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ABSTRACT OF THE DISSERTATION

Generating function zeros of Markov processes
and their applications

by

Alexander Vandenberg-Rodes
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2011
Professor Thomas M. Liggett, Chair

Through the correspondence between probability distributions on {0,1}" and
multivariate generating polynomials, restricting the locations of the zeros of the
latter to certain subsets of C™ turns out to have probabilistic relevance. For
example, one kind of restriction on the generating function zeros gives rise to
the class of strong Rayleigh measures, as constructed in [9]. The strong Rayleigh
measures individually satisfy several notions of negative dependence, yet the class
as a whole has the advantage of being closed under many operations such as
projection onto subsets of coordinates, conditioning under external fields, and

weak convergence.

This work is primarily concerned with a similar restriction of generating func-
tion zeros, but for measures on product spaces where each coordinate is a non-
negative integer. The negative dependence results for the binary-valued case
extend nicely to this more general situation, which gives a new negative associ-
ation result for collections of independent Markov chains and reaction diffusion
processes. Furthermore, measures in this class have a further useful property: the

distribution of each coordinate decomposes into a sum of independent Bernoulli
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and Poisson random variables. A version of this property was already used in [34]
to obtain a central limit theorem for the current of particles in a particular sym-
metric exclusion process. We will generalize this result to symmetric exclusion

processes with nearly arbitrary initial conditions and transition rates.

The last part of this dissertation is concerned with the single-coordinate case,
that is, non-negative integer-valued measures satisfying the same restriction as
above on their generating function zeros. In particular, we will classify the birth-

death chains preserving this class.
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CHAPTER 1

Introduction

Infinite stochastic systems of interacting particles have been studied intensively
since F. Spitzer’s founding paper [48]. Such systems act on a fixed (countable)
collection of sites S, with a configuration of the system being just an arrangement
of particle on the sites. The configurations then update in continuous time ac-
cording to a specified interaction rule. They have been used as models for several
natural processes; some typical examples are: the spread of infection through a
population (the contact process), predator-prey dynamics (the voter model), and

the movement of cars along a highway (the totally asymmetric exclusion process).

A common assumption is that the collection of sites S is the d-dimensional
lattice Z4, and so the state space is just {0, 1}Zd. Within this framework, we will
say that a state n has a particle at the site € S if n(x) = 1, otherwise, the
site is empty. Our primary example — considered in chapter 3 — will be the

symmetric exclusion process (SEP). This has the following structure:

1. Particles move around the lattice, subject to the condition that only one

particle at a time may occupy a site.

2. For each pair of sites {x,y} let p(z,y) = p(y,z) denote the jump rate

between the two sites.

3. At rate p(x,y) a particle at x attempts to jump to site y. If site y is occupied

the jump fails, and the particle at x remains where it is.



The resulting Markov process will be denoted by {n; : t > 0} (we will give one

construction in Chapter 3).

For conservative particle systems such as symmetric exclusion, a natural quan-
tity to consider is the net flow, or current, of particles across some bond. The
prototypical example is the one-dimensional lattice Z, with the following step-
initial condition: particles are placed at each site x < 0, and there no particles
to the right of the origin. Then the current across the bond {0,1} — after some
fixed time — is just the number of particles with final position in the right half
{z > 0}. It had been expected (for at least a decade [39]) that the fluctuations
of the current are Gaussian. Quite recently [34], this was finally shown in the
case of translation-invariant jump distributions satisfying a second moment con-
dition. In Chapter 3 we will generalize Liggett’s result to (nearly) arbitrary initial

conditions and transition rates. Here is one immediate application:

Proposition 1.0.1. Suppose n; is the symmetric exclusion process with trans-
lation-invariant transition rates in the domain of a symmetric stable law of index
a > 1. That is, 3 -, p(0,y) = |[2|"*L(z), with L a slowly-varying function.
Assuming the step-initial condition above, the current Wy = Y __ n:(x) satisfies

the central limit theorem

W, — EW,

e = Mo, (1.0.1)

This problem — with nearest neighbor instead of long-range jumps — orig-
inally served as a motivating application for the conjectured strong negative
dependence properties of symmetric exclusion. It has long been known that
symmetric exclusion has pairwise negative correlations, when started from a de-

terministic distribution [1]:

Cov(n(z),m(y)) <0, for all £ and distinct sites x, y. (1.0.2)



When again started from a deterministic distribution, it was conjectured that

SEP satisfies the much stronger negative association (NA) property:

Cov(f(ne),g(m)) <0, (1.0.3)

for all increasing functions f, g depending on disjoint finite sets of coordinates.
As Pemantle pointed out, there are good comparison inequalities between the
characteristic functions of negatively associated random variables and their inde-
pendent counterparts (due to C. Newman [37]), which should give central limit
theorems for linear functionals of the NA variables such as the current. (However,

one should note that the specific applications in [37] are to stationary sequences.)

The negative association conjecture for SEP was proved quite recently through
two surprising connections to the study of linear transformations on polynomials
that preserve certain zero-free regions.Recall that a probability measure p on the

state space {0, 1}" is uniquely associated with its generating polynomial

fulzryoyza) = Y ). (10.4)

ne{0,1}n

If {n;;t > 0} is a stochastic process with the state n; € {0,1}" at each fixed
time ¢ (e.g. the symmetric exclusion process), we can consider the evolution of
n: as inducing a collection of linear transformations {7};¢ > 0} on multiaffine

polynomials as follows:

LY a0 = % o [z;”(”---zgf@) (1.0.5)
nef{0,1}" nef{0,1}"

For example, if p is the initial distribution of the process, and y; the distribution

at time ¢, then T} relates their generating polynomials (1.0.4) in the obvious way:

Ti(fu) = Jue- (1.0.6)



Thus, if one is interested in certain classes of measures preserved by the original
stochastic process, it is natural to consider instead classes of polynomials which

are preserved by the induced linear transformations 7.

Recall that we are interested in the negative association property. This is
not easily expressed in terms of the generating polynomial. However, there is a
stronger condition than negative association, termed stability, that has a simple
formulation in terms of zeros of the generating polynomial. More specifically,
a multivariate polynomial in n variables is called stable if it has no zeros in
the region H x --- x H € C"™ (H is the upper half plane), and by an abuse of
terminology a probability measure with stable generating polynomial will also be

called stable.

This remarkable result of Borcea, Bréndén, and Liggett [9] — that stable
probability measures on {0,1}" are negatively associated — allowed them to
construct a strong and robust negative dependence theory. Indeed, the stabil-
ity condition implies a wide variety of negative dependence conditions beyond
negative association, for example: ultra-log-concave rank sequence, conditional
negative association under external fields, the negative lattice condition, and oth-

ers.

In Chapter 4 we will generalize this negative dependence theory to measures

on {0,1,...,N}", and in the limit N — oo, obtaining the following result:

Theorem 1.0.2. Suppose i is a measure on {0,1,2,...}", with generating func-
tion a (coefficientwise) limit of stable polynomials. Then p is negatively associ-

ated.

The problem of determining linear transformations preserving the set of poly-
nomials with particular zero-free regions goes back to the work of Pdlya and Schur

[42], in which they classify the multiplier transforms (T'(z7) = ~;27) preserving



the set of univariate polynomials with real zeros. However, the first explicit

statement of this general problem was much more recent [12]:

Problem 1.0.3. For U C C, where U is a set of interest, we let m,(U) denote
the set of polynomials of degree at most n with no zeros in U. Determine all

linear transformations T : m,(U) — m,(U).

In [6-8], Borcea and Briandén completely solved this problem for U = H, the
upper half plane; furthermore, their general approach results in a classification
of both the linear transformations preserving the set of multi-affine, and gen-
eral multivariate stable polynomials (where U is a product of upper-half-planes).
From this result follows the surprising fact that the linear transformations 7;
induced by the evolution of the symmetric exclusion process naturally preserve
the stability condition. (There are more elementary proofs of this latter fact,
such as the one given in [34].) In Chapter 4 we will give examples of Markov
processes on the more general state space {0, 1,2,...}" (n < 00), which preserve

the generalized class of stable measures considered in Theorem 1.0.2.

Other non-trivial cases of Problem 1.1 remain unsolved, including the special
case U = C\ {z < 0}. A univariate polynomial f of degree at most n is in
7, (U) if and only if its zeros are real and non-positive, i.e., after multiplication
by a constant f is a generating polynomial for a stable probability measure on
{0,1,...,n}. This latter set has its own probabilistic relevance, as evidenced by

the following result from Chapter 4.

Theorem 1.0.4. A probability measure on the non-negative integers has the same
distribution as a (possibly infinite) sum of independent Bernoulli and Poisson
random variables, if and only if its generating function is a (coefficient-wise)

limat of stable polynomials.



See also Pitman [41] for more combinatorial and probabilistic properties of
generating functions with only real and non-positive zeros, and the connection

with Pélya frequency sequences.

Although we lack a general solution to Problem 1.1 in this case, we will
produce non-trivial examples of such stability preservers by considering birth-
death chains on the non-negative integers. Generating functions that are limits
of stable polynomials (and the corresponding probability measures, as in Theorem

1.0.4) will be referred to as t-stable.

Theorem 1.0.5. The birth-death chain {X;;t > 0} on {0,1,2,...} preserves the
class of t-stable measures if and only if the birth rates are constant and the death

rates satisfy O = dik + dok? for some constants di, ds.

Theorem 1.0.6. The birth-death chain {Xy;t > 0} on {0,1,...,N}, N > 3,
preserves the class of stable measures on {0,1,..., N} if and only if there are

constants by, by, dy, ds such that the birth and death rates satisfy

Be = by (N — k) + bo(N — k)2, 6 = dik + dak?. (1.0.7)

1.1 Notation

Our state spaces will usually be of the form {0, 1,...}", for some integer n. Ele-
ments of such product spaces will be denoted by 7, with 7(j) the j’th coordinate
of n. The letters p and v will refer to probability measures on {0, 1,...}", with
P# and E* being the probability and mathematical expectation under p. Fur-
thermore, for probability measures p we will always let
Sy = 3 a2 (111)
ne{0,1,... }n

denote its generating function.



One particular note of caution: polynomials will be written from a more alge-
braic perspective, i.e., the rings of polynomials C[x] and C[y| will be considered
as distinct, despite the obvious isomorphism. Thus, if 7" is a linear operator on

polynomials in the z variable, and h(x,y) = Y ¢;;z'y’, then
Tf(z,y) =Y ciT(a')y. (1.1.2)
2%

Single variables will be written in the normal fonts x, y, z, while boldface variables
are always multivariate: x generally refers to the collection xy, zo, . . ., x,, for some
fixed n. With [n] denoting the set of integers {1,2,...,n}, and S C [n], we will

use the compact notation x° to denote the monomial ] jes Tj-



CHAPTER 2

Stable polynomials

Our goal in this chapter is to give a mostly self-contained exposition of the theory
of stable polynomials, as developed by J. Borcea and P. Brandén [6-8], along with
their application to negative association [9] and Lee-Yang problems in statistical
physics [5].

Section 2.1 briefly describes the classical theory of interlacing univariate poly-
nomials, Section 2.2 gives the multivariate generalization, and Sections 2.3-2.5
are concerned with the linear transformations on polynomials preserving certain
properties of the roots. This is all part of the domain of classical analysis, but it
will be useful to keep in mind the examples of generating polynomials of proba-

bility measures, as defined above in (1.0.4).

We begin with the needed definition:

Definition 2.0.1. A polynomial f(x) € C[x] = Clzy,...,x,) is called stable if
f # 0 on the set

H" = {(z1,...,2,) € C": Im(z;) > 0 Vj}. (2.0.1)

Let B[x]| be the set of all stable polynomials in the variables x.

If f has only real coefficients, it is also called real stable. The corresponding

set of real stable polynomials is denoted Gpr[x].

Note that a univariate real stable polynomial can only have real zeros.



One key fact from complex analysis is the (multivariate) Hurwitz’s theorem

on zeros of analytic functions: (e.g. footnote 3 in [11])

Theorem 2.0.2. Let Q2 be a connected open subset of C". Suppose the analytic
functions { fr} converge uniformly on compact subsets of Q (normal convergence
in the vocabulary of complex analysis). If each fi has no zeros in ) then their
limit f is either identically zero, or has no zeros in ). In particular, a normal

limat of stable polynomials with bounded degree is either stable or 0.

Definition 2.0.3. An operation on stable polynomials (adding, multiplying, tak-
ing limits, derivatives, etc...) is said to preserve stability if the result is either

a stable polynomial or zero.

Some examples are: taking limits (Hurwitz’s theorem), permuting variables,

and dilations by positive constants (f(x) — f(aiz1,...,a,xy)).

Here are a few others.

Proposition 2.0.4. The following operations also preserve stability:

1. Restriction: for a € H, f(x) > f(a,za,...,2,).
2. Inversion: if f has degree d in 1, f(x) — z¢f(—x] 20, ..., 7).

3. Differentiation: for any 1 < j <mn, f(x)— 0;f(x).
Proof. Restriction is clear for a € H. For a € R, take

fe(x) =f(a+£,x2,-..,xn), (2.0.2)

which is stable for each k£ > 0. Taking k& — oo, we conclude the proof by Hurwitz’s

theorem.

For (2), note that x € H = —x~! € H.



For (3), we fix xa,...,2, in H, and let g(x) = f(x,zs,...,x,). Because f is
<

stable, the zeros 2, ..., z; of g satisfy Im(z;) < 0. Then

of(x) _ g(z1) d K k 1
f(x) - = d log {CH(I1 - Zj)} = Zl n—2 (2.0.3)

g(x1) ey .

which cannot be zero for z; € H, because each term in the latter sum has
strictly negative imaginary part. Since xs,...,x, are arbitrary values in H, 0, f

is stable. n

The work of Borcea and Brandén results in a successful classification of the
linear transformations preserving stability. The goal of sections 2.1-2.5 below
is to quickly obtain the sufficient conditions (showing necessity is often much
harder), which will be all we need for our applications in sections 2.6. Indeed,
these first few sections can be read almost independently from the rest of this

dissertation, if classical analysis is not to the reader’s taste.

Credit is due to the excellent survey of D. G. Wagner [54], which was the
inspiration for this chapter. Although the structure of this chapter is taken from
there, a key goal here is to make the circle of ideas involving interlacing roots, the
Wronskian, and Im( f/g) more concrete. For more on polynomials with interlacing
roots, see the book by Fisk on that subject [19]. Although almost all of this
chapter is written as an introduction, Proposition 2.6.5 in its full generality is

due to the author [53].

2.1 Univariate stable polynomials

Let us begin with f,g € Bg[z] (that is, real stable univariate polynomials). Let

ai, ..., and By, ..., 5, be the (ordered) zeros for f and g respectively, counted

10



with their multiplicities. We say that the zeros of f and g are interlaced if either
Sr<ar<fPa<ap <o, (2.1.1)
or
a <Pr<ap << (2.1.2)

Notice this ensures that |deg g — deg f| < 1. In particular, if fg has only simple
zeros, then f and g are interlaced if and only if there is a zero of f located between

any two zeros of g.

We assume for now that deg f < degg = n, with n > 1. Writing

gy(a) = 20

= , (2.1.3)
r — 53‘
by linear independence of the set {g; ..., gn, g} in the vector space of polynomials
of degree n = deg g, we see that there are unique by, ...,b,,a € R such that
f=ag+) b (2.1.4)
j=1

The Wronskian of f and g is defined as W[f,g] = f'9 — ¢'f.

Proposition 2.1.1. Suppose f,g € Gglz], deg f < degg =n, n > 1, and fg

has only simple zeros. Then the following are equivalent:

(a) The zeros of f and g are interlaced.

(b) The values f(B;) alternate sign.

(¢c) With f=ag+3_;b;g;, all the b; are non-zero and have the same sign.
(d) Either Im(f/g) <0 on H, or Im(f/g) >0 on H.

(e) Either W|f, gl(x) <0 for all x € R, or W[f,g] > 0 for all x € R.

11



Proof. (a) = (b). Since fg has only simple zeros, we have that 51 < a3 < s <
- (or with 8 and a switched). So if f(5;) and f(5;4+1) both have the same sign
then the zero at a; must be a local min or max, hence f’'(c;) = 0, contradicting

the assumption that f has only simple zeros.

(b) = (c). In equation (2.1.4), g;(/;) must alternate sign, so all the b; are of

the same sign.

(¢c) = (a). Plugging in the zeros of ¢ into (2.1.4) shows that the sequence

{f(B;),1 < j < n} alternates sign, so by continuity of f the zeros interlace.

(¢) = (d). Notice that

m(f/g) = Zb Im( ) (2.1.5)

]

(d) = (c). From (2.1.4), taking x = (; + ie for small e shows that each b; is
either of the same sign or 0. But if b; = 0 then the rational function f/g does

not have a pole at 3;, which contradicts fg having simple zeros.

(¢) < (e). Immediate from the calculation

W[f] -t
2 /9= <a+zx—ﬁ]> zj:b](x—ﬁj)2' (2.1.6)

]

The above relationship between interlacing roots, the Wronskian, and Im(f/g)
still holds when fg does not have simple roots:
Proposition 2.1.2. Let f,g € &g|x]. The following are equivalent:

(1) The zeros of f and g are interlaced.

(2) Either Im(f/g)(z) <0 for all z € H, or Im(f/g)(z) > 0 for all z € H,

(8) Either W([f, g](z) <0 for allx € R, or W|[f, gl(x) >0 for all x € R.

12



Proof. We show the equivalence of (1) and (2) only, since the equivalence of (1)

and (3) is obtained in exactly the same way.

(1) = (2). First interchange f and g so that deg(f) < deg(g). Now suppose
that the zeros interlace. By perturbing the roots of f and ¢ slightly so that fg
has simple roots, but with the same interlacing of the roots, we see by the above
proposition that either Im(f/g)(z) < 0 for all z € H, or Im(f/g)(z) > 0 for all

z € H. In the limit as the perturbations go to zero, we obtain (2).

(2) = (1). If f/g has only simple zeros and poles then we are done, because
we can divide out the common zeros from f and g to be left with f; and g; such
that fi/g1 = f/g and fi¢g; has only simple zeros. The above proposition then

implies that f and g have interlacing roots.

Now suppose instead that f/g has a zero or a pole of degree k > 2 at a. Then

for very small € > 0
arg(f/g)(a + ee) = £kif - (Cy + O(e)), (2.1.7)

so by varying 0 € (0,7) we can flip the sign of Im(f/g), contradicting our as-

sumption of (2). O

Here are some ways to characterize when the zeros of f and g interlace in
a particular direction. The equivalence of (a) and (c) is known as the Hermite-
Biehler Theorem.
Theorem 2.1.3. Suppose f,g € R[z]\ {0}. Then the following are equivalent:

(a) The complex polynomial g +if is stable.

(b) f,g € Gglz] and Im(f/g) <0 on H.

(c) fyg € Brlz]|, and W[f, g](z) <0 for all x € R.

(d) The real bi-variate polynomial g(z) + yf(x) € Gglz,y].

13



Proof. (b) = (a). If Im(f/g) <0 on H then ®(1+if/g) >1onH, so g+ifis
complex stable.

(a) = (d). Let {6;;1 < j < deg(g+if)} be the zeros of h = g +if. As
h(z) = c]](z — 0;) is complex stable, Im(#;) < 0 for all j, so for z € H we have

|z —6,| > |z — 0|, and hence

h(2)] = 19(2) +if (2)] = lg(z) —if(2)| < lg(2) +if (2)]. (2.1.8)
Dividing by g¢(z) we obtain |1 —if/g| < |1 +if/g|, hence Im(f/g) < 0 on H,
except where g = 0 (we do not know that g and f are stable, so we cannot yet

conclude (b)). Notice that f and g have no common zeros in H, so if 2 € H and

f(z) =0, then h(z,y) = g(x) # 0. If z € H and f(x) # 0, then
Im[(g/f)(z) +y] > Imy > 0 for y € H, (2.1.9)

which shows (d).

(d) = (b). Assuming g(z)+yf(z) is stable, by restriction to y = 0 we see that
g is stable. Furthermore, for each y € R we have y~'g + f € &g|x], so by taking
y — oo and Hurwitz’ theorem we see that f is stable also. Since (g/f)(x) +y

has no zeros for x,y € H, we must have Im(g/f) > 0 on H, which implies (b).

(b) < (c). Assuming either statement, by Proposition 2.1.2 the zeros of f and
g are interlaced. Perturbing the roots (while keeping the same interlacing order)
so that fg has only simple zeros, we see from Proposition 2.1.1 that the signs of
Im(f/g)(z) and W{f, g|](x) are the same for all z € H and z € R. This equivalence

of (b) and (c) continues to hold as we take the perturbations to zero. O

Definition 2.1.4. We will say that f and g are in proper position, denoted

f < g, if one of the equivalent conditions in Theorem 2.1.3 hold.

Borcea and Bréndén initially consider (c) as their definition of proper position,

but later — for multivariate purposes — consider (a) to be the right definition.

14



Indeed, (a) does not need the assumption that f, g are both real stable. However,
(b) will be an easier condition to use, especially as we will often suppose f and

g to be stable.

The Obreschkoff theorem states that all linear combinations of two stable

polynomials are stable if and only if their zeros are interlaced:

Theorem 2.1.5. Suppose f,g € &glz]. Then af + bg € Sglx] U {0} for all
a,be R if and only if f < g org< f.

Proof. We can assume that deg f < degg.

If f/g is constant the result is clear, so we assume otherwise. Perturbing the
roots of f and ¢ as in the proof of Proposition 2.1.2, we can also assume that fg

has simple roots.

If f < g, then for any a # 0, Im[a(f/g) + b] # 0 everywhere on H by
Proposition 2.1.1. Hence af + bg has no zeros in H. The same holds if g < f.

Conversely, suppose af + bg has no roots in H for all a,b € R not both zero.
Then if Im(f/g)(x) = 0 for some x € H, we can choose a # 0,b € R such that
a(f/g) + b has a zero at x, a contradiction. Hence Im(f/g) # 0 everywhere on
H, so by continuity f < g or g < f. ]

2.2 Multivariate stability

There is one trivial observation that allows us to describe multivariate stability

in terms of univariate stability:

Proposition 2.2.1. f € &g[x] iff f(a+tb) € &g[t] for alla,b € R", b > 0.

Proof. Notice that any z € H" can be written as z = a+tb, fora,b € R", b > 0,

and t € H. Conversely, any a + tb of that form lies in H". O
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We want to extend the concept of proper position to multivariate polynomials.
Fortunately, all of our equivalent conditions in Proposition 2.1.4 extend to the

multivariate case, with just one change.
Define the j-th Wronskian to be
Wilf.gl =0;f -9—f- 059 (2.2.1)
Proposition 2.2.2. Suppose f,g € R[x|\{0}. Then the following are equivalent:
(a) g+if € &[x].
(b) f,g € Brlx] and Im(f/g) <0 on H".
(c) f,g € &r[x] and Wj[f, g](x) <0 for all j € [n] and x € R™.

(d) 9(x) +yf(x) € Gglx,y].

Proof. (a) < (b). Clear from Propositions 2.2.1 and 2.1.3.

(b) = (d). Note that Im[(g/f)(x) +y] > Imy > 0 for x € H",y € H, which
implies (d).

(d) = (b). Set y =i.

(b) = (c). Let e; be the vector (0,...,1,0,...,0) € R* with the 1 in the j'th
coordinate. If (b) holds then

f(c+ejt)
Im (—g(c - ejt)> <0 (2.2.2)

for all c € R™ and ¢ € H, hence by Proposition 2.1.2(b) we see that
Wilf, 9l(c+e;t) = W[f(c+ejt),g(c+e;t)] <0, forall t € R. (2.2.3)
As ¢ € R" was arbitrary we obtain (c) by setting ¢t = 0.
(c) = (b). Notice by the chain rule that
W(f(c+dt), g(c+dt)] = Xn:djo [f,gl(c+dt) <0 for all c,d € R",d > 0,t € R.

j=1

(2.2.4)
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Then by the equivalence (b) < (c) in Theorem 2.1.3 we see that Im(f(c +
dt)/g(c+dt)) <0 for all t € H, and so f < g by Proposition 2.2.1. O

So we say again that f < ¢ if any of the above equivalent conditions are

satisfied.
Extending the Obreschkoff theorem is almost as trivial now:

Theorem 2.2.3. Suppose f,g € &gr[x]. Then af + bg € Gg[x] U {0} for all
a,be R if and only if f < g org< f.

Proof. The claim is obvious if one of f, g is zero, so assume otherwise. Suppose
af +bg € Gglx]. If Im(f/g(z)) = 0 for some z € H" then with b = (f/g)(z)
we have that f — bg has a zero in H"”, which by assumption can only happen if
f =bg. Hence Im(f/g) # 0 on H", so by continuity either f < g or g < f.

In the other direction, suppose that f < g. Then f(c + td) < g(c + td)
for all ¢,d € R™ with d > 0, and so by the univariate Obreshkoff theorem
af(c+td) + bf(c+ td) € &g[t] for all a,b € R. The above proposition then
shows us that af + bg € Gg[x]. O

Here is a key lemma, essentially due to Lieb and Sokal [29].

Lemma 2.2.4. If g+ yf is stable then g — 0;f is either stable or zero.

Proof. We can assume that j = 1. Notice that

g of
g—@f:f[———} 92.2.5
| P (2.2.5)
If 9,f = 0, we are clearly done. If not, for each (s, ...,,) consider f(z) :=

f(z,xq,...,x,). Let the roots of f beai,...,ag Then

Im (%fch)) = Im (zd: - :1%> > 0 for all z € H. (2.2.6)

k=1
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(Recall that the roots must have non-positive imaginary part.) As this holds for
all choices of (z,...,2,), we see that Im(—0,f/f) > 0 for all x € H". Now by
Theorem 2.2.2, Im(g/f) > 0 on H", and hence

9 a1]‘5]
Im|= ——| >0. 2.2.7
-5 227
Multiplying by f we have that ¢ — 0 f is stable. [

2.3 Multiaffine stable polynomials

We say that a multivariate polynomial is multiaffine if it has degree at most 1 in
each variable. In particular, this includes the generating functions f, of measures
on {0,1}" via equation (1.0.4).

Now, any multiaffine f(x) can be written as f = f/+ux; f;, where we are using

the very compact notation

(%)= flzy, 21,0, 2501, ..., 7)), (2.3.1)

and

ﬁ@%ﬁ%ﬂ@- 232)

Now Proposition 2.2.2 shows us that stability of f7 + x;f; is related to the

quantity Wy[f;, f7] for k # j. Expanding out

f= 5 anflaf] + agef, (2.3.3)
we observe that
Wilfss £] = fef? = fifl = Fnf7 = fF £ (2.3.4)
Let
Ml =gt = £ g 2.3.5)
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Expanding this out we see that A, = —Wy[f;, f/]. The condition
Ajpf(x)>0forallx e R", andall 1 <j#k<n (2.3.6)

is known as the strong Rayleigh condition. Notice what this says for probability
measures f with generating polynomial f,: since (f,);(1) = 0;f.(1,...,1) =

w(n(j) = 1), the strong Rayleigh condition implies that

0 < Ajrfu(1) = p(n(g) = Dun(k) =1) —un() = 1,nk) =1),  (2.3.7)

which is precisely the statement that p is pairwise negatively correlated.

The strong Rayleigh condition also gives us an effective criterion for stability:

Theorem 2.3.1. Suppose f € R[x] is multiaffine. Then f € Gg[x] if and only
if Ajef(x) >0 for all j # k, x € R™.

Proof. If f = f' + x, f1 is stable, then by restriction to z; = 0 and z; — 0o we
see that f! and f; are stable. Proposition 2.2.2 implies that —Wy[f;, f7](x) =
A f(x) >0 for all j # k and x € R™.

For the converse, suppose A, f(x) > 0 for all j # k and x € R". We will
show f is stable by induction on n. If n =1 then f is automatically stable. For
n > 1, we fix a € R and set g(x) = f(a,x), with x € R"™'. Now Aj,g(x) =
Ajif(a,x) >0 for j,k > 1, j # k. Hence by induction g = f' + af; is stable.
Setting a = 0 and taking a — oo we see that both f! and f; are stable. As
Wilfs, /7] = =Ajif < 0 on R", Proposition 2.2.2 implies that f = f!'+ a1 f; is
stable. O

Our goal now is to find general conditions for a linear operator T to pre-
serve stability. We have just been considering multiaffine polynomials. When is

stability preserved in this case?
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Theorem 2.3.2. Suppose T is a linear operator on multi-affine polynomials in
the n variables w1, ..., x,. Consider the polynomial h(x,y) = [[:_,(x; + vi) in
2n wvariables. We can apply T to h by first fixing y1, ...,y (see also equation
(1.1.2)). Suppose the result

T(h)(x1,. . Tn,Y1,---,Yn) € C[x,y] (2.3.8)

15 stable. Then T preserves n-variable stability.

Proof. By inversion (see (b) of Proposition 2.0.4),
T (H(yz + xz)) =1 ya)T (H(l + xiyi_l)>
i=1
= T (TI0 - 2n) = 3 T (-y)°
ScCn]

is also stable. Then for any stable f,

> TS (=y)  f(z) (2.3.9)

SC[n]
is H3"-stable. Now use the Lieb-Sokal lemma (Lemma 2.2.4) to replace term-by-
term —y; with 0z;. Restricting to z = 0 and recalling the compact notation seen
in (2.3.3) for multiaffine f, this expression becomes exactly

ST N = Th(x). (2.3.10)

SCln]

]

Remark 2.3.3. As long as the image of T' has dimension at least 2, the converse

also holds.

Here is an application of this theorem that will be very useful in both the

next section and the following chapter. Define

Thf=0=p)f +prirf, (2.3.11)
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where 7, exchanges the x; and xj, coordinates.

In particular, if one exchanges the contents of the sites j, k with probability
p, and f, is the initial generating polynomial for p, then T'f, is the generating
polynomial for p after the random exchange. This transformation is thus the

building block for the symmetric exclusion process, as we will see in Section 3.5.

Proposition 2.3.4. The linear transformation Tﬁ, preserves multiaffine stability.

Proof. We can assume that j = 1, £ = 2, and so then by Theorem 2.3.2 we need

only show that

T (21 + y1) (2 + y2)) = 2122 + [pr2 + (1 = p)zi]yr + [pr1 + (1 — p)zo]ys + y1v2
(2.3.12)
is H*-stable. We do this by using the strong Rayleigh condition (Theorem 2.3.1).

Renaming y; = 3, y2 = x4, one can compute
Aji{ s + [pra + (1 — p)ai]as + [pr1 + (1 — p)wa)ay + z324} (2.3.13)

for j # k to see that it is always non-negative. For example (after canceling and

combining terms), Ay, = p(1 — p)(z3 — x4)% O

2.4 General stable polynomials

We now consider stability preservers of non-multiaffine polynomials. In order to
use Lemma 2.2.4 like we did above, we need to represent general polynomials in
a multiaffine way. Let f(x) be a polynomial of degree d. Now define the j’th
elementary symmetric function of x to be

€; (X) = Z XS = Z iy Lijg *** JIZ'].. (241)

Sc[d):|S|=j 1<y <ig<-+<i;<d
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For f(x) = Z?:o a;x?, define the d’th polarization of f to be

Pol, f(x) = i a @ _1ej<x>. (2.4.2)

j=0
The d-th polarization of a multivariate polynomial is then defined to be the

composition of polarizations in each variable.

Notice that going from Poly f to f is straightforward: Poly f(z,z,...,x) =
f(z). In particular, if Pol; f is H"-stable then f is H-stable. What about the
converse? This is one form of the Grace-Walsh-Szego theorem (for some other

forms, see chapter 5 of [46]).

Theorem 2.4.1. Suppose that f(x) is a univariate, stable polynomial of degree
d. Then Poly f(x) is a H?-stable polynomial.

Proof. (Sketch). Recall from Proposition 2.3.4 that the linear operator

Trf = %[f + Tjw ] (2.4.3)

preserves stability, where 7; interchanges x;, x;. Now if f(z) =0 H?Zl(x — ),

where Im(c;) < 0 for each j, so that f is stable, then
d
9(x) =b][(z; — ) (2.4.4)
j=1

is He-stable. We will show that by applying to g the operators T} infinitely

many times, we end up with Pol, f. Indeed, we claim that by applying || ik Lk
repeatedly, any x;, ---x; will converge to (f)_leT(X). If this is true, then by

expanding out ¢g(x) and using the linearity of 7}, we see that

(HTM> mg(x) — Poly f(x), as m — 0o, (2.4.5)

j<k
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so by preservation of stability under the 7}, and Hurwitz’ theorem we can con-
clude that Poly f(x) is stable. (The convergence here and below is in the sense

of the coefficients, which implies uniform convergence on compact sets.)

To show the claim, consider the following discrete-time Markov chain on the
state space Q@ = {n € {0,1}% > n(j) = r} - the space of configurations of r
particles on {1,...,d} subject to at most one particle per site. Let T be the
ordered set of all transpositions (j k) of [d], j < k. At each time step we consider
all the transpositions (7 k) € T in order, flipping a fair coin to determine whether
or not to exchange the contents of sites 7 and k. This chain is irreducible,
as the transpositions generate S;, and is aperiodic, because any permutation
is a composition of at most d transpositions. By the fundamental convergence
theorem for finite Markov chains, from any initial configuration the distribution
of the chain converges to the unique invariant measure, which is the uniform

measure on 2.

Now we note that fy(x) = xj, - - - z;, is the generating function for the initial
condition with particles at sites ji,...,J, and that at the n’th time step the
generating function is

fa(x) = ( 11 T.,k) Fr1(x). (2.4.6)
j<k
Crucially, the generating function for the uniform measure on €2 is (f)_ler(x),

proving the claim. O

From this we can obtain a sufficient condition for a linear differential operator
to preserve stability. First consider the following generalization of the Lieb-Sokal
lemma. For the following statement to be well defined, we write each monomial

of f(x) with the z; in increasing order. For example, if f(z1,x9,23) = z12223,
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then

0 , 9,
f(a—xs, T2, Ig) = T2, while f(.il;l, Ta, 8_1‘1) =0. (247)
Lemma 2.4.2. Suppose that f(xy,...,z,) € C[x]| is stable. Then for any
f(x T _9 T x) (2.4.8)
1.5 d5-1, 8[13};;’ J+1ly -y dn .

15 either stable or the zero polynomial.

Proof. This is of course only interesting if j < k, as the result would be zero
otherwise. By fixing the variables x; for i ¢ {j,k}, we need only show that
f(x,y) is H2-stable implies that f<_a%7 y) is H-stable. With d the degree of f in
the first variable, we consider the polarization Poly f(x1, ..., x4,y), which is also
stable by the above theorem. Then Pol; f is multi-affine in the first d variables,

so we can replace each x; by _a% by Lemma 2.2.4. But

0 0
Poly f(—=—,...,—— 2.4.9
Olg f( ayu ’ ayu y) ( )
collapses to f (—a%, y), which is then stable or zero. O
Theorem 2.4.3 (Half of Theorem 1.2 of [8]). Let
o°
T — a 4.
D capx . (2.4.10)
a,FEN"
be a differential operator of finite order. Let
Fr(x,y) = Z CaXy” (2.4.11)
a,B

be the symbol of T. If Fr(x,—y) € C[x,y]| is stable then T' preserves stability.
Proof. If f(z) is stable, then so is
> capx®(=y)° f(2). (2.4.12)
a,B8

Using the above lemma to replace the —y; with % and then setting z = x, we
J

find that T'(f) is stable. O
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2.5 Stability for general half-planes

So far, we have only considered stability to mean an absence of zeros when all
coordinates are in the upper half plane H. We can easily consider other half-
planes, such as

Hp = {e ®z: 2z € H}. (2.5.1)

Chief among these is the open right half-plane, H /o, which will have application
to the Lee-Yang Circle Theorem in the next section. A H y-stable polynomial
is also known as (weakly) Hurwitz stable. Luckily, much of the above theory
carries over to Hy-stable polynomials by merely noting that f(z) is Hy-stable if
and only if f(e *z) is Hy-stable. In particular, for Hy /2 the Lieb-Sokal lemma

has the following formulation:

Lemma 2.5.1. If g+ yf is H,/-stable then so is g+ 0; f.

The Grace-Walsh-Szego theorem carries over verbatim, and so by inspection

we have the following theorem for Hurwitz stability preservers:

Theorem 2.5.2. Let

o 0
T= ) copx P (2.5.2)
a,FEN”

be a differential operator of finite order. Let
Fr(x,y) = Z CogXy” (2.5.3)
a,

be the symbol of T. If Fr(x,y) € C[x,y] is H?}Q-stable then T preserves HY ,-

stability.
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2.6 Applications of stable polynomials

2.6.1 Lee-Yang Circle Theorem

Consider the Ising model on the finite lattice [n] with complex fugacities (exter-
nal magnetic field) (hq, ..., h,) and coupling constants .J;; — which encode the

geometry of the lattice. Then the partition function is written as
Z(h, ... hy) = Z e h 225 k=1 Jikn(in(k) (2.6.1)
776{—171}"

In the 50’s, Lee and Yang [26] investigated the phase transitions of the Ising
model by considering where the zeros of this partition function accumulated. The
motivation here is that the free energy is the log of the partition function, so for
non-analyticities to form in the thermodynamic limit at some h there needs to

be a cluster of partition function zeros coming arbitrarily close to h.

Recall the definition of H /2 from Section 2.5.
Theorem 2.6.1. (Lee-Yang circle theorem.) If Jj, > 0 for all 1 < j, k <n (i.e.
the Ising model is ferromagnetic), then

(a) Z(ha, ..., hy) has no zeros in H ,.

(b) All zeros of Z(h, ..., h) lie on the imaginary azis.

In particular, this shows that the Ising model has no phase transitions in the
presence of an external magnetic field.

It is termed the “circle theorem” by considering the change of variables w = e”

— then all zeros lie on the unit circle in the complex plane.

We present here the quick proof given in [5].

Proof. Notice that (b) follows from (a) by considering n — —n.

26



For (a), suppose first that J;;, = 0 for all j, k. Then
Z(hy,... hy) = (e" +e M) (e 4 e, (2.6.2)
which is the normal limit of the product of the Hy o-stable polynomials

(1+ hi/k)" + (1 — hi/k)". (2.6.3)

Now, suppose Jj; = 0 for some j, k, and that Z(h4, ..., h,) is the normal limit
of HZ/Q—stable polynomials. Now change Jjj, to be positive, and let Zj;(hy, . .., hy,)
be the resulting partition function. The theorem follows if we can show that Zj;

is again a normal limit of H” /2—stable polynomials.

Now one can check directly from (2.6.1) that

2

Oh;Ohy,

1
ij(hl, ey hn) — — (GJ]k +6—ij) _I__ (ejjk o e—ij>

5 Z(h1, ... hy). (2.6.4)

The operator T' = a + b0j;, has symbol Fr(x,y) = a + by;yx, which is clearly
a H?}Q—stable polynomial for a,b > 0. Theorem 2.5.2 shows that 7' preserves
stability, and so as there are stable fi converging to Z normally, T'(fy) — 1T(Z) =
Zji, normally. O]

2.6.2 Negative association

In this section we let mu be a probability measure on {0,1}". Recall that if p

has stable generating function
Falmy, . my) = BT ), (2.6.5)

we say that p is a stable probability measure. By Theorem 2.3.1, f, also satisfies
the strong Rayleigh condition (2.3.6). Because of this connection, the terms

“stable” and “strong Rayleigh” are used interchangeably.
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In the setting {0,1}° for S infinite, we say that the measure p is strong
Rayleigh if every projection of ;1 onto finitely many coordinates is strong Rayleigh.
One class of strong Rayleigh measures is given by the product probability mea-
sures on {0,1}°. Indeed, if p is a product measure with probabilities u(n(j) =
1) = pj, then for any finite 7" C S the generating function of the projection p|p
can be expressed as

e () =B T2 = [T B2 = [T10 = py) + pyay), (2.6.6)
JET JET jJET
a product of stable linear factors.

There is already a well-developed theory of positive correlations, starting from
the Harris inequality for product measures, and culminating with the celebrated
FKG inequality. Recall that a measure p is positively associated if for all mono-

tone increasing functions f, g — assuming the natural partial ordering on {0, 1}°

/fgdu > /fdu/gdu-

Theorem 2.6.2 (FKG Theorem). Suppose p is a probability measure on {0,1}",

satisfying the lattice condition

p(C AV n) = u(C)u(n), for alln,¢ € {0,1}". (2.6.7)

Of course, C A (V' n) is the coordinate-wise minimum (mazimum) of n and C.

Then p is positively associated.

Considering also a time component, as with interacting particle systems, it
is known that “attractive” spin-flip dynamics — satisfied by the ferromagnetic
Ising and Voter models, for example — preserve positive association. That is,
assuming an initial distribution that is positively associated, the distribution of
the process at later times is still positively associated. For this result of Harris,

and the definition of “attractive”, we refer the reader to chapters 2 and 3 of [30].
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We consider the following analogue for negative correlations: pu is negatively

/fgdu < /fdu/gdu, (2.6.8)

for all increasing functions f, g that depend on disjoint sets of coordinates. The

associated if

latter condition is required by the fact that any random variable is positively
correlated with itself.

Constructing a general theory of negative dependence has not been easy — see
[39] for a survey of the many earlier attempts. Surprisingly, the theory of stable
polynomials provides a very strong, yet analytically flexible notion of negative

dependence.

At the most basic level, one notices that a probability measure p satisfying
the strong Rayleigh property with the vector (1,1,...,1) has pairwise negative
correlations:

E*(njne) < En;E"n, for each j # k. (2.6.9)

In fact, stable measures satisfy much stronger negative dependence properties.
From a review of the literature, Borcea, Brandén and Liggett assembled the

following theorem:

Theorem 2.6.3 (Theorem 4.8 of [9]). Let P be a set of probability measures

satisfying:

1. Each p € P is a measure on {0,1}F, E C {1,2,3,...} some finite subset

depending on L.
2. P is closed under conditioning.

3. FEach p € P has pairwise negative correlations (see equation (2.6.9)).

29



4. Each p € P has homogeneous generating polynomial (i.e, each monomial

in f, has the same degree).
Then every u € P is negatively associated.

The class of homogeneous stable measures easily satisfies the above condi-
tions. Furthermore, certain symmetrization and homogenizing procedures —
via hyperbolic polynomials — preserve stability; hence one can show that non-
homogeneous stable probability measures are also negatively associated. See §4.1

in [9] for details. We restate this in the following theorem:

Theorem 2.6.4 (Theorem 4.9 of [9]). Suppose a probability measure yi on {0,1}°,

S countable, has a stable generating function. Then u is negatively associated.

In Chapter 3 we will prove a generalization of this theorem for measures on

{0,1,2,...}5.

2.6.3 Distribution of particle counts

Given a measure p on {0,1}°, we would like to gain some understanding of the
distribution of the total number of 1’s in certain subsets. This will be useful in
the next chapter when we analyze the current flow of particles in the symmetric
exclusion process. For S finite, the following theorem goes back to Lévy [28]. See
also Pitman [41] for more combinatorial and probabilistic properties of generating

function zeros, and the connection with Pélya frequency sequences.

Proposition 2.6.5. Suppose p is a stable measure on {0,1}%. Then for each
T C S there ezists a collection {(y;x € T} of independent Bernoulli random
variables, such that ) _.n(x) has the same distribution as ) . (.. Note that

each (. depends on T.
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Combining the above proposition with standard conditions for convergence to
the normal distribution yields a central limit theorem for strong Rayleigh random

variables.

Proposition 2.6.6. Suppose that for each n the collection of Bernoulli random
variables {n,(x);x € S} determines a stable probability measure on {0,1}°. Fur-
thermore, assume the variances Var() . onn(x)) tend to infinity as n — oo.

Then
Zs () — E(Zs ()
v Var(3og mn(x))

These kinds of results were already known for determinantal processes — see

4 N(0,1) as n — . (2.6.10)

[20,36] — although this is hardly a coincidence, as a large subset of determinantal

measures are strong Rayleigh [9, Proposition 3.5].

We conclude this chapter by proving Proposition 2.6.5.

Proof. By a generalization of the Borel-Cantelli lemmas [16], applied to the neg-
atively dependent events {n(z) = 1},
Zn(x) = 00, p-a.s. if E# Zn(m) = 00. (2.6.11)
xzcT xeT
In this case the proposition is trivially true, hence we may assume that
B " n(x) < oo. (2.6.12)
zeT
First take an increasing sequence of finite subsets 7,, /' T. Now define for z € C

the polynomials

Qn(z) = EFz2aer, 1), (2.6.13)

The limit
Q(z) = BFz2eer (@) (2.6.14)
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exists, and in fact (), — @ uniformly on compact sets. Indeed,

|Qn(z) — Q(2)| <E

ZZzeTn 17(:6) |:1 — ZZEGT\Tn 7’](3})] ’

< E”(max {1, |Z|Zw6T "(z)}l{n;_o on T\Tn})'

Now for |z| =r > 1, r! is an increasing function of ¢, so the negative dependence
property of p (2.6.8), implies that
Eryver @) < TTEA™ = T+ (r = DE*p(a)] < €™ Zeer1®) < oo,
zeT zeT
(2.6.15)
(The last inequality uses the estimate 1+ x < e®.) Dominated convergence then
gives the normal convergence (), — (). In particular, () is entire and has at most

exponential growth.

Claim: The limit Q(z) factors into
Qz) = "I =2, (2.6.16)

for some o > 0, ar <0 and > (1 —a)™! < oo.

Indeed, this is a trivial consequence of a classical theorem on entire functions
[27, VIII, Theorem 1], which shows an equivalent factorization when the zeros
lie in an arc of angle strictly less than 7. In our case — the zeros lying on the
negative real axis, and an exponential bound such as (2.6.15) — the proof is much
simpler, and we will reproduce it now.

By stability, and since the coefficients are all non-negative, @, (z) has only
real non-positive zeros, say, {a§~n); 1 <j <n}. Let {a;} be the set of zeros of Q.
Since {Q,;n > 0} is a normal family, the zeros of @),, converge to the zeros of @,

and all zeros of () are accounted for. Furthermore, @),,(1) = 1 for all n because u
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is a probability measure, so we can write

B z—a;" _ 1—=2
Qn(z) = H1 - H1 [1 —w a<.")] . (2.6.17)
J= J J= J

Since Qn(0) — Q(0), we see that - (1 — aén))_l stays bounded, so that

R(z) = [[ -—= (2.6.18)

1—CL]'

J
is entire. Thus Q(z)/R(2) is an entire function with no zeros, Q(1)/R(1) = 1,
and the estimate (2.6.15) implies that Q(z)/R(z) has order of growth at most 1.
That is, Q(z)/R(z) = ¢~V which proves the claim. (The fact that ¢ > 0 is

obvious from the coefficients of ) being all non-negative.)

To conclude the proof it is enough to show that ¢ = 0, because then

1—Clj

Q) =72 =Tlb=+0-n). (2:6.19)

where p; = 1/(1 —a;). But this last expression is just the generating function for

the sum of independent Bernoulli r.v.’s having the parameters py.

To obtain o = 0, we show that |Q(z)| < e?l for any ¢ > 0 and |z| large
enough. It is clear that |Q(z)| < Q(]z]), hence we consider only z = r > 1.
Recall from (2.6.15) that

Q(r) <[]+ (r — DE*n(2)). (2.6.20)
zeT
Let
a, = Efn(x). (2.6.21)
With a = ", a, < oo, note that #{z : a, > r~1/?} < ar'/2. Then by a trivial
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bound we have

Q(ﬂg( H r)< H e(rl)az)

ap>r—1/2 ap<r—1/2
1/2
<r""exp ((T - 1) g al,).
CLIST_l/Q

As r — oo the sum inside the exponential goes to zero, which concludes the

proof. O]
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CHAPTER 3

Current flow in the symmetric exclusion process

3.1 Introduction

The exclusion process on a countable set S is a continuous-time Markov process
describing the motion of an interacting family of Markov chains on S, subject to
the condition that each site can contain only one particle at a time. With the
assumption that the jump rates from sites x to sites y satisfy p(z,y) = p(y, x),

the resulting process is termed the symmetric exclusion process (SEP).

In conservative particle systems such as the exclusion process and the zero-
range process — systems where particles are neither created nor destroyed — one
topic of study is the bulk flow or current of particles. By this we mean the net
amount of particles that have flowed from one part of the system into the other.
Finding the expected current in such systems is usually quite straightforward,
however, given the interdependence of the particle motions, characterizing the
current fluctuations is a harder problem. In the case of asymmetric exclusion on
the integer lattice, the variance of the current as seen by a moving observer has
been shown to have the curious order of t2/3, with connections to random matrix

theory [4,18,52].

For symmetric exclusion on Z, when only nearest-neighbor jumps are allowed,

the current flow is intimately tied to the classical problem of determining the mo-

The material in this chapter is based on [53].
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tion of a tagged particle. This is especially clear when the process is started from
the equilibrium measure v, — the homogeneous product measure on {0, 1}* with
density p. Since particles cannot jump over each other, and the spacings between
subsequent particles are independent geometric-(p) random variables, the tagged
particle’s displacement is asymptotically proportional to the current across the
origin. In this case Arratia [2] gave the first central limit theorem for a tagged
particle, and Peligrad and Sethuraman [38] showed process-level convergence of
the current (and hence of a tagged particle) to a fractional Brownian motion.
Non-equilibrium results were obtained by Jara and Landim [24,25] under a hy-
drodynamic rescaling of the process, even with non-translation invariant jump
rates (quenched random bond disorder). The heat equation machinery used there
requires the initial distributions to be smooth profiles, giving results only in an

average sense.

More recently, Derrida and Gerschenfeld [14] applied techniques used for the
more difficult asymmetric exclusion [52] to SEP, obtaining asymptotics for the
cumulants of the (non-normalized) current. Although their results are sharp,
translation invariance of the jump rates and a step-initial condition seem to be

required by that approach.

In this chapter we exploit the theory of stable polynomials to obtain a central
limit theorem for the current throughout a wide range of transition rates and

initial conditions.

3.2 The stirring process

In this section we give a brief sketch of how to construct Harris’s stirring rep-

resentation of the symmetric exclusion process. For simplicity, we consider the
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set of sites to be the integer lattice Z, and assume the symmetric jump rates

p(z,y) = p(y, z) are uniformly bounded.

The stirring representation is a collection of randomly jumping labels. Initially

(at time zero), we place at each site z € Z the label x.

With each pair of sites {x,y} we associate an independent Poisson process
(clock) N{=¥} with the rate p(x,y). When the clock N1#¥} rings, the labels at

and y switch places.

Let & denote the position at time ¢ of the label z, and let L;(x) denote the
label occupying site x at time ¢. Note that {§ = o = Lo(z) for all z. In particular,

if the clock N1*¥} rings at time ¢, we see that

Ly) ifz==x
L, = L{Y, where L™Y(z) = L(z) ifz=y (3.2.1)
L(z) ifz#uxy
Given a realization of the Poisson clocks, there are two sources of ambiguity when
defining & (equivalently, Li(x)). One ambiguity occurs if two Poisson clocks ring

at the very same time (which transposition should be applied first?), however, we

can ensure that this can’t happen by first restricting to a set of full probability.

Another ambiguity can arise if there is a sequence of clocks, ringing at times
t >t >ty > --- >0, which carries a label along infinitely many jumps before
this fixed time. In other words, we must show that the collection of bonds does
not percolate, i.e., the graph of sites Z, containing only those (undirected) edges
{z,y} for which the associated Poisson clocks have rung before time ¢, does not

contain an connected infinite subgraph.

Suppose that the rates satisfy a finite-range condition: with N fixed,

p(z,y) =0 for all |z —y| > N. (3.2.2)
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Then the events

Ay := {none of the clocks N1*%} with 2 < 2kN < y have rung by time ¢}

(3.2.3)
are independent of each other, and the uniform boundedness condition on the
rates ensures that P(Ay) is uniformly bounded away from zero. Thus the second
Borel-Cantelli Lemma ensures for an a.s. realization of the clocks, and for any
fixed time ¢, that Z can be partitioned into finite sets with no jumps attempted
between them before t. As within each finite set there are a.s. only finitely many
attempted jumps, the value of L,;(z) is defined by applying a finite number of

transpositions (3.2.1) to the initial state Ly (where of course Lo(x) = z).
Using a percolation result of Schulman [45], one can still construct the process

of labels {&;t > 0} under the weaker

Assumption 3.2.1. There is a function p : Z — R, satisfying a first moment

condition

> Jzlp(x) < oo, (3.2.4)

rEZL
such that p(x,y) <Py — x) for all z,y € Z.

3.3 Symmetric exclusion

Given an initial state n € {0, 1}%, we can now construct the symmetric exclusion

process {n;;t > 0} by setting

m(x) = n(Li(z)). (3.3.1)

Notice that if the clock N1#¥} rings at time ¢, this produces an effect on the prior
state my_ if and only if there is one particle and one hole between sites x and y;

in that case they switch locations.
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The main references for symmetric exclusion, and interacting particle systems
in general, are the books by Liggett [30,31]. For convenience we reproduce some

useful facts below.

Let P7 and E7 be the probability and expectation, respectively, given that
the process has initial configuration 1. As SEP is a Feller process, the associated
Markov semigroup {S(¢);¢ > 0} on continuous functions f : {0,1}* — R can be
defined:

S(t)f(n) =E"f (). (3.3.2)

Given the process with an initial distribution p on {0, 1}2, the distribution at

a later time ¢ will be denoted by p; = pS(t), where

/ F S @) (n) = / S(8)f(n)du(n). (3.3.3)

Once we have the Markov semigroup, recall that we can form the infinitesimal

generator:
Lf=lim % (3.3.4)

acting on functions for which the limit exists under uniform convergence. In the

case of SEP, the infinitesimal generator has the particularly simple form

Lfm) =Y pla,y)f ") — f(n)). (3.3.5)

T, YEZL

(Recall that n™¥ is defined as in equation (3.2.1).)

We recall that there is a one-to-one correspondence between Feller processes,
Markov semigroups, and infinitesimal generators. In fact, the usual way to con-
struct interacting particle systems is to first write down the form of the infinites-
imal generator when applied to local functions, and then use this correspondence

to form the stochastic process. As exhibited here, the infinitesimal generator is
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usually straightforward to write down from an intuitive description of the pro-
cess; however, verifying the technical conditions a generator needs to satisfy is

not easy. Again, [30] gives the general account of how this is done.

Using the relation

()7 = £5()f = S(Ls (3.3.6)

for all f in the domain of £, the following formula is straightforward:

Proposition 3.3.1 (Integration by parts formula). Suppose that LV, £ are
the infinitesimal generators associated with the semigroups SM(t), S@(t). Sup-
pose D is a set of functions on {0,1}Z with the following properties:

(1) SU(t): D — D for allt >0, j =1,2.

(2) D is a subset of the domains of the generators L9, j =1,2.

Then for any f € D,

SO () — SO ) f = / 5@ (t —s)[M — £PNSW(s) fds. (3.3.7)

For particle systems such as exclusion and independent Markov chains, the
construction in [30] gives a class of ‘smooth’ functions D satisfying (1) and (2)
in the above. It will be enough for our purposes to know that this choice of D

includes the functions only depending on a finite number of coordinates.

3.3.1 Duality

The notion of duality for interacting particle systems is extremely useful. Basi-
cally — when available — it allows one to compute probabilities for the infinite
system in terms of a (often-simpler) “dual” system. The symmetric exclusion

process in particular has a finite version of itself as its dual.
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Let (Yi(t),Ya(t),...,Yn(t)) be the Feller process on
Z" \ {(x1,...,2y);x; = x; for some i # j} (3.3.8)

with generator

Vif(x, ... z,) = Z Zp(xi,y)[f(xl, s T Yy Ty 1y e Tp) — [T, )]
=1 y#z;

(3.3.9)

This describes the symmetric exclusion process with exactly n particles. We

can also think of m-particle symmetric exclusion as being a Markov chain on

{ACZ;|Al =n} — just let A, = {Yi(t),Ya(t),...,Yn(t)}. We write P* for the
probability of the finite system when started from the set A.

Theorem 3.3.2 (Duality relation for SEP, Theorem 1.1, Chapter VIII of [30]).
Let A C Z, with |A| =n. Then

Pl(n,=1o0n A =P4n=1on4,). (3.3.10)

Let X; be the one-particle Markov chain on Z with the transition rates p(x, y).

When n = 1, the duality relation implies that
E"(x) = E"n(Xy). (3.3.11)

For n > 1, the n-particle exclusion process does not have easily expressed
probabilities, but luckily we can compare this process to a collection of n inde-
pendent 1-particle Markov chains. This is captured by the following theorem.
Recall that a bounded symmetric function f(z,y) is said to be positive semi-

definite if for all functions §(z) with ) _|B(z)| < oo and )__ f(x) = 0 we have
> B(x)By)f(z.y) > 0. (3.3.12)
z.y

An bounded symmetric function of n variables is called positive semi-definite if

it is so in each pair of variables.
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Proposition 3.3.3 (Proposition 1.7, Chapter VIII of [30]). Suppose {X;(t);1 <
i <n} are independent copies of the 1-particle Markov chain with the transition
rates p(x,y), and {Y1(t),...,Y,(t)} is the n-particle symmetric exclusion process.
Then for any {z1,...,x,} of cardinality n, and bounded symmetric positive semi-

definite f, we have the comparison

Elovmd £(Yy(1), ..., Y (t) < B £(X (1), ..., X, (t)). (3.3.13)

3.4 Particle current

The original problem as described by Pemantle [39] was proved and generalized
to the following by Liggett [34]. Consider SEP on Z with translation invariant
transition probabilities that describe a random increment with finite variance,
ie.,

Zn2p(0,n) < 00. (3.4.1)

n>0
Start with particles initially occupying the whole half lattice {x € Z;z < 0}.

Then the current of particles across the origin after time ¢,

W =Y mx), (3.4.2)

x>0
satisfies the central limit theorem
W, — EW,
———L = N(0,1) in distribution. (3.4.3)
Var(Wt)

It was conjectured in [34] that this result would also hold in the case where the
transition probabilities lie in the domain of a stable law of index a > 1. We will

show this in Section 5.

In this chapter we consider the following general setting: For a partition

Z = AU B, we think of the net current of particles from A to B as

Wy =WT(t) — W (t), (3.4.4)
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where W (¢) is the number of particles that start in A and end up in B at time ¢,
and W~ (t) is the number of particles that start in B and end up in A. Although
the usual construction of SEP does not distinguish particles, we can make this
quantity rigorously defined through the above stirring representation, as used by

De Masi and Ferrari [13].

Define the current from A to B as
Wi = Zn(x)l{gfeB} - ZU(I)l{sfeA}- (3.4.5)
z€A zE€B
This is well defined for any initial condition 7 as long as

E ( > 1{5;@9}) < o0. (3.4.6)

€A
When 7 contains only finitely many particles, the current can be written as just
We =3 {nte) = @)} (3.4.7)

TeB

This coincides with the definition given above, because

> @) = @)} =3 S nw = — D)

zeB r€EB yEZ yeB
=> W) leren — > 1)
yeL yeEB
=Y W) gereny — W)L — Ligrem],
yeA yeB

which is precisely the expression (3.4.5).

For instance, suppose A = {z < 0} and B = {z > 0}. Each & has the same
distribution as the one-particle Markov chain X; started from the site z, though
of course for different = the & are highly dependent. Under Assumption 3.2.1 we

can compare (using a coupling argument) X; to a translation-invariant random
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walk Z;, having finite first moment, to show that P*(X; < 0) < P%(Z;, > z).
Condition (3.4.6) then holds, because

E(Z 1{,5%0}) <Y PZ > x) =E(Z}) < oo, (3.4.8)

x>0 >0

We say that the partition Z = A U B is balanced if there is a ¢ > 0, not

depending on z, such that

c< li{n inf P*(X; € A) <limsup P*(X; € A) <1 —c. (3.4.9)
—00

t—o00

Recall that the Lévy distance d(X,Y") between two random variables X and Y is

infle>0:P(X <zx—¢)—e<PY <z)<P(X <z+¢) +ecforal z € R}

Here is our main theorem:

Theorem 3.4.1. Let AU B be any balanced partition of Z, and n € {0,1}%
be a (deterministic) initial condition for n, — the symmetric exclusion process.
Suppose (3.4.6) holds at all times, and that
SupE”( Z (1-— nt(x))) = 00. (3.4.10)
>0
- n(z)=1
Then the current W' of particles between A and B satisfies the central limit

theorem
T M o th - Eth

Wy =4 N(0,1). (3.4.11)
Var W}

Furthermore, we have the following rate of convergence in the Lévy metric:

(W], N') < C(Var W) z. (3.4.12)

Condition (3.4.10) is a measure of how rigid the system is: by varying the
time parameter, the expected number of initially occupied sites that are then

empty needs to be unbounded.
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Remark 3.4.2. The above theorem is true for symmetric exclusion processes on
more general sets of sites, as long as the stirring process is well-defined. For
concreteness, and with a view to the examples, we have specialized here to the

integer lattice.

The reader can skip to the last section to see these conditions checked for a

couple of examples.

3.5 Negative dependence and SEP

Because of the hard-core repulsion of particles, the Symmetric Exclusion process
tends to spread out more than independent particles would. One example of this
is the following correlation inequality of Andjel [1]: for disjoint sets A, B, and

deterministic starting configuration 7,

P'mp=1on AUB) < P"(np; =1o0n A)P"(n, =1 on B). (3.5.1)

Unfortunately SEP does not preserve negative association [33]. But the sub-

class of stable measures is preserved:

Theorem 3.5.1 (Theorem 5.2 of [9]). The symmetric exclusion process preserves
the class of stable measures. That is, if its initial distribution p is stable, then
the distribution at any positive time t is stable. In particular (by Theorem 2.6.4),
starting from any product measure the distribution at later times is negatively

associated.

This latter theorem is proved by first specializing to S = {1,2,...,n}, and
then only allowing jumps between sites 1 and 2. If one then starts the process

from the distribution p, then the generating function at time ¢t has the form

Jue(z1, 20,000 20) = () fulzr, 22, o 20) + (1= p()] ful22, 21, 23, - ., 2n), (3.5.2)
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where p(t) is the probability of having an even number of exchanges between sites
1 and 2 by time . In other words, SEP acts on the generating function via the
linear transformation Tf . seen in (2.3.11), which preserves stability by Proposition
2.3.4. One can then use Trotter’s product formula to allow jumps between other
pairs of sites, while still preserving stability. Finally, one can extend to all of Z

by relabeling, and noticing that weak convergence preserves the strong Rayleigh

property.

3.6 A lower bound for the current variance

By the CLT for stable measures (Proposition 2.6.6), the proof of Theorem 3.4.1

hinges upon the following proposition:

Proposition 3.6.1. Under the conditions of Theorem 3.4.1,

Var W' — oo as t — oc. (3.6.1)

For example, suppose we start with n(z) = 1 for x < 0 and n(z) = 0 for
x > 0. Then we may write the current variance as

Var(W,") = Var (Znt(;ﬂ)> = Z\/ar(m(a:)) + Z Cov(ne(x),m(y)). (3.6.2)

>0 >0 ,y>0

TH#Y
Because of the negative association property of symmetric exclusion, all the off-
diagonal covariances (x # y) are negative, while of course the diagonal terms
are positive. The approach in [34] for the Pemantle problem described above
was to compute the exact asymptotics of the diagonal terms, and then estimate
the negative (off-diagonal) terms to be at most some fixed percentage smaller.
Getting tight-enough bounds on the negative terms was already tricky in that

case - considering even slightly more general transition functions p(x,y) seems to
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require quite delicate analysis to obtain bounds that even approached the positive
terms’ asymptotics. To get around this obstacle, we do a generator computation
in order to rewrite the positive variances, and obtain term-by-term domination

of the off-diagonal covariances.

There is one additional complication when extending the result to the more
general initial conditions of Theorem 3.4.1: when 7 contains infinitely many
particles in both A and B we cannot write W, as a convergent sum of occupation
variables. Instead, we approximate by considering initial conditions with only

finitely many particles. Consider first the following lemma.

Lemma 3.6.2. Suppose S,, 7 is an increasing sequence of finite subsets, and
form € {0,1}% define n"(x) = lyes,n(z). Then for fized t > 0 such that (3.4.6)
holds,

W — W in L? as n — oo. (3.6.3)

Proof. First note that the stirring process has the following negative correlations:
E(lgepleven) < ElgepElacp, for any x # y and B C Z. (3.6.4)

Indeed, let {Y;(t),Y2(¢)} be the 2-particle symmetric exclusion process with ini-
tial condition {z,y}, and notice that through the relation (3.3.1) the events
{Yi(t),Y2(t) € B} and {&F,¢& € B} are equal. So (3.6.4) follows immediately

from the comparison inequality (Proposition 3.3.3).

Using the stirring representation (3.4.5) and the inequality (a —b)? < a® + b?
for a,b > 0,
2

E(W) = W' < B( Y Ligrem (n(x) — "(2)))

T€A

+E( D lgrem (n(a) - ”n(x)))Q'

zeB
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Both expectations are dealt with identically, so we consider here only the first
one. Expanding gives

3 Eligeny Ligren (@) — 0"(@)(n(y) — 1" (%))

T,yeA

< (B Lgen (@) —1"(@) +E Y Ligen (n(x) — 1" (x).

€A €A

The inequality here follows from (3.6.4), and the expectations appearing in the

last line converge to zero by Dominated Convergence and (3.4.6). O]

Proof of Theorem 3.4.1 from Proposition 3.6.1. For (n,n™) as above we note by
the triangle inequality that

AW N) < dW], W) + d(W", N). (3.6.5)
Now recall from Proposition 2.6.5 that

W+ ) £ (3.6.6)

zeB z€eSH

where the ( are Bernoulli and independent in x for each n and t. Normalize both

sides to see that

—
Wt E G (3.6.7)

xGSn
Hence by Esseen’s inequality [40, V, Theorem 3],

> Var<<;;>]

$ES’n

N

AW \N)<C > El¢r, - EGLP

CCESn

N

<C Z Var(¢/",)

TES),

because ¢ Bernoulli implies that | — E(| < 1, and hence E|¢ — EC]? < Var(().

bl

Notice that Lemma 3.6.2 implies d(W;"",W;') — 0 in the Lévy metric as

n — oo. Hence, taking n — oo above and in (3.6.5),

d(W], N') < C[Var(W)] 2. (3.6.8)
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Applying Proposition 3.6.1 finishes the proof. n

Our proof of Proposition 3.6.1 relies upon the following representation for the

on-diagonal covariances.

Lemma 3.6.3. Let X; be defined as above Theorem 3.4.1. Then for any n €

{0, 1}2 with finite support (i.e., n(x) =1 for only finitely many x),

> Var(m(x)) :/0 > ol y)[En(X,) — En(X,))ds. (3.6.9)

TEZ TH#Y
z,yEZ

Proof. (Essentially a generator computation). From the duality relation (Theo-

rem 3.3.2), we can write

> Varmy(@) = > {Eny(@) - Ey(0)? ) = 3 {E(x) - En(X)R ).
rEZL rEZL TEL
(3.6.10)
Let U and {U(t);t > 0} be the generator and semi-group for X;. Changing into

the language of semigroups, we have

> Var((@)) = > {Uls)n(@) = [U(s)n(a)* }. (3.6.11)

T€EZ €L

Now take the derivative w.r.t. s. For the second equality below, recall that

Ufte) =Y playlf(y) - f@)), (3.6.12)

yEL:y#x
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for bounded f.

S U - Wem@P} = S UUEmE - W)
T#Y
= 3 () [EV(X,) — B ()P
T#Y

(3.6.13)

where all sums converge absolutely because 7 has finite support. Since p(z,y) =
p(y, z), exchanging = and y in the latter sum in (3.6.13) shows it to be its own

negative, hence zero. We thus conclude that

d
LS Varln() = 3 plr,y) EV(X.) — En(X.) (3614
TEZ Ay
z,YyEeZ
Integrating from 0 to ¢ finishes the proof. O]

Proof of Proposition 3.6.1. Considering only initial conditions n € {0,1}° con-
taining finitely many particles, the net current from A to B can be written as

Wy =Y {n@) —n@)} =3 {n@) —m)}. (3.6.15)

zeEB TEA

We symmetrize this expression:

1 ifreB
2W, = Z[H(x)nt(x) — H(x)n(z)], where H(z) = (3.6.16)
z€Z -1 ifx €A,
and consider the variance:
AVar(W/") = Var(n(z)) + Y H(x)H(y) Cov(ni(z), m(y)).
TEZ :r;éyZ
x,ye
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We first deal with the covariances above, proceeding almost identically to
[34]. Let {Us(t);t > 0} be the semigroup for two identical, independent Markov
chains with symmetric kernel p(z,y), and let Us be its infinitesimal generator.
Specifically,

Uaf(e.y) = 3 {p(@, 20 (2,y) = Fla,m)] + by, 2)[ (2,2) = fla )]} (36.17)

2€EZ

Let {V4(t);t > 0} and V4 be the semigroup and generator for the process with
the exclusion interaction — the latter is defined in equation (3.3.9) above. By a

slight abuse of notation, define

n(z,y) =n(x)n(y) and H(z,y) = H(x)H (y). (3.6.18)

By duality and the integration by parts formula (Proposition 3.3.1),

—ZH z,y) Cov(n(z ZH z,y)[Ua(t) — Va(t)In(z,y)
Ty TAY
= [ 3t Vale = 90 ViUt s, (36.19)
Ay

Subtracting V' from U, we obtain

Uz = ValUa()n(x, 5) = ple, ) {Ua(s)nle, 2) + Ua(s)n(y, y) = 20a(s)n(z.y) }
= p(a,y)[E(X,) — E(X,)%

which we substitute into (3.6.19), also using the fact that Va(t—s) is a symmetric

linear operator on the space of functions on {(z,y) € S% x # y}:

_ZH y) Cov(n(z), n:(y))

Y

/ S b, ) [E(X,) — Eop(X,)2Valt — ) H(z, y)ds

TFY

/ ZP (z,y)[En(X,) — E$77<XS)]2U2(25 — s)H (z,y)ds,

T#Y
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by the comparison inequality between interacting and non-interacting particles

(Proposition 3.3.3).

Combining Lemma 3.6.3 and the above estimate we obtain:

AVar(W) / S p(a ) [En(X) — En(X,)Pa o p)ds,  (3.6.20)
TFY

where
gs(x,y) =1-Us(s)H(xz,y) =1—[1-2P%(X; € A)|][1 —2PY(X, € A)]. (3.6.21)

Notice that there is a constant ¢ > 0, depending only on the ¢ in (3.4.9), such
that gs(x,y) > ¢ for each z,y € Z and then s large enough. So for fixed 7" > 0,

applying Fatou’s Lemma twice, then using Lemma 3.6.3 again,

n y oz LTI
4hm1anar wh / Zp z,y)[EVn(Xs) — E*n(Xy)] h{gg}lfqt,s(x,y)ds

Now for any finite S” C Z, using duality,

ZVE%TUT 2277 pry{l—Z'f] PTJEZ]
zes’ zeS! yeZ z€EZL
= > D Y prwapr(z )= Y Y par(zy),
n(y)=1n(z)=0 z€S’ n(y)=1n(z)=0

as S’ /7, by monotone convergence. By duality again, this is precisely

> EN1 - nar(y)). (3.6.22)

n(y)=1
Hence by (3.4.10),
li{n inf Var(W}") = oo, (3.6.23)
—00
as desired. 0
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3.7 Examples

1. Consider the partition of Z into A = {& < 0} and B = {x > 0}, with
translation invariant rates p(0,z) in the domain of a symmetric stable law with

index v > 1. That is,

Zp(O, y) ~ L(x)x™ x>0, (3.7.1)

y>z

for a slowly varying function L. Consider the step initial condition n with particles
at all z < 0. Condition (3.4.6) is satisfied by the remarks before (3.4.8). The
balance condition holds by the central limit theorem for random variables in the
domain of attraction of a stable law. By duality and translation invariance,

S Pip(x) =0) =Y > P(X,=y)=> nP'(X,=n)=E"X; - cc.

<0 <0 y>0 n>0

(3.7.2)

(In fact, it grows at rate t'/%). This shows (3.4.10), and the above expression is

the same as E"W;, so all conditions of Theorem 3.4.1 have been verified.

2. Now consider the one-dimensional symmetric exclusion process in an ran-
dom environment, with the same partition as in the previous example. The
random environment is described by {w;}, an iid family of random variables with
w € (0,1] almost surely and F w% < o0o. For each realization of the environment,
we consider the exclusion process with the rates p(i,i + 1) = p(i + 1,i) = w;.
By the result of Kawazu and Kesten [22], we know that for a.e. {w;} the pro-
cess { X,,2;/n} converges weakly to a scaled Brownian motion, from which follows
the balance condition. Again by remarks before (3.4.8) we know that the cur-
rent has finite expectation for any initial placement of particles. Let us consider
the case where we pick a realization 7 of the homogeneous product measure v,,.

Then almost surely-v, there are infinitely many = € Z such that n(z) = 1 and
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n(x 4+ 1) = 0, so from the ergodicity of the environment,

o= Y P(X;=z+1)< > P'(n(X) =0), (3.7.3)
n(z)=1 n(z)=1
n(z+1)=0

which shows (3.4.10) by duality. Thus Theorem 3.4.1 gives a quenched CLT for

the current.
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CHAPTER 4

Birth-death chains and reaction-diffusion

processes.

4.1 Introduction

Using the framework of Chapter 2, we will generalize the negative dependence
result of Theorem 2.6.4 to measures on {0,1,2,...}° — S countable — with
application to independent Markov chains and reaction-diffusion processes. The
one-coordinate case is also independently interesting; more specifically, the proba-
bility measures under consideration can be decomposed into a sum of independent

Bernoulli and Poisson random variables.

Call such measures on {0,1,2,...} t-stable. (The formal definition is given
in Section 3.) In the last section we characterize the birth-and-death chains

preserving such measures:

Theorem 4.1.1. The birth-death chain {X;;t > 0} on {0,1,2,...} preserves the
class of t-stable measures if and only if the birth rates are constant and the death

rates satisfy 6, = dik + dok? for some constants d, ds.

Theorem 4.1.2. The birth-death chain {Xy;t > 0} on {0,1,...,N}, N > 3,

preserves the class of stable measures on {0,1,..., N} if and only if there are

The material in this chapter is based on [35].
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constants by, by, dy, dy such that the birth and death rates satisfy
Br =bi(N — k) + by(N — k)Z, Sp = dik + dok?. (4.1.1)

One example is the pure death chain with rates §; = k(k — 1)/2, which
expresses the number of ancestral genealogies in Kingman’s coalescent — a well-
studied model in mathematical biology [21,23,51]. In particular, by taking the
initial number of particles to infinity, we obtain that the number of ancestors at
any fixed time has the distribution of a sum of independent Bernoulli and Poisson

random variables.

4.2 General Stable Measures

Suppose p is a measure on {0,1,2,...}". The generating function of y is now

the formal power series

o0

fulza, .. x,) = Z iy, ... i)l - ain, (4.2.1)

i1y0nin=0

If 1 has finite support, then f, is a polynomial.

Definition 4.2.1. We say that a function f(x) defined on C" is transcendental
stable, or t-stable, if there exist stable polynomials {fn(x)} such that f,, — f
uniformly on all compact subsets of C" (f can then be expressed as an absolutely

convergent power series on C"). Let B[x]| be the set of all t-stable functions —

this is also known as the Laguerre-Pdlya class [27]. Let Bg[x| be the set of all

real t-stable functions.

We will again abuse notation and say that a measure p on N" is transcendental
stable (or t-stable) if its generating function lies in B |[x|. Similarly, if 4 has finite
support and its generating polynomial is stable then we say that u is stable. Of

course, a stable measure is automatically t-stable.
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The papers by Borcea and Brandén [6, 8] characterized the linear transfor-
mations preserving stable polynomials by establishing a bijection between linear
transformations preserving n-variable stability and t-stable powers series in 2n
variables — see Theorems 2.3.2 and 2.4.3 above. We will not require their full
result here; however, the following characterization of t-stable powers series —
the technical cornerstone upon which the above bijection rests — will be most

useful.

Recall the standard partial order on N": a < fif a; < f§; forall 1 <1 < n.

Then for o, f € N” and letting 5! = ;! --- 3,!, define

gt .
(B)a = m if « <8, (B)a =0 otherwise. (4.2.2)

Theorem 4.2.2 (Theorem 6.1 of [6]). Let f(x) =>_

aenn CaX be a formal power

series in x with coefficients in R. Set B, = (m,m,...,m) € N". Then f(x) €

Or[x] (thus f is entire) if and only if
X (0%
(%)= 3" (Bu)aca <E> € Ga[x] U {0}, (4.2.3)
a<Bm
for allm € N. In this case, the polynomials f,,(x) — f(x) uniformly on compact

sets.

This classification also has the following immediate consequence:

Corollary 4.2.3. The class ®g[x] is closed under convergence of coefficients.
In particular, the set of t-stable probability measures on N™ is closed under weak

convergence.

Proof. Suppose that for each n,

Fx) =) Ix* € Bplx], (4.2.4)
acN?
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with ¢7) — ¢, for each o. Then for each m the stable polynomials féf ) (x), defined

in (4.2.3) above, converge normally to the polynomial f,, likewise obtained from
f. Hurwitz’s Theorem implies that each f,, is stable, and applying Theorem 4.2.2

again we conclude that f € ®g[x]. O

By the following proposition, we can say that a measure on {0,1,2,...}" is

t-stable if every projection onto a finite subset of coordinates is a t-stable measure.

Proposition 4.2.4. The class of t-stable measures is closed under projections

onto subsets of coordinates.

Proof. 1t suffices to consider projections of n coordinates onto n — 1 coordinates.
Suppose that p is a t-stable measure on N". If f(xy,...,z,) is its generating
function, notice that the generating function of the projection of x onto N*~! is
f(x1,...,xy_1,1). By Theorem 4.2.2, it suffices to show that the approximating
polynomials f,,(xy,...,x,_1,1) are stable. But this follows by considering the
(complex) stable polynomials f,,(x1,...,2,-1,1 + i/k) and applying Hurwitz’s
theorem (Theorem 2.0.2) as k — oc. O

We can now give an extension of Theorem 2.6.4.

Theorem 4.2.5. Suppose u is a t-stable probability measure on {0,1,2,...}°.

Then 1 1s negatively associated.

Proof. By the previous proposition and a limiting argument it is sufficient to
show the result for measures on N™. Let f(x) be the generating function of p.
By definition, f € &g[x]. Let {fy(x)} be the stable polynomials converging to

f as in Theorem 4.2.2, which we can assume are normalized so that fy(1) = 1.

Let py be the respective probability measures on {0, 1,2, ..., N}". Hence by the
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Grace-Walsh-Szegd theorem (Theorem 2.4.1), Poly fy is the generating function

for a stable measure fiy on {0,1}"". Let
{Gj;1<i<n,0<j <N} (4.2.5)

be the coordinates of jiy, such that n; = Zj Gij is the i-th coordinate of .
Hence for bounded increasing functions ' and G on {0,1,2,...}", depending on

disjoint sets of coordinates, we have

EAN[F (oo mn)G(My -y )]

= EH¥ {F(Zﬁj,...,Z%)G(ZCU:---’Z%H
<o [ S )2 [0 S )
= E*NF(n, .. ) EPNGn, . na)

The inequality above follows because F(x1; + -+ + Tin, ..., Tp1 + -+ + Tpy) 18
an increasing function in the n/N variables (similarly with G), and the (;; are
all negatively associated by Theorem 2.6.4. The normal convergence of fy — f

implies the weak convergence py — p, concluding the proof. O]

We can also characterize all t-stable measures on one coordinate. The follow-
ing lemma is an almost trivial version of a Szdsz principle [49] — the observation
being that a polynomial with no zeros in the upper half plane has its growth

determined by the first few coefficients.

Lemma 4.2.6. Suppose

f(z) = Zc]z] H [1—z/a;], (4.2.6)

Jj=1

where ¢y > 0 and all zeros a; of f are strictly negative. Then |f(z)] < coel?lr.
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Proof. Notice that Zj|ai| = 2. Hence
J

|f(2)] = co H|1 — z/a;] < co l_Ie‘Z/aj| = cpel#ler/eo, (4.2.7)
[

Proposition 4.2.7. A probability measure on {0,1,2,...} is transcendental sta-
ble if and only if it has the same distribution as a (possibly infinite) sum of

independent Bernoulli random variables and a Poisson random variable.

Proof. Suppose f is a t-stable generating function for a non-negative, integer val-
ued random variable. By Theorem 4.2.2, f is a normal limit of univariate poly-
nomials f,, with all zeros on the negative real axis. As in the proof of Proposition

2.6.5, we first show that f can be expressed as the following infinite product:

f(z) = 7D ﬁ S (4.2.8)

for some o < 0, ar, < 0 and > (1 — a;)~! < oo. Indeed, recalling the argument
beneath equation (2.6.16), all we need to show (4.2.8) is an exponential bound
of the form

|f(2)] < Cel. (4.2.9)

Since the coeflicients of the f,, converge to the coefficients of f, and without loss
of generality we can assume f(0) # 0, the exponential bound is provided by the

(baby) Szasz principle above (Lemma 4.2.6).
Thus
_ o(2-1) - Tk o(z—1) M —
fz)=e€ 1T T © TTI = pi) + 2], (4.2.10)
k=1 k=1
where pp = 1/(1 — ay). This we recognize as the generating function for the sum

of independent Poisson(—c) and Bernoulli(py) random variables. Conversely, any
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generating function of this form with }_pj, < oo is automatically t-stable, as e”
is the normal limit of the polynomials (1 4+ z/n)". Note that o can be strictly
positive, in contrast to Proposition 2.6.5, because here we are allowing arbitrary
normal limits of polynomials, instead of the sequence of polynomials generated

from the occupation variables of the first n coordinates. n

By projecting onto finite subsets of coordinates (taking limits if need be) and
setting all variables in the resulting generating function to be equal, we obtain

the following extension of Theorem 2.6.5:

Corollary 4.2.8. Suppose 1 is a t-stable measure on N°. Then for any T C S
the number of particles located in T — according to i — has the distribution of

a sum of independent Bernoulli and Poisson random variables.

4.2.1 Markov processes and stability

Suppose {n;;t > 0} is a Markov process on N". We define the associated linear
operator T; on power series with bounded coefficients by letting T;(x*) be the
generating function of {n;|ny = a} for each @ € N"| and extending by linearity.

This is well-defined because » ;- P(n: = k) = 1.

Definition 4.2.9 (Preservation of stability). We say that a Markov process
{nit > 0} on N™ preserves stability if for any stable initial distribution, the
distribution at any later time 1is t-stable. That is, the associated linear operator
T, maps the set of stable polynomials with non-negative coefficients into the set

of t-stable power series.

The process n; preserves t-stability if for any t-stable initial distribution, the
distribution at a later time is again t-stable. That is, Ty maps the set of t-stable

power series with non-negative coefficients into itself.

61



In fact, these two definitions are equivalent.

Proposition 4.2.10. A Markov process preserves t-stability if and only if it

preserves stability.

Proof. Only one direction needs proof. Assume the process preserves stability.
Let T, be the associated linear operator, and f = ) c¢,x“ be the generating
function of a t-stable distribution; hence ¢, > 0 for all @ and ) _ ¢, = 1. By
Theorem 4.2.2 there are stable polynomials f, = > Mx with ¢ — Ca, all

™ >0, and with Y ™ < 1. Suppose that
Ty(x%) =Y dopx”. (4.2.11)
B

Since probability is conserved, > 8 do 3 = 1, and hence by dominated convergence,

ch”)da”g — andaﬂ as n — oo. (4.2.12)

e «

In other words, the coefficients of T} f,, (which is t-stable by assumption), converge

to the coefficients of T, f, which is then t-stable by Corollary 4.2.3. n

We now give a couple examples.

4.2.2 Independent Markov chains

Suppose {X;(1), X;(2),...} is a collection of independent Markov chains on S
with identical jump rates. Set
() = 1(xi(i)=e> (4.2.13)
i>1
so that the resulting process is a collection of particles on S jumping indepen-
dently with the same rates. This is well defined as long as n,(z) < oo for all
x € S, t > 0 — one possibility is to restrict initial configurations to the space Ejy

defined below for reaction-diffusion processes.
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Proposition 4.2.11. The process {n;t > 0} preserves t-stability. Hence, as-
suming that the initial distribution s t-stable, the distribution at any time is

negatively associated by Theorem 4.2.5.

Proof. Let p; be the distribution of 7;, with g t-stable. We need to show that for
each finite T C S, the projection p|7 is t-stable. Taking finite T C S} C Sy C - -
with each S, finite and S,, /S, we can approximate ;|7 by the sequence u§”>|T,
with each utn) the distribution of the independent Markov chain process on S,
given initial distribution pg|s, and jumps restricted to staying inside S,. Hence

by Corollary 4.2.3 we can assume finite 5.

Suppose now that S = [n], and only jumps from site 1 to site 2 are allowed.
In this case, assuming a jump rate ¢(1,2), each particle at x independently has

probability p := 1 — e %12 of moving to y. Hence the associated linear operator

T, takes

2t ag? - xom = (pre + (1 — p)ay )M ag? - - - xpm, (4.2.14)
that is,

Tif(xr,...,x) = f(pra+ (1 — p)ay, 22y ..., Tp), (4.2.15)

which preserves the class of stable polynomials. By permuting variables, this

argument also holds for general i, j € [n].

Recalling the Banach space Cy(N™) of functions that vanish at infinity, con-
sider the strongly continuous contraction semi-groups S™(t) on Cy(N") defined
by

SY(8)f(n) = E"f(n”), (4.2.16)

where {n7;t > 0} is the (Feller) process of independent Markov chains which
only allow jumps from site ¢ to site 5. Then for a t-stable intial distribution u, we

just showed that ;5% (t) — the distribution of 7/’ assuming initial distribution
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i — is again t-stable. By Trotter’s product theorem [17, p. 33|, the process

allowing the jumps {i — j}, {k — [} has semigroup

S(t) = lim [sw' (f)skvl (fﬂ " (4.2.17)

n—00 n n
Hence by Corollary 4.2.3, uS(t) is again t-stable. Including all the possible jumps
one-by-one, we conclude that the whole process {n;t > 0} on N™ preserves t-

stability. u

Remark 4.2.12. Let M be the set of probability measures on N° described by

random configurations n with coordinates
(k) =Y 1vimi (4.2.18)

where Y1,Ys, ... are independent random variables with values in S U {oc}. In
[33] it was shown that M is preserved by the process of independent Markov
chains, and that measures in M are negatively associated. Proposition 4.2.11
is a generalization of this result, since it is easily checked that the class M 1is
contained in the class of t-stable measures. Indeed, if p € M and S = [n], then

i has a generating function of the form

Z'Ll ;= Zzl ;=N
R~ [% iy i i

- H[“m = 00) + pu(Y; = Dy + -+ + pu(Y; = n)z,),

by the independence of the Y/s. Furthermore, (non-constant) product measures
for which each coordinate is a sum of independent Bernoulli and Poisson measures

are t-stable, but are not contained in the class M.

4.2.3 Reaction-diffusion processes

In addition to having the motion of particles following independent Markov

chains, we can also allow particles to undergo a reaction at each site. Let p(i, )
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be transition probabilities for a Markov chain on S. Given a state n € N°, we

consider the following evolution:

1. at rate ﬁjv(i) a particle is created at site 1,
2. at rate 57"7(1.) a particle at site ¢ dies.

3. at rate n(i)p(i, j) a particle at site ¢ jumps to site j.

The most common example is the polynomial model of order m, where the birth-

death rates for each site are

ﬁk:mijk(k—l)---(k—j%—l), 5k:§:djk(k—1)---(k—j+1)- (4.2.19)

Reaction-diffusion processes originated as a model for chemical reactions [44], and

subsequent work by probabilists has focused on the ergodic properties [3,10,15].

To construct the process, we require a strictly positive sequence k; on the

index set S, and a positive constant M such that

> p(i.j)k; < Mk;, i€S. (4.2.20)

J

Furthermore, the birth rates must satisfy
> Biki < oo. (4.2.21)
Then we take the state space of the process to be
Ey={neN°:> n(i)k < oo}. (4.2.22)

See [10, chapter 13.2] for the details of the construction.

In a very simple case we have preservation of t-stability:
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Proposition 4.2.13. Suppose the reaction-diffusion process is well-constructed
with 8% = V" and §;, = d'k — this is the polynomial model of order 1 and site-
varying reaction rates. Then the process preserves t-stability, and hence — as-
suming a t-stable initial configuration — its distribution at any time is negatively

associated.

Proof. The strategy here is the same as with Proposition 4.2.11. To reduce to a
reaction-diffusion process on a finite number of sites, we approximate using the
construction in [10, Theorem 13.8]. Furthermore, on the locally compact space
N"_ the reaction-diffusion process with at most constant birth and linear death
rates is now a Feller process, as can be seen from [17, Theorem 3.1, Ch. 8]. Hence
by Trotter’s product formula and Corollary 4.2.3 we only need to show that the

following processes preserve stability on N™:
1. constant birth rate b° at a single site 4.
2. linear death rates at a single site ¢ (0, = d'k),
3. jumps from site i to site j at rate n(i)p(i, j)

For (1), we note that with a constant birth rate, at time ¢ a Poisson(b't)
number of particles has been added to the system — i.e. the original generating

bit(l'i —1)

function is multiplied by e , preserving t-stability.

(2) can be thought of as the process in which each particle at site i dies

independently at rate d’. Hence the associated linear transform is defined by

T2l - a e gfn) = g8 [l — e e g g0 (4.2.23)

As the affine transformation z — ax + (1 —a), (a > 0) maps the upper half plane

onto itself, T; preserves preserves the class of stable polynomials.
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Finally, we note that (3) was already seen to preserve stability from the proof

of Proposition 4.2.11 for independent Markov chains. O]

Other reaction-diffusion processes do not preserve stability in general. On one
coordinate, a reaction-diffusion process is just a birth-death chain, so by Theo-
rem 4.1.1 the only possible generalization would be to quadratic death rates. In
this case, unfortunately, the associated linear transformation T; will not preserve
stable polynomials with positive roots; indeed, assuming death rates o, = k(k—1),
quadratic polynomials with a double root inside the interval (0,1) will not be
mapped to stable polynomials under 7;. Furthermore, the following example
shows that quadratic death rates on multiple sites does not always preserve the

class of stable probability measures:

Example 4.2.14. Consider the following generating function:
L, 2
flz,y) = Z(SB + 2zy + y°). (4.2.24)

This is obviously stable, and corresponds to an initial distribution of two particles
on two sites. Now run a pure death chain only on the site associated with the
variable y, with rates 0, = k(k — 1). After any fized time t > 0, the generating

function will be of the form
1
filz,y) = Z(xQ + (22 + pi)y + (1 — p)y? for some 0 < p; < 1. (4.2.25)

As a quadratic equation in y, the discriminant is (p? + 4xp(x + 1))/16, hence
fi(z,y) =0 for x = —1/2 and some y € H. By restriction (Proposition 2.0.4),

fi cannot be stable.
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4.3 Birth-Death Chains

Our goal in this section is to prove Theorems 4.1.1 and 4.1.2. As just noted
above, in the case of quadratic death rates the associated linear transformation
does not preserve all polynomials with real zeros, and hence we cannot rely on
general classifications such as Theorem 2.4.3. From the probabilistic point of
view, it would be useful to have a similar theory for linear transformations on
polynomials with positive coefficients, however, this is a significant open problem
in complex function theory. Instead, we will make do with several perturbation
arguments — the main idea being that a polynomial’s roots move continuously

under changes to its coefficients.

Recall that a (continuous-time) birth-death chain {X;;¢ > 0} is a Markov

process on the non-negative integers with transitions

k—k+1 atrate 8, k> k—1 atratedy, withdy=0. (4.3.1)

We only consider rates {fy, dx} such that the process does not blow up in
finite time — see Chapter 2 of [32] for the necessary and sufficient conditions, as

well as for the construction of the process.
The generating function at time ¢ is given by
Ot z) =Y _ P(X, = k). (4.3.2)
k=0

By Theorem 2.14 of [32], the transition probabilities p;(j, k) = P?(X; = k) are

continuously differentiable in ¢ and satisfy the Kolmogorov backward equations

d

iU k) = Bipe(J + 1K) + 0500 — 1, k) — (55 + 5)pe(J, F)- (4.3.3)

We will need the following lemma:
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Lemma 4.3.1. Suppose ¢(t,z) is t-stable for all t > 0, and that ¢(0,z) is a

polynomial of degree n > 3 with roots z; satisfying —1 < z1 = 20 < 23 <, ..., 2, <
0. Then
99
—(0 = 0. 4.3.4
~(0,) (43.4)

Proof. By Theorem 2.13 of [32], |p(j,k) — po(j, k)| < 1 = p_s(G, ). It follows
that

% (t,2) = kz_; %P(Xt = k)2* (4.3.5)
for |z| < 1, since X(0) is bounded. Iterating this argument, one sees that ¢(t, z)
is C% on [0,00) x {z: |z| < 1}.

By assumption, the generating function ¢(t,z) of X; has only real roots for
t > 0. If 2y = 20 = w is a root of ¢(0,z) of multiplicity exactly two, and € is
small enough that |z, — w| > € for k& > 3, then Rouché’s Theorem implies that
for sufficiently small ¢ > 0, ¢(t, z) has exactly two roots in the disk {z : |z —w| <
¢}. Therefore, for small ¢ > 0, there exist real z(¢) so that ¢(¢,2(t)) = 0 and
limy o 2(t) = w. By Taylor’s Theorem, there exist s(t) € [0,t] and y(t) between

z(t) and w so that

0 1.,0?
0=6(t,2(1)) = 150 (0, w) + 55 L (5(6), (1) s
0? 1 0? o
FH(a(0) ) S (s(0), 9(0) + 5 (=(0) — )5 S (5(6), y(1)).
Dividing by ¢t and letting ¢t | 0 leads to
00, JPo (o) —w)?
QE(O,w)/w(O,w) = —ltli%lf <0. (4.3.7)
Noting that
0?%¢ "
ﬁ((), w) = 2c H(w — 21), (4.3.8)
k=3
we see that
96
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changes sign when z3 crosses w, and hence is zero when z3 = w. O]

Proposition 4.3.2. Suppose the birth-death process {X;;t > 0} is a birth-death
chain preserving stable polynomials of degree N > 3. Then there exist constants

bl, bg, dl, d2 so that

6k = bl(N — k) + b2<N - k’)2 and (Sk = dlk' + koZ. (4310)

Proof. Take ¢(0, z) satisfying the conditions of the above lemma. We now com-
pute (4.3.9). Recall the k' elementary symmetric polynomials ey (z,...,x,)

defined in (2.4.1). If p is the distribution of X, and X, < n, then

#(0,2) = Zu(k;)zk = CH(Z —zE) = cZ(—l)kek(zl, e 2n)2" TR (4.3.11)
k=0 k=1 k=0
(k) = c(=1)" e _p(21, ..., 2n). (4.3.12)

Therefore for |z| < 1,

n

8 o0 n
20,5 = 3 S ulk)atk, ' = e(1-2) Y1 Feni(ar, ) ],
=0 k=0 k=0
(4.3.13)
where we have dg = Sy = 0. From Lemma 4.3.1 it follows that the expression on
the right is zero if z = 27 = 29 = 23 = w for any values of w, z4, ..., 2, € (—1,0).

In this case,

(3
er(21y .y 2n) = Zwl (Z,>ek_i(z4, s Zn), (4.3.14)

and so
k(3 ktie1 ki) —
Z Z(—l) . en—t—i(Z4, sy Zn) [Opw — Brw" ™ =0, (4.3.15)
koo
where the boundary conditions are enforced by

3
( )zO, fori <0, ¢ >3, and ex(24,...,2,) =0for k <3, k>n. (4.3.16)
i
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Interchanging the order of summation and letting k£ +— k — i, we see that the

coefficient of each of the e,,_;’s is zero:

; (3) (=1)"[0k—i = Br—w] = 0, (4.3.17)

or equivalently 6y — 30,11 + 30540 — 0r13 = 0 and By — 3Bks1 + 3Brr2 — Brys = 0.
Recalling that we set 6 = 0 = [, we obtain the restriction in (4.3.10). O

With the next proposition we resolve the “only if” part of Theorem 4.1.1.

Proposition 4.3.3. The birth-death chain preserves t-stability only if the birth

rate is constant and there are dy,ds € R such that 6, = dik + d2k? for all k.

Proof. The proof of Prop 4.3.2 holds, except that in the case of unbounded birth-
death chains we don’t have a boundary condition on Sy, hence we obtain the
weaker condition that there exist by, by, bs € R such that B, = by + by k + bok? for
all k. The condition on J; remains unchanged. Hence we will now show that the

birth rates Sy satisfy Sr > Pri1 for each k, so that §p must be constant.

By iterating the Kolmogorov backward equations, one can obtain the following

approximations for small ¢ > 0:

2

t
pi(k,k+1) =t(Br +0(1), pik,k+2) = E(Bkﬁkﬂ + 0(1)). (4.3.18)
Similarly,
p(k,k—j) =00, (4.3.19)
where O(1) denotes a uniformly bounded quantity, and o(1) — 0, as t — 0.

Suppose that we start the chain with k particles; the initial distribution has
generating function f(x) = z*. We also can assume that B, Bxy1 > 0. Then the

generating function for small ¢ > 0 will be:

fi(x) = -+ (1+o0(1) 2"+ (B + o)tz + (BrBrs +0(1))§xk+2—|—~ -+ (4.3.20)
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Since fi(z) is t-stable, by Theorem 4.2.2 the following polynomial has all real,

negative roots:

ko, 208k + 0(1))mk+1+ﬁk5k+l + 0<1)t2$k+2

Jurea(2) = -+ (Lro(l))a" + === 127 . (4.3.21)

As the hidden coefficients are o(1), Rouché’s Theorem implies that k roots of

fik+2 are also o(1). Thus the remaining two roots a, b satisfy

2(k +2) + o(1)

a+b=
Brt1t
2
B2+ o(1)
BrBrs1t?

Solving for real a,b implies that the discriminant
472 (k +2)%[8:7) — (BeBrr1) ' +0(1)] >0,  for small ¢ > 0. (4.3.22)
Taking ¢ — 0, we conclude that 8y > Bri1. O

We now concentrate on the “if” part of Theorem 4.1.1. Here is a useful fact

about quadratic death rates:

Proposition 4.3.4. Suppose i, is the evolving distribution of a birth-death chain
with rates B, = 0, 0 = k(k — 1), and with finite initial distribution p. Then the

generating function

Bt 2) = p(k)z" (4.3.23)

k>0

satisfies the Wright-Fisher partial differential equation:

2

0 0
St 2) = (1 = 2) 50, 2),

Proof. Let pi(l, k) = P(X; = k| X, = [) be the transition probabilities. Since the

process stays bounded we can use the forward equation:
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%pt(l k) = (k+ Dkp(l,k+1) — k(k —1)p(l, k) (4.3.24)

Then, since (k) = >, p(l)pi(l, k), we have

—¢>tz Zu dtptlk

—ZM (k4 Dkp(L k + 1) — k(k — Dpy(1, k)]2*

2

==(1 =) Skl — Vo) = 21— )t )
OJ

Proposition 4.3.5. The birth-death chain with rates B, = 0, o, = k(k — 1)

preserves stability.

Proof. As above, let ¢(t, z) be the generating function of the chain at time ¢, and

now assume that ¢(0, z) has only real roots. Setting
T =inf{t > 0; ¢(t, 2) is not stable}, (4.3.25)

by Hurwitz’s Theorem (Theorem 2.0.2) ¢(7, z) is stable. Hence it suffices to prove
that for any stable initial distribution there exists an € > 0 such that ¢(¢, z) is

stable for all 0 < ¢ < e.

For any root w < 0 of ¢(0,t), we can write

#(0,2) = (z —w)"q(2), (4.3.26)

where n is the multiplicity and ¢(w) # 0. We will show that for all small enough ¢
the generating function ¢(t, z) has n distinct real roots of distance approximately

V't from w. This follows directly from showing that

o(t,w + at'?) = t"2p(a) + o(t"?), as t | 0, (4.3.27)

73



where p(«) has only simple real roots. Indeed, (4.3.27) immediately implies that
for all small enough ¢, ¢(t, z) changes sign n times near w. Since we can do this

for each w, this shows that ¢(¢, z) has only real roots.

Set k = |n/2]. To show (4.3.27), we Taylor expand ¢(t, z) in the first variable,

i.e., for small £ > 0
Kok 1k )
o(t, Z o (0 z)k' + o(t"/?). (4.3.28)

Now k iterations of Proposition 4.3.4 shows that

0%
otk

Qk‘ 2k—j
0.2) = [2(1 - 2" (boZ +Zf]k 700, (4.3.29)

8216]

where the f;x(z) are polynomials in 2. With z = w + at'/? we have, by the
product rule,

an ]gb
0z2k—J

n!
(n — 2k + j)!

n—2k+j
2

~(0,w+ at'/?) = (ot /=2 g (1) 4 o(t ). (4.3.30)

We've also used the fact that g(w + at'/?) = g(w) + o(1), because ¢ has no zeros
at w. From (4.3.30) we see that

@Zkfjgb
Oz2k—

n—2k

), (4.3.31)

fin(w + at'/?)——— ~(0,w + at'/?) = o(t

and can be ignored for 7 > 0. Putting this all together, we have

— t* k¢ 12) _ n/2 - n! k =2k n/2
k=0
(4.3.32)
Recalling the (physics) Hermite polynomial of order n,
K N an—an!
=0

we obtain

o(t,w + at'?) = t"2[w(w — )|"*H,(a/2v/w(w — 1))g(w) + o(t™/?). (4.3.34)
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H,, is well known (e.g. [50, §3.3]) to have n distinct real roots, which, in the case

that w < 0 shows (4.3.27).

The case w = 0 requires an additional argument. It will turn out, assuming
#(0,2) = 2"q(z), that ¢(¢,z) has n — 1 distinct negative zeros with distance of

order t from zero, not t'/2.

To show this we again Taylor expand in ¢. By Proposition 4.3.4 we see that

ok 0? 0*
W(O, z)=2z(1— z)@ cez(1— z)@z q(2)],

where the operator z(1 — 2)9? is applied k times to 2"q(z). If we evaluate this at

z = at, we obtain

ak¢ n—k n—k
S (0,0t) = [nn = D] [0 =k + D = B)](@t)"™*6(0) +o(t" ™). (4.3.35)

Thus the Taylor expansion gives

o(t, at) =t" 2 [n]k“]z—!_l]ka"_k + o(t"), (4.3.36)
where
mpy=nn—-1)---(n—k+1) (4.3.37)

is the falling factorial. The sum can be rewritten as
a"nFi[1 —n,1,—1/al, (4.3.38)

where 1F}[a, b, z] is Kummer’s hypergeometric function of the first kind. Now
Wil —n,1,—1/z] has n — 1 distinct negative zeros {z1,...z,-1} [47, pp. 103].
Hence for ¢ small enough we can interlace n— 1 zeros of ¢(t, z) between the points
{0,21,..., 2,1}, and so the single remaining zero of ¢(t, z) near 0 must also be

real.
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Proof of Theorem 4.1.2. As in the proof of Proposition 4.2.13, the pure death
chain with rates 8y = bik maps the class of stable polynomials of degree N onto
itself; similarly, we just showed the same for the pure quadratic death chain. On
our finite state space we can apply Trotter’s product formula to combine the two
processes, hence the pure death chain with rates 8, = bik 4 bok? preserves stable

measures on {0,1,..., N}.

Now, a pure birth chain on {0,1,..., N} with the rates 8, = by (N — k) +
bo(N — k)? is the same as the above pure death chain, after we relabel the sites
such that k — N — k. Furthermore, the transformation z — 1/z shows that

N N
Z a,z" is stable if and only if Z a2z F is stable, (4.3.39)

k=0 k=0
so we can conclude that this pure birth chain also preserves stable measures on
{0,1,..., N}. We again apply Trotter’s product formula to conclude Theorem
4.1.2. O

Proof of “if” direction in Theorem 4.1.1. By Proposition 4.2.13, the birth-death
chain with constant birth and linear death rates preserves t-stability, and we
just showed that the pure quadratic death chain preserves stability (and hence
t-stability). However, the latter chain is no longer a Feller process, so we cannot
immediately apply Trotter’s product formula as we did in the proof of Theorem
4.1.2. Indeed, it is well known that a pure quadratic death chain comes down
from infinity in finite time, in the sense that liminfy_,., ps(k,1) > 0 for each t > 0
[23].

We rectify this situation by considering the Banach space ' (N) of absolutely
summable sequences. Let Xt(l), Xt(Q), and Xt(g) be the birth-death chains with
respective rates {5,&1) = by, 519) = dik}, {6,(5) =0, 5,&2) = dok(k — 1)}, and
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(89 = by, 6©) = dik + dok(k — 1)}. With
PO f(x) =Y fy)P(X}" = 2| X" = y) (4.3.40)

as the (adjoint) strongly continuous contraction semigroups on I!(N), we consider

the infinitesimal generators as the ! limit

Q@ f = lim %

in (4.3.41)

See [43] for the theory of adjoint semigroups of Markov chains.

Let

Dy = {f € I(N); f(z) =0 for all but finitely many x},
D.={f € l'(N); |f(x)] < Ce "}, C depending only on f, and

DY) = {f e IN(N); 1tif(r)1t_1(P(i) (t)f — f) exists as an ! limit.}

By explicit calculation, it can be seen that Dy C D, C D(Q®) for each i, PY(t) :
Dy — D,, and for f € D,,

QOOf(x) = 65, f(e+ 1) + B0 f @ = 1) = [B0 + V) f (). (43.42)
By [17, Prop. 3.3 of Ch. 1], D, is a core for all three generators. Also,
QW +0® =06 on D,, (4.3.43)

so we can apply Trotter’s product formula to conclude preservation of t-stability

for Xt(B). ]

7



CHAPTER 5

Further directions

1. To derive the distributional limit of the current in the symmetric exclusion
process, it was enough to show that the limiting variance is infinite. It is also
natural to ask what the asymptotics of the current variance is. Assuming step-
initial distribution, translation invariance and finite second moment of the jump

rates, Liggett [34] showed existence of a 6 > 0 such that
§ <t '2Varw, < 1/ for all ¢. (5.0.1)

In the specific case of only nearest-neighbor jumps to either side at rate 1, Derrida

and Gerschenfeld [14] showed that

1 1
VarWy ~ — (1 — — ) t"/? as t — . 5.0.2
: ﬁ( \/5) (502)

In general, it seems likely that Var W; is always of the same order as EW,,
the latter being easy to compute using duality. For example, in the case that
the one-particle chain X; is in the domain of attraction of a stable law of index

a > 1, we expect Var W, to be of order t*/«.

2. In section 4.3 we fully classified the birth-death chains on the non-negative
integers that preserve stability. Do any other Markov processes on the integers
preserve stability? A tentative guess would be no. Indeed, suppose one allows
more than two particles to die at a time in a death process. Doing a similar calcu-

lation to the one in Example 4.2.14 shows that starting from exactly two particles
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yields a generating function at small later times with negative discriminant, hence

real zeros are not preserved.
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