cohen forcing.)

In general, the set of reals appearing in mice with uB) iteration strategies
is a (22)"Bx set with a (X2)"Bx well-ordering given by the comparison theo-
rem for mice. Therefore if every real is in such a mouse (which is the case in
M,,—see [15, Remark 5.4]) then this well-ordering is a (A%)*5Bx well-ordering
of the reals.

Again this remark applies not only to M, but also to some other mice
satisfying stronger large cardinal axioms. It is an open question whether
every large cardinal hypothesis on A is consistent with the existence of a
(A2)"Bx well-ordering of the reals.

Next we consider the corresponding boldface generic absoluteness prin-
ciple, which allows all reals in V' as parameters. It is called “one-step”
generic absoluteness to distinguish it from “two-step” generic absoluteness,
which allows real parameters appearing in generic extensions of V' and will
be defined precisely in Section 4.

Definition 2.7. Let A be a limit of Woodin cardinals. Then one-step
EIR(ILI%)“BA generic absoluteness below X is the statement that for every
formula ¢(v,v’) in the language of set theory expanded by a new unary
predicate symbol, every real parameter x € V', and every generic extension
Vg] of V by a poset of size less than A\, we have

Jy e RY VB € uBY (HC"; ¢, B) = o[z, ]
— JyeRVYUVBe uBK[g] (HCVY) e, B) = [z, y].

Generic absoluteness for 3% (II2)"Bx can also be recast as a closure pro-
perty for the pointclass of A-universally Baire sets via a straightforward
relativization of Proposition 2.5 to arbitrary real parameters:

Proposition 2.8. For any limit of Woodin cardinals X\, the following state-
ments are equivalent.

(1) One-step IX(T2)"Bx generic absoluteness holds below .

(2) Every (A2)"Bx set of reals is A\-universally Baire.

Obtaining one-step 3% (II2)"Br generic absoluteness in the first place is
not simply a matter of relativization, however. We may force to make an
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IFR(I12)"Bx formula hold for all the real parameters in V for which it can
be forced to hold, but this will add more reals that we must consider as
parameters, so we must force again, etc. Fortunately, a mild large cardinal
hypothesis is sufficient to show that this process eventually reaches a stop-
ping point. Namely, the assumption that some cardinal § < A is Xo-reflecting
in V), meaning that it is inaccessible and V5 <5, V).

We note a convenient reformulation: Vs <y, V) if and only if for every set
x € V5 and every formula v, if there is an ordinal 8 < X such that V3 |= ¢[z],
then there is an ordinal 3 < & such that Vs = ¢[z]. This reformulation is
usually proved for A = Ord, but when A is a limit of Woodin cardinals the
model V) satisfies enough of ZFC for the proof.

It is convenient, although not necessary, to split the consistency proof of
one-step 3% (I12)"Bx generic absoluteness into two parts. First we prove a
lemma using only the hypothesis Vs <x, V) and then we use the inaccessi-
bility of ¢ to get the full result.

Remark 2.9. One can also obtain one-step 3%(I12)"Bx generic absoluteness
below a limit A of Woodin cardinals as an application (in V)) of the bold-
face maximality principle MP, which is shown in [5] to hold after the Levy
collapse of a (fully-) reflecting cardinal. Our argument is also similar to that
given in [3] to show that one-step X3 generic absoluteness holds after the
Levy collapse of a Yo-reflecting cardinal.

Lemma 2.10. Let A be a limit of Woodin cardinals and let § < X\ be a
cardinal such that V5 <y, Vi. Let p(v,v") be a formula in the language
of set theory expanded by a new unary predicate symbol and let x be a real
parameter. Suppose that there is a poset P € Vy such that

1lFp 3y € RVB € uB, (HC; €, B) = ¢[z,y].
Then there is a poset P € Vs with the same property:
1lFp Jy € RYB € uB, (HC; €, B) |= ¢[z,y].

Proof. Take a cardinal k < X large enough that P € V,,. We may assume
that x is inaccessible, which is more than sufficient to ensure that (uB)"* =
uB,. After forcing with P we still have (uB)"* = uB, because x remains
inaccessible. Also, by taking k < A to be sufficiently large we may ensure
that uB, = uB, after forcing with P by an observation of Steel and Woodin;
see [8, Theorem 3.3.5].2 Therefore our assumption on P yields

Vi EllFp 3y e RYB € uB (HC; €, B) = o[z, y].
Now because Vs <5, V) we can take an inaccessible cardinal £ < 6 and a
poset P with the property that

Vi E1llFs 3y e RYB € uB (HC; €, B) = [z, y].
2This observation is usually stated in terms of homogeneously Suslin sets: Hom,, = Hom«

for sufficiently large n < A. The present version is equivalent; one has only to let x be
greater than the second Woodin above 7.
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After forcing with P we have (uB)"* = uBj because % is inaccessible, and
we trivially have uB) C uBz because K < A, so the desired conclusion
follows. ([l

Proposition 2.11. Let X be a limit of Woodin cardinals and let § < A be
an inaccessible cardinal such that Vs <5, V\. Let G C Col(w, <) be a V-

generic filter. Then V[G] satisfies one-step 3% (II2)"BA generic absoluteness
below .

Proof. Let x € V[G] be a real parameter. We will show that V[G] satisfies
IFR(T12(z))"B> generic absoluteness below A. Because 4 is inaccessible, the
real = is contained in the generic extension of V' by some proper initial
segment of the generic filter G. So because our large cardinal hypotheses on
0 and A are preserved by forcing with posets of size less than § we may assume
that € V. Now by Lemma 2.10 every 3¥(I1?(x))"B> statement that can be
forced by a poset in V) (over V[G], or equivalently over V') can also be forced
by a poset in V5. This poset in Vs can then be absorbed into Col(w, <¢) by
universality, so the desired statement holds in V[G] by the upward direction
of FX(T12(x))"Br generic absoluteness, which is automatic. O

We remark that strong cardinals are Yo-reflecting, so the hypothesis of
Proposition 2.11 follows from A being a limit of Woodin cardinals and § <
A being <A-strong (the AD + 6y < © hypothesis.) However, it is much
weaker than this because if A is a Mahlo cardinal then there are many
inaccessible cardinals § < A such that Vj is a fully elementary substructure
of V. We have not proved any consistency strength lower bound, leading
to the obvious question.

Question 2.12. What is the consistency strength of the statement “there is
a limit A of Woodin cardinals such that one-step 3%(II?)"Bx generic abso-
luteness holds below A\”7

3. BUILDING ABSOLUTE COMPLEMENTS FOR TREES

In this section, which may be read independently of the rest of the paper,
we introduce a method for building an absolute complement to a given tree
(Lemma 3.2 below.) First we prove the following lemma, Lemma 3.1, which
is a strengthening of a well-known theorem of Woodin. Only Lemma 3.2 and
its consequences (Lemmas 3.3 and 3.4) will be needed for the main results of
this paper, but we prove Lemma 3.1 first in order to demonstrate the main
ideas involved.

In Woodin’s version of Lemma 3.1 the cardinal 2% is replaced with 22",
The usual proof (see [15]) uses a system of measures to construct an absolute
complement via a Martin-Solovay construction, and 22" appears as an upper
bound on the the number of measures on . In our proof, we form a semi-
scale from norms corresponding to rank functions, and 2% appears as an
upper bound on the number of inequivalent norms. Omne can show that
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Lemma 3.1 is best possible in the sense that 27 cannot be reduced further
to k. For an introduction to semi-scales, see [7] or [10].

Lemma 3.1. Let x be a cardinal and let o > k be a cardinal such that k s
a-strong as witnessed by an elementary embedding j : V — M with critical
point K, j(k) > a, and Vo, C M. Let T be a tree on w X vy for some ordinal
v. Then letting g C Col(w,2") be V-generic, in V[g| there is an a-absolute
complement for the tree j(T).

Proof. Note that for every real y that is generic over V for a poset of size
less than «, the map j extends to an elementary embedding V[y] — M[y],
giving

y € plT] <= y e pli(T))].
Furthermore, applying j to this statement and using j(x) > a and V,, C M,

we see that for every real y that is generic over V' (or equivalently over M)
for a poset of size less than a we have

y € pli(T)] <= vy €plii(T))]-
Therefore, for each t € j(j(7))<¥ we can define the norm ¢; on w* \ p[j(7T')]
in any generic extension by a poset of size less than « as follows:

oi(y) = 4 PG, (1) 1€ JGT))y
0 it ¢ J((T)),-
We claim that for every real z and every sequence of reals (y, : n < w)

appearing in a generic extension of V' (equivalently, of M) by a poset of size
less than a such that

(1) yn & plj(T)] for every n < w,

(2) yp — z as n — w, and

(3) for every t € j“j(v)<“ the norm ¢.(yy) is eventually constant as
n—w,

we have x ¢ p[j(T)].

To prove the claim, suppose toward a contradiction that z € p[j(T)] as
witnessed by f € j(v)¥. That is, for all i < w we have f | i € j(T)s.
Then we have j(f | i) € j(j(T))z, and because y, — x as n — w, we have
J(f 114) € j(F(T))y, for all sufficiently large n. Therefore for all sufficently
large n the norm values @1y (yn) and @ f(i+1))(yn) are given by the rank
of a node and its successor in a well-founded tree, so the limit values satisfy

Bim ;1) (yn) > 1o p1(iv1) (Un)

for all 4 and we get an infinite decreasing sequence of ordinals. This contra-
diction proves the claim.

The claim is giving us something like a semi-scale on w*\p[j(7)] in generic
extensions by posets of size less than «, except that the norms are indexed
by 7“j(v)<* and not by w. First we will show that a subset of norms of size
< 27 suffices, and then we will collapse 2% to get an actual semi-scale.
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Indeed, there is a subset o C j(v)<* of size < 2" such that for every node
t € j(v)<¥ there is a node t' € o with the property that, for any pair of
reals yo and y; appearing in any generic extension of V' by a poset of size
less than k, we have

rankj(T) (t) S rankj(T) (t)

Yo Y1

> rank;p), (t') < rank;p) ().

Y0 Y1
The reason for this is that, because k is inaccessible, there are at most 2°
many inequivalent Col(w, <x)-names for binary relations on the reals.

So applying j and using the fact that j(k) > a and V,, C M, we see that
the two norms ¢;;) and ¢j) are equivalent with respect to reals that are
generic over V' (or equivalently over M) for posets of size less than «, in the
sense that they induce the same pre-wellordering of these reals. Therefore
the claim still holds when condition (3) of its hypothesis is weakened to say

(3) for every t € j“o the norm ¢(yy) is eventually constant as n — w.

Working in a generic extension V[g] by Col(w,2") we can take an enu-
meration (¢; : i < w) of j“o and define the corresponding sequence of norms
G =(pi:i<w) by

i(y) = ¢r(y)-
What we have shown is that in every generic extension of V[g] by a poset
of size less than «, this sequence of norms ¢, interpreted in that extension,
is a semi-scale on the set of reals w* \ p[j(7T)].

Now let V[g][h] be a generic extension of V[g] by a poset of size less than
«. By absorbing h into a Levy collapse we may assume it is a homogeneous
extension. In Vg|[h] define

A =w?\ plj(T)]
and let T be the tree of the semiscale @ on A. That is, for each y € 4 and
each ¢ < w we put

(((y(())v s 7y(7; - 1))7 (SOO(y): .- '7901'—1(1/))) S T.

The result of this standard construction is that p[T] = A in V[g|[h]. The
semi-scale @ and its associated tree T are definable in V[g][h] from the tree
§(4(T)) and the sequence (t; : i < w) as parameters, so we have T € V|[g]
by homogeneity. Because it projects to the set A = w* \ p[j(T)] in the
given generic extension V[g][h] of V[g], this tree T is the desired absolute
complement for 7" in Vg]. O

The next lemma is proved by the same technique. It is also related to [9,
Theorem 3.2], which says that if s is supercompact then any tree becomes
weakly homogeneous in some small forcing extension. Woodin also showed
that if x is merely a Woodin cardinal then any tree becomes <x-weakly
homogeneous in some small forcing extension (see [8].) However, in our
lemma we desire to weaken the hypothesis of supercompactness in a different



16 UNIVERSALLY BAIRE SETS AND GENERIC ABSOLUTENESS

direction, to say that k is measurable rather than Woodin. In return we
shall be content to prove k-absolute complementation rather than <k-weak
homogeneity.

Crucially, our lemma will need a hypothesis saying that the tree in ques-
tion does not construct too many sets.

Lemma 3.2. Let T be a tree on w X~y for some ordinal v. Let K be a mea-
surable cardinal and suppose there is a normal measure p on Kk concentrating
on the set of a < K such that

(Vo) N L(T, V)| = .

Then there is a generic extension V[g] of V' by a poset of size less then k in
which T is k-absolutely complemented.

Proof. Denote the py-ultrapower map by j : V- — M. Then by Los’s Theorem
we have

‘W(Vn) N L(](T)a V:‘i)’ =K

in M, and because M contains all subsets of &, this holds in V' as well. Note
that for every real y that is generic over V for a poset of size less than k,
we have

y € p[T] <= y € pli(T)]

because j extends to an elementary embedding V[y] — M][y]. Applying j
to this statement we see that for every real y that is generic over M for a
poset of size less than j(k), we have

y € pli(T)] <= y€pli(i(T))]

Therefore, for each t € j(j(7))<“ we can define the norm ¢; on w* \ p[j(T)]
in any generic extension of M by a poset of size less than j(k) as follows:

B rankj(j(T))y (t) ift e ](](T))y
#ly) = {0 it ¢ (1),

Just as before, we can prove that for every real x and every sequence of
reals (y, : n < w) appearing in a generic extension of M by a poset of size
less than j(k) such that

(1) yn & plj(T)] for every n < w,

(2) yp — z as n — w, and

(3) for every t € j“j(y)<“ the norm ¢:(yy) is eventually constant as
n—w,

we have z ¢ p[j(T")]. This gives us something like a semi-scale on w*\ p[j(T)]
in generic extensions of M by posets of size less than j(k), except that the
norms are indexed by j“j(v)<“ and not by w, and the set of norms may fail
to be an element of M.

However, observe that there is a subset o C j(v)<“ of size < k such that
for every node t € j(v)<“ there is a node t' € o with the property that, for
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any pair of reals yy and y; appearing in some generic extension of V' by a
poset of size less than k, we have
rank;r), (¢) < rank;r), (t)

< rank;(7),, (t") < rankjipy, ().

Y1

The reason for this is that the model L(j(T),V.) contains only x many
subsets of Vi by assumption, so it contains at only x« many inequivalent
Col(w, <k)-names for binary relations on the reals.

So applying j we see that the two norms ;) and ¢ ;) are equivalent with
respect to reals that are generic over M by a poset of size less than j(k) in the
sense that they induce the same pre-wellordering of these reals. Therefore
the claim still holds when condition (3) of its hypothesis is weakened to say

(3) for every t € j“o the norm ¢(yy,) is eventually constant as n — w.

Because |o| < k and & is the critical point of j, the set of ordinals j“o
is in M and has size k there. So working in a generic extension M|g| of M
by Col(w, k) we can take an enumeration (t; : i < w) of o and define the
corresponding sequence of norms ¢ = (¢; : i < w) by

vi(y) = o1, (y)-

What we have shown is that in every generic extension of M|g] by a poset of
size less than j(k), this sequence of norms g, interpreted in that extension,
is a semi-scale on the set of reals w* \ p[j(T")]. Now as before, the “tree of
a semi-scale” construction shows that in M|g], which is a generic extension
of M by a poset of size less than j(k), the tree j(T') is j(k)-absolutely
complemented. The desired conclusion now follows from the elementarity of
the ultrapower map j. O

The consequences of Lemma 3.2 that we will use in our applications to
generic absoluteness are stated below.

Lemma 3.3. Let T be a tree on w x v for some ordinal v. Let Kk be a
measurable cardinal. Then there is a generic extension of V by a poset of
size less than x in which at least one of the following statements holds.

(1) T is k-absolutely complemented.
(2) RN L[T, x] is uncountable for some real x.

Proof. Suppose that (1) fails in every generic extension of V' by a poset of
size less than x. Then by Lemma 3.2 we may take an inaccessible cardinal
a < k such that the model L(T,V,) has more than a many subsets of V.
Then after forcing with Col(w, ) we get a real z coding Vj,, so any o™ many
distinct subsets of V,, in L(T,V,,) are coded by uncountably many reals in
L[T, z], and (2) holds. O

We can strengthen case (2) of Lemma 3.3 by a standard argument using
Solovay’s almost disjoint coding method.
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Lemma 3.4. Let T be a tree on w x v for some ordinal v. Let k be a
measurable cardinal. Then there is a generic extension of V by a poset of
size less than k in which at least one of the following statements holds.

(1) T is k-absolutely complemented.
(2) R C LT, x| for some real x.

Proof. Take a generic extension V]gg] of V' by a poset of size less than x as
in Lemma 3.3. If case (1) holds then we are done. If case (2) of Lemma 3.3
holds, this is witnessed by some real zg € V[go]. By forcing with Col(w,R)
if necessary to get CH we may assume that

Vigol = [R[ = [R N L[T, zo]| = wi-

In V[go] we have a subset X; of wy coding HC. Forcing over V[gg], we will
use Solovay’s almost disjoint coding to code our subset X7 of wi by a real
x1. This is a standard argument, which we include for the convenience of
readers to whom it is not familiar. We let

d=(as: &< wY[gO]) € L[T, x]

be a family of almost disjoint subsets of w and let Pz x, denote the forcing
notion consisting of partial functions p : w — 2 such that p~({1}) is finite
and dom(p) N ag¢ is finite for every £ € X;.

Let g1 be a Vgo]-generic filter for Pz x, and let 1 C w be the corre-
sponding generic real, meaning that for every n < w we have n € x1 if and
only if (Ug1)(n) = 1. Then x1 codes X; relative to @ in the sense that
for every { < wi, we have { € X; if and only if a¢ N 1 is infinite. We
have x1,d € L[T, xzg,21] so we have X1,Pz x, € L[T,xo,x1] as well. More-
over, in the model V[go] the forcing Pz x, is a subset of HC and has the
countable chain condition, so every real y € V[go|[g1] is the interpretation
of a hereditarily countable Pz x,-name y € V[gg] by the generic filter g;.
The set X1 codes the name g, among other elements of HCV 9], 50 we have
gy € L[T,xp,x1]. But the model L[T, z¢,z1] contains the generic filter g1,
so we have y € L[T, zo,x1]. This shows that, letting V[g] = V[go][g1] and
x = (x0, 1), we have

Vig) ER C LIT, ],
Therefore (2) holds in the generic extension V[g]. O

4. Two-sTEP I*(I1?)"Br GENERIC ABSOLUTENESS

In this section we consider the following generic absoluteness principle,
which is a strengthening of one-step EIR(ILI%)UBA generic absoluteness.

Definition 4.1. Let \ be a limit of Woodin cardinals. Two-step 3= (I12)"Bx
generic absoluteness below X is the statement that every generic extension
V[g] of V by a poset of size less than \ satisfies one-step 3% (I12)"B> generic
absoluteness below A.
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The essential difference between one-step and two-step generic absolute-
ness is that in the definition of two-step generic absoluteness we allow real
parameters z from V[g] and not just from V. Indeed the natural notion of
two-step generic absoluteness for the lightface pointclass 3% (I12)"BA would
simply be equal to EIR(H%)“BA generic absoluteness as it was already defined
in Definition 2.1, and the same is true for its relativization to any partic-
ular real x € V. The distinction between one-step and two-step generic
absoluteness only exists for the boldface versions.

Applying Proposition 2.8 in generic extensions, we get a characterization
of two-step HR(ILI%)“BA generic absoluteness in terms of a closure property
of uB,\.

Proposition 4.2. For any limit of Woodin cardinals X\, the following state-
ments are equivalent.

(1) Two-step IX(TI2)"Br generic absoluteness holds below \.
(2) In every generic extension V[g] of V by a poset of size less than A,
every (A2)"Bx set of reals is A-universally Baire.

One can obtain two-step I%(II?)"Br generic absoluteness from trees for
(H%)“BA formulas by a standard argument using the absoluteness of well-
foundedness. By “trees for (I13)"®» formulas” we mean trees T, that are
analogous to the trees T, for (X2)"Br formulas given by Corollary 1.7. To
be precise:

Definition 4.3. We say there are trees for (I13)"Bx formulas if, for every
formula ¢(v) there is a tree T, such that for every generic extension V[g] of
V by a poset of size less than A and every real z € V|[g] we have

z € p[T,] «— VB euB{¥ (HC ;¢ B) £ ~[z].

(We negate the formula ¢ so that the tree Tcp will be a A-absolute comple-
ment of the tree T, as from Corollary 1.7.)

In the case that there is a <A-strong cardinal § below our limit A\ of
Woodin cardinals, Woodin showed that trees for (I1?)"B> formulas appear
after forcing with Col (w, 226). This is implicit in his proof that, assuming
this large cardinal hypothesis, the model L(Homy}, R}) satisfies AD + “every
II? set of reals is Suslin” (see [15, §8] for the proof.) We can use Lemma
3.1 to obtain a slight strengthening: trees for (H%)UBA formulas appear after
forcing with Col(w, 2%). The argument follows the one given in [15, §8], only
using our strengthened Lemma 3.1 in the appropriate place. We give the
full argument below for the convenience of the reader.

Proposition 4.4. Let A be a limit of Woodin cardinals and let § < X be a
<\-strong cardinal. Let g C Col(w,2%) be a V-generic filter. Then in V|g]
there are trees for (I12)"Bx formulas.
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Proof. Let a < X be a cardinal. We want to show that the tree T}, for a X3
formula from Corollary 1.7 is a-absolutely complemented in V[g]. Without
loss of generality we may assume that o > 2°. As in the proof of Proposition
2.11 we may take a cardinal v < A which is sufficiently large that uB, = uB)
in every generic extension of V' by a poset of size less than a. We may also
assume that ~ is inaccessible.

Take an elementary embedding j : V — M witnessing that § is v-strong.
That is, crit(j) = § and V,, C M. Then by Lemma 3.1 the tree j(T,) is v-
absolutely complemented in V[g]. To show that the original tree T, is also
a-absolutely complemented in Vg] it suffices to show that p[T,)] = p[j(T},)]
in every generic extension of V' by a poset of size less than a.

We have p[T,] C p[j(T,)] by considering pointwise images of branches.
Conversely, suppose that in some generic extension V'[h] by a poset of size
less than a we have a real x € p[j(T,)]. Then we have M[h] = € p[j(T,)],
SO

MIh] = 3B € uBj (HC; €, B) = ¢[z].

(We will have j(A) = X if our elementary embedding j comes from an exten-
der of length less than A, but this doesn’t matter.) Because v < j(\) and
V., C M, the same set of reals M witnesses the statement

VIh] E 3B € uB, (HC; €, B) = ¢[z].
Because v was chosen to make uB, = uB) in V[h], we have
V[h] = 3B € uBy (HC; €, B) E plal,
so & € p[T,]. Therefore p[j(T,)] C p[T,] in V[h] as desired. O

As an immediate consequence of Proposition 4.4 and the absoluteness of
well-foundedness we obtain the following result.

Corollary 4.5. Let A be a limit of Woodin cardinals and let 6 < X be a
<\-strong cardinal. Let g C Col(w,2%) be a V-generic filter. Then in Vg]
two-step IX(T2)"Bx generic absoluteness holds below .

The existence of trees for (I12)*Bx formulas is equivalent to some of its
obvious consequences.

Proposition 4.6. For a limit A of Woodin cardinals, the following state-
ments are equivalent.

(1) There are trees for (I13)"Bx formulas.
(2) In every generic extension V]g] of V by a poset of size less than A,
every (X2)"Bx set of reals is A-universally Baire.

(3) every (X2)"Bx set of reals is A-universally Baire.

Proof. (1) = (2): The trees T, are A-absolute complements of the trees
T, for ($2)"Bx formulas given by Corollary 1.7. Therefore in V and in
every generic extension by a poset of size less than A, the pair (T@,Tg,)
witnesses that the corresponding (32)"B* set of reals is A-universally Baire.
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Every (£2)"Bx set of reals is a section of a (X2)"Bx set of reals, making it
A-universally Baire as well. The implication (2) = (3) is trivial.

(3) = (1): Let ¢(v) be a formula in the language of set theory expanded
by a new unary predicate symbol. By Corollary 1.7 there is a tree T, €
V that projects to the (32)"B> set of reals defined by ¢ in every generic
extension by a poset of size less than A. We will show that the tree T, is
A-absolutely complemented. The (X7)"Bx set

A=pl[T,]={y €eR:3B € uB, (HC; €, B) = ¢[y]}

is A-universally Baire by our hypothesis, so there is some A-absolutely com-
plementing pair of trees (7,7 such that p[T] = p[T,).

We claim that the pair (Tw,T) is also A-absolutely complementing, or
equivalently that for every generic extension V[g| of V' by a poset of size less
than A we have

Vgl = plTy] = p[T).

We have p[T,,]Np[T] = 0 in V, so by the usual argument this holds in V[g] as
well, giving V[g] = p[T,] C p[T]. For the reverse inclusion let y — B(y) be
the partial function given by Lemma 1.10 that chooses (A% (y))"B* witnesses
B(y) uniformly for reals y € A. Then the relation

W={(y,2) ERxR:y€A & z€ B(y)}
is (¥2)"Bx and we have
Vy € A (HC; €, W) = ¢ly]

where W,, = B(y) is the corresponding section of W. By our hypothesis, the
relation W is A-universally Baire. Let A9 and WV19 denote the canonical
extensions of A and W respectively to V[g]. Then we have

(HC; €, A, W) < (HCYY; e, AVId) y VIl
and it follows that
vy € AVI (HCYU e (W)Y = oly),

which shows that V[g] = p[T] C p[T}]. This completes the proof that 7" is
a A-absolute complement of the tree T,,. Accordingly, we write T, =T. [

A natural question is whether two-step ElR(ILI%)UBA generic absoluteness
below A can be added to the list of equivalences in 4.6 (rather than being
strictly weaker.) A positive answer to this question could be seen as an
explanation of this generic absoluteness principle in terms of a continuous
reduction to the absoluteness of well-foundedness.

Question 4.7. Let A be a limit of Woodin cardinals and assume that two-
step 3% (II2)"Bx generic absoluteness holds below A. Must there be trees for

(I13)"Bx formulas?
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If there are trees for (I13)"Br formulas then the model L(Homj}, R}) sat-
isfies (in addition to AD) the statement “every II? set of reals is Suslin,” as
noted in [15]. This conclusion follows even if the trees for (I12)*Bx formulas
do not appear in V' but only in small generic extensions of V. Accordingly,
one might ask the weaker question:

Question 4.8. Let X be a limit of Woodin cardinals and assume that two-step
JF(I17)"Br generic absoluteness holds below A. Must the model L(Hom}, R})

satisfy “every II? set of reals is Suslin?”

In the case where A\ is measurable we may apply Lemma 3.3 to get a
positive answer, yielding a proof of Theorem 0.1. The proof is similar to
Woodin’s proof in [16] of “every set has a sharp” from two-step X} generic
absoluteness except that it uses Lemma 3.3 in place of Jensen’s covering
lemma for L.

Proof of Theorem 0.1. Assume that X is a measurable cardinal and a limit of
Woodin cardinals, and that two-step 3% (II?)"Bx generic absoluteness holds
below A\. We want to show that the model L(Hom}, R}) satisfies “every 12
set of reals is Suslin.” As noted in [15], it suffices to show that there are trees
Tso for (I12)"Bx formulas, and moreover to find these trees we may pass to
generic extensions of V' by a poset of size less than \ because these generic
extensions can be absorbed into Col(w, <\) and therefore do not affect the
model L(Hom3,RY).

Fix a formula ¢(v) and let T, be the tree for the corresponding (X%)
formula as given by Corollary 1.7. By Lemma 3.3 we may take a generic
extension Vg] of V' by a poset of size less than X in which one of the
following cases holds: R N L[T,,, z] is uncountable for some real z, or T,
is A-absolutely complemented. In the latter case, a A-absolute complement
for T, is a tree Tgp as desired, so we are done. We must use our generic
absoluteness hypothesis to rule out the former case.

Working in Vg|, assume that there is a real x such that R N L[T,,z] is
uncountable. The tree T}, as obtained from Theorem 1.6, is definable in the
model L(Hom},RY). Therefore every real y € L[T,, ] is ordinal-definable
from z in L(Homj,RY). On the other hand, every real y that is OD from z
in L(Hom},RY) is in V' by the homogeneity of the forcing Col(w, <) used
to obtain the model L(Homyj, RY).

The statement “the set of reals that are OD, in the model L(Homj, RY)
is uncountable” is a (I12(x))"B* statement that is true in V[g] but becomes
false after any forcing that makes the reals countable, violating our gene-
ric absoluteness hypothesis. We will show that this statement is indeed a
(I12(x))"Bx statement.

It is a well-known consequence of ADT+V = L(p(R)) that the set of OD,
reals is a $2(x) set. If we replace “y € OD,” with “FA C Ry € ODé(A’R)”
then this is not hard to prove, and then the stated version follows from
Woodin’s ¥ -reflection theorem (see [13] for a proof.) Alternatively, one can

uBy
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simply replace “y € OD,” with “dA C R y € ODz everywhere in the
paper and check that our arguments can be adapted accordingly.
Therefore by Woodin’s generic absoluteness theorem 1.5 the set of reals
that are OD, in L(Hom}, R}) is (X3(x))"B*, uniformly in all generic exten-
sions by posets of size less than A. The statement that this set of reals is
countable is equivalent to the statement that there is a single real y cod-
ing a sequence of reals (y, : n < w) such that every real that is OD, in
L(Hom}, R}) is equal to y, for some n < w. It is therefore an I¥(I13(z))*Bx
statement as desired. O

We can weaken the hypothesis of Theorem 0.1 by using Lemma 3.4 in-
stead of Lemma 3.3. A similar argument is used in [2] to construct projec-
tive well-orderings of the reals from an anti-large-cardinal hypothesis (for
Al well-orderings the argument is probably folklore.) Recall that two-step
3R(TI2)"B> generic absoluteness below \ is equivalent to the statement that,
in every generic extension by a poset of size less than A, every (é%)“BA set
of reals is A-universally Baire. Note that in particular this statement rules
out the existence of a (A%)"Bx well-ordering of the reals in a small forcing
extension.

Proposition 4.9. If A is a measurable cardinal and a limit of Woodin car-
dinals, and every generic extension by a poset of size less than A\ satisfies
“there is no (A?2)"Bx well-ordering of the reals,” then the model L(Hom}, R})

satisfies AD + “every II? set of reals is Suslin.”

Proof. We follow the proof of Theorem 0.1. Fix a formula ¢(v) and let T,
be the tree for the corresponding (32)"B> formula as given by Corollary 1.7.
By Lemma 3.4 we may take a generic extension V]g] of V by a poset of
size less than X in which one of the following cases holds: R C L[T,, x| for
some real x, or T, is A-absolutely complemented. Again in the latter case
we are done. We must show that the former case gives rise to a (A2)'Bx
well-ordering of the reals in V[g].

Working in V'[g], assume that there is a real = such that R C L[T,, z]. Our
tree T, is definable in the model L(Homj,R}), so every real y € L[T,,, x| is
ordinal-definable from z in L(Hom},R}). In L(Hom},RR}) as in any model
of ADT the set of OD, reals is ¥%(z) and has a X%(z) well-ordering. So
in V[g] the set this set of reals is (X3(x))"®* and has a (X2(z))"Br well-
ordering. But by our choice of x the domain of the well-ordering contains
all reals of V[g], so V[g] has a (A%(z))"B» well-ordering of its reals. O

5. THE THEORY OF L(uBj,R)

In this section we consider the generic absoluteness of the theory of
L(uBy,R). The following theorem (see [8, Theorems 3.4.17-19]) gives an
upper bound in terms of large cardinals for the consistency strength of this
generic absoluteness hypothesis, and it also says something about what the
generically absolute theory is in this situation.
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Theorem 5.1 (Woodin). If A is a limit of Woodin cardinals, |Vy| = A, and
§ < X is <A-supercompact, then letting g C Col(w,2°) be a V-generic filter
we have

L(uB,,R)"l = L(uB,,R)VI4IM

for every generic extension V[g|[h] of V]g] by a poset of size less than X\, and
moreover the model L(uBy, R)V[g] satisfies AD + DC 4+ “every set of reals is
Suslin.”

To prove Theorem 0.2, which gives a lower bound for the consistency
strength of generic absoluteness of the theory of L(uBy,R) in the case that
A is measurable as well as being a limit of Woodin cardinals, we will use a
version of Proposition 4.9 relativized to an arbitrary set of reals A € uB,.
The modification is straightforward and gives the following result.

Proposition 5.2. If \ is a measurable cardinal and a limit of Woodin car-
dinals, A is a A-universally Baire set of reals, and every generic extension
V]g] by a poset of size less than X satisfies “there is no (A2 (AV191))uBr yell-
ordering of the reals” then the model L(Hom3,RY) satisfies AD + “every
I2(A*) set of reals is Suslin.”

Applying Proposition 5.2 to all A-universally Baire sets appearing in all
small generic extensions of V' yields the following result.

Proposition 5.3. If \ is a measurable cardinal and a limit of Woodin car-
dinals, and for every generic extension V[g| by a poset of size less than A
we have

L(uB,\,R)V[g] = “there is no well-ordering of the reals,”
then the model L(Hom}, RY) satisfies AD+DC+ “every set of reals is Suslin.”

Proof. In the model L(Homj,RY), to show that every set of reals is Suslin,
arguing as in [15, §8] it suffices to show that every II3(A*) set of reals is
Suslin for every set of reals A* € Hom}. Let A* € Hom}. By passing to a
small forcing extension we may assume that A* is the canonical extension
of some set of reals A € uB). For every generic extension V[g] by a poset of
size less than A, every (AZ(AV19))"Bx set of reals is an element of the model
L(uBy,R)"l9, so by our hypothesis there cannot be a (A%(AY191))"Bx well-
ordering of the reals. Applying Proposition 5.2, every II3(A*) set of reals is
Suslin in L(Homj, R}) as desired.

Now we get DC by a standard argument using the inaccessibility of
A. Because L(Homj,RY) satisfies “every set of reals is Suslin” we have
L(Homj, R})Np(R) = Hom}, and because A is inaccessible every w-sequence
from Hom} is coded by a set in Hom3. So in the model L(Hom},R}) we
have cof(©) > w and DC follows by [12, Theorem 1.3]. O

We can prove the theorem now.



UNIVERSALLY BAIRE SETS AND GENERIC ABSOLUTENESS 25

Proof of Theorem 0.2. Assume that A is a measurable cardinal and a limit
of Woodin cardinals, and that L(uBjy,R) = L(uBy,R)V19 for every generic
extension V[g] by a poset of size less than A. We want to show that the
model L(Hom},R}) satisfies AD + DC + “every set of reals is Suslin.” By
Proposition 5.3 and our generic absoluteness hypothesis it suffices to find
some generic extension V[g] by a poset of size less than A such that the
model L(uBy,R)"l9 has no well-ordering of its reals.

Let § < A be an inaccessible cardinal and let ¢ C Col(w,<d) be a V-
generic filter. In V[g] every element of the model L(uBy,R)V9 is ordinal-

definable from a set of reals A € uB;\/[g} and a real in RV, Because ) is
a limit of Woodin cardinals we have uB), = Hom.) in Vg], so in particu-

lar A € Hong\g]. The measures in a 6-homogeneity system for A are the
canonical extensions of measures in V' by the Levy—Solovay theorem, and A
is definable from the system of these measures, which is countable. There-
fore every element of the model L(uBy,R)"19 is definable from a countable
sequence of elements of V. Because § is inaccessible there can be no well-

ordering of the reals in L(uBy,R)V19 by Solovay’s theorem. O

Theorem 0.2 gives us a lower bound on the consistency strength of the
generic absoluteness of the theory of L(uBj,R). It also gives us information
about what this generically absolute theory is, just as in the situation of
Woodin’s theorem 5.1.

Corollary 5.4. Assume that A is a measurable cardinal and a limit of Woo-
din cardinals, and L(uBy,R) = L(uBy,R)Vl9 for every generic extension
Vg] by a poset of size less than . Then L(uBy,R) satisfies AD+DC+ “every
set of reals is Suslin.”

Proof. Let j : V. — M be an elementary embedding with critical point
A witnessing the measurability of A. Let Rf, and Homg, come from some
V-generic filter G C Col(w, <A). Because A is inaccessible we have Ry, =
RVIG] = RMIG] By Theorem 0.2 it suffices to show that

L(Homg,RE,) = L(qu(/\),]R)M[G} = L(qu(A),]R)M = L(uB,,R).
To show that L(Hom, RY,) = L(uB;(y), R)M[¢ we will show that Homy, =
uB%\[?]. Every set A* € Homg, is given as a projection p[T] for some \-

absolutely complementing pair of trees (T,T) € V[g] where g is a proper
initial segment of the generic filter G. We can extend j to a map j :
V]g] — M|g] and by the elementarity of this map the trees j(T) and j(T")
are j(A)-absolutely complementing in M|[g]. Considering pointwise images
of branches we have the inclusions p[T] C p[j(T)] and p[T] C p[j(T)], so in
fact both inclusions are equalities and the trees j(T") and j(T) witness that
A* is j(A)-universally Baire in M[G].
Conversely, given a set of reals A* € qu.\ﬂ?} g[(c/\])
because j(A) is a limit of Woodin cardinals in M[G]. The measures in a

we can write A € Hom
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A-homogeneity system for A* are the canonical extensions of measures in
M by the Levy—Solovay theorem, and this homogeneity system appears in
M]g] for some proper initial segment g of the generic filter G' because it is
a countable sequence and A is inaccessible. Therefore A* is the canonical

extension of a set of reals A € uB%A[“;’}. We have uB%/\[“;’} - uBﬁﬂg} = uB}\/[g},

so A* € Homyg; as desired.
Now it remains to note that by our generic absoluteness hypothesis ap-
plied in M, the model L(uBj )\),R)M (6] is elementarily equivalent to the

model L(uBjy), R)M | which in turn is elementarily equivalent to the model
L(uBjy, R) by the elementarity of j. O

One might hope that the consistency strength lower bound given by The-
orem 0.2 can be improved. The next natural target would be the theory
ADg + “O is regular.” (Here we yield to convention and write ADg instead
of the equivalent statement “every set of reals is Suslin.”)

Question 5.5. Assume that A is a measurable cardinal and a limit of Woodin
cardinals, and L(uBy,R) = L(uBy,R)"l for every generic extension Vg
by a poset of size less than A.
(1) Does L(uBj,R) satisfy ADg + “O is regular”?
(2) Does L(I',R) satisfy ADg + “© is regular” for some pointclass I’
contained in uB)?

In unpublished work, Woodin has strengthened the conclusion of Theorem
5.1 to get ADg+ “© is regular” in the model L(uBy, R)V19 making a positive
answer to Question 5.5(1) plausible. However, Question 5.5(2) might be a
more reasonable target for current inner model theoretic techniques such as
those developed by Sargsyan in [11]. One might also hope to dispense with
the hypothesis that X\ is measurable.
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