
A Weak Formulation for Solving Elliptic Interface

Problems Without Body Fitted Grid

Songming Hou ∗ Peng Song† Liqun Wang‡

Hongkai Zhao§

January 31, 2013

Abstract

A typical elliptic interface problem is casted as piecewise defined el-
liptic partial differential equations (PDE) in different regions which are
coupled together with interface conditions, such as jumps in solution and
flux across the interface. In many situations, such as the interface is mov-
ing, the challenge is how to solve such a problem accurately, robustly and
efficiently without generating a body fitted mesh. The key issue is how
to capture complex geometry of the interface and jump conditions across
the interface effectively on a fixed mesh while the interface is not aligned
with the mesh and the PDE is not valid across the interface. In this work
we present a systematic formulation and further study of a second order
accurate numerical method proposed in [16] for elliptic interface problem.
The key idea is to decompose the solution into two parts, a singular part
and a regular part. The singular part captures the interface conditions
while the regular part belongs to an appropriate space in the whole do-
main, which can be solved by a standard finite element formulation. In
a general setup the two parts are coupled together. We give an explicit
study of the construction of the singular part and the discretized system
for the regular part. One key advantage of using weak formulation is
that one can avoid assuming/using more regularity than necessary of the
solution and the interface. We present the numerical algorithm and nu-
merical tests in 3D to demonstrate the accuracy and other properties of
our method.

Keywords: elliptic equations, interface, non-body fitted mesh, finite ele-
ment method, jump condition.

∗Dept of Mathematics and Statistics, Louisiana Tech University, Ruston, LA, 71272,
shou@latech.edu

†Institute of Applied Physics and Computational Math, Beijing, China, kevinsong-
peng@yahoo.com.cn

‡Dept of Mathematics, College of Science, China University of Petroleum(Beijing),
P.R.China, 102249, wliqunhmily@gmail.com

§Dept of Mathematics, UC Irvine, Irvine, CA, 92697, zhao@math.uci.edu.

1



1 Introduction

Interface problems occur in many multi-physics and multi-phase applications in
science and engineering. In this work we study a typical elliptic interface prob-
lem which is casted as piecewisely defined elliptic partial differential equations
(PDE) in different regions which are coupled together with interface conditions,
such as jumps in solution and flux across the interface. A natural numerical
approach is to generate a mesh that fit the interface, i.e., a body fitted mesh
that does not allow the interface to cut across a cell. Then each piecewise el-
liptic PDE and the jump conditions across the interface can be naturally put
into a standard finite element formulation, e.g., [5]. However, in many situ-
ations, such as when the interface is moving, generating a body fitted mesh
following a highly dynamically moving interface may be both computational
expensive and challenging, especially in 3D. A more desirable approach is to
solve the interface problem effectively on a fixed mesh which does not fit the
interface in general. The key challenge is how to capture complex geometry of
the interface and jump conditions across the interface to achieve both accuracy
and robustness on a non body fitted mesh. Quite a few numerical methods in
this category has been proposed and studied. For examples, immersed bound-
ary method, immersed interface method, ghost fluid method, extended finite
element method.

In [31, 32], in order to simulate the flow patten of blood in the heart, Peskin
proposed the “immersed boundary” method, which used numerical approxima-
tion of δ-function for singular sources on the interface. In [33], in order to
compute two-phase flow, a level-set method was combined with the “immersed
boundary” method. These methods are simple to use and but difficult to achieve
high-order accuracy.

In [25, 26], the solution is extended to a rectangular region by using Fredholm
integral equations. The proposed method can deal with interface conditions
[u] 6= 0 and [un] = 0 and when Greens function is available. The discrete
Laplacian was evaluated using these jump conditions and a fast Poisson solver
can be used to compute the extended solution. It can achieve second or higher-
order accuracy.

A large class of finite difference methods have been proposed. The main idea
is to use difference scheme and stencils carefully near the interface to incorpo-
rate jump conditions and achieve high order local truncation error using Taylor
expansion. Using finite difference scheme typically requires taking high order
derivatives of jump conditions and interface in Taylor expansion. Also prop-
erty of the discretized linear system is hard to analyze for interface problem
with general jump condition. The “immersed interface” method was proposed
in [18]. This method incorporates the interface conditions into the finite dif-
ference scheme near the interface to achieve second-order accuracy based on a
Taylor expansion in a local coordinate system. Second order differentiation of
the interface is needed.

Various applications and extensions of the “immersed interface” method are
provided in [21]. In [3], instead of using Taylor expansions, a variational method
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is used to define numerical stencils near the interface and a Lagrange multiplier
approach is used to enforce jump conditions. A boundary condition capturing
method based on dimension splitting, the ghost fluid method, was proposed in
[22, 9]. The method extends the solution from one side across the interface
using the jump conditions. In [34], the boundary condition capturing method
is improved with a multi-grid method. A weak formulation was used in [23]
to prove the convergence. However, the method in [22] can only get first-order
accuracy due to simple dimension by dimension extrapolation. It is in recent
work [27] that for smooth interfaces the result was improved to second-order
accuracy. Other dimension splitting type of methods based on finite difference
include [41, 6, 35].

The existing finite element schemes on nonfitted meshes are usually designed
by modifying the finite element basis near the interface. Examples are immersed
finite element method [20, 10], adaptive immersed interface method [4], extended
finite element method [28, 36, 7]. The penalty finite element method [1, 13]
modifies the bilinear form near the interface by penalizing the jump of the
solution value (with no general flux jump) across the interface. Recently a few
unfitted mesh methods were developed based on the discontinuous Galerkin
method using well known interior penalty technique to deal with jump and flux
conditions for elliptic interface problem [24, 2, 12, 37].

The Matched Interface and Boundary (MIB) method was developed in [41]
and improved to handle sharp-edged interfaces in two dimension in [39] and in
three dimension in [40]. Also, there has been a large body of work from the finite
volume perspective for developing high order methods for elliptic equations in
complex domains, such as [8, 29] for two-dimensional problems and [30] for three-
dimensional problems. Another recent work in this area is a class of kernel-free
boundary integral (KFBI) methods for solving elliptic BVPs, presented in [38].

In this work we present a new formulation and further study of the second
order accurate numerical method proposed in [16] for elliptic interface problem
(1) with general matrix coefficient. The method can be viewed as a type of
unfitted finite element method. The key idea in our formulation is to decompose
the solution into two parts, a singular part and a regular part. The singular
part is constructed explicitly in terms of the interface conditions and/or the
regular part only locally near the interface. While the regular part lives in an
appropriate space through the whole domain, which can be solved by a standard
finite element formulation. In general, the coupling of singular and regular part
leads to a non-symmetric discretized system. We give a explicit study of the
construction of the singular part and the discretized system for the regular part
in different setups. One key advantage of using weak formulation is that one
can avoid assuming/using more regularity than necessary of the solution and the
interface. Our method is also quite simple and easy to implement. The starting
point is similar to that of the extended finite element method except that the
interface conditions are enforced strongly for the local equations. Moreover, only
standard finite element basis are introduced in our formulation. The method was
also developed in [17] for sharp-edged interfaces, in [14] for elasticity interface
problems and in [15] for multi-domain interface problems.
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2 The equation and weak formulation

Consider an open bounded domain Ω ⊂ Rd. Let Γ be an interface of co-
dimension one, which divides Ω into disjoint open subdomains, Ω− and Ω+,
hence Ω = Ω−

⋃

Ω+
⋃

Γ. Assume that the boundary ∂Ω and the boundary
of each subdomain ∂Ω± are Lipschitz continuous. Since ∂Ω± are Lipschitz
continuous, so is Γ. A unit normal vector of Γ can be defined a.e. on Γ, see
Section 1.5 in [11].

We seek the solution to the following elliptic equation with piecewise smooth
variable coefficient

−▽ ·(β(x)▽ u(x)) = f(x), x ∈ Ω \ Γ (1)

in which x = (x1, ..., xd) denotes the spatial variables and ▽ is the gradient
operator. The coefficient β(x) is assumed to be a d×d matrix that is uniformly
elliptic and its components are continuously differentiable on each disjoint sub-
domain, Ω− and Ω+, but they may be discontinuous across the interface Γ. The
right-hand side f(x) is assumed to be in L2(Ω).

Given functions v(x) and w(x) along the interface Γ, we prescribe the jump
conditions in the solution and flux across the interface Γ:

{

[u]Γ(x) ≡ u+(x) − u−(x) = v(x)
[(β ▽ u) · n]Γ (x) ≡ n · (β+(x)▽ u+(x)− β−(x)▽ u−(x)) = w(x)

(2)

where ” ± ” superscripts refer to limits taken from the subdomains Ω±. For
specificity, we prescribe Dirichlet boundary condition at the domain boundary

u(x) = g(x), x ∈ ∂Ω (3)

for a given function g on the boundary ∂Ω. The setup of the problem is illus-
trated in Figure 1.

The key idea in our formulation is to decompose the solution u(x) into two
parts: u(x) = ur(x) + us(x), where ur(x) is the regular part that has no jumps
in its value and first derivatives across the interface, and us(x) is the singular
part that captures those jump conditions of u(x) across the interface. We define
us(x) to satisfy

us(x) = 0, x ∈ ∂Ω, (4)

[us] (x) = v(x), x ∈ Γ, (5)

[▽us · β · n] (x) = w(x) − [▽ur · β · n] , x ∈ Γ. (6)

An important remark here is that our decomposition is not the same as
requiring ur(x) to satisfy homogeneous jump conditions in general (except for
the case where β(x) is continuous across the interface). Instead, we require that
[ur] = 0, [▽ur · n] = 0 and equation (6) couples us and ur together. Using the
above equations, if one can construct us(x) ∈ H1(Ω+)∪H1(Ω−) that is linearly
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Figure 1: Setup of the problem

dependent on ur(x): us = L(ur), the original elliptic problem can be casted
into the following weak formulation: find ur(x) ∈ H1(Ω) such that

∫

Ω

▽ur · β · ▽φdx +

∫

Ω+∪Ω−

▽L(ur) · β · ▽φdx =

∫

Ω

fφdx−

∫

Γ

wφds(7)

ur(x) = g(x), x ∈ ∂Ω, (8)

for all φ(x) ∈ H1
0 (Ω). Then the solution to the original elliptic problem is

u = ur + us. If β(x) is continuous across the interface, then [▽ur · β · n]Γ = 0,
us(x) can be constructed independent of ur and the above weak formulation is
reduced to a simpler form: find ur(x) ∈ H1(Ω) such that

∫

Ω

▽ur · β · ▽φdx = −

∫

Ω+∪Ω−

▽us · β · ▽φdx +

∫

Ω

fφdx−

∫

Γ

wφds (9)

ur(x) = g(x), x ∈ ∂Ω, (10)

for all φ(x) ∈ H1
0 (Ω).

The key issue is how to construct us(x) and we give an explicit construction
formula and some analysis in next Section.

3 Construction of the jump function

3.1 The two dimensional case

We use the same condition as proposed in [16] to construct the singular part us.
Suppose T = {Ti}i∈I is a fixed mesh for Ω that is not body fitted to the interface
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Γ. There are two kinds of triangles depending on whether they intersect the
interface or not. Let {Tj}j∈J be the triangles intersecting with Γ, which is called
interface triangle, and {Tk}k∈K , K = I\J . The regular part ur(x) ∈ H1(Ω)
will be approximated using standard piecewise linear finite element basis on T ,
denoted by uhr (x) =

∑

i uiφi, where φi is the nodal basis on T . We construct the
singular part us(x), denoted by uhs (x), with support only on interface triangles
{Tj}j∈J i.e.,

uhs (x) = 0, if x ∈ Tk, k ∈ K, (11)

Thus (4) is satisfied.
Here is our construction of uhs (x) at the interface triangles {Tj}j∈J . Let

Tj = ∆ABC, where A, B and C are the vertices of the triangle. Suppose the
intersection points of the interface and ∆ABC are D and E, on the edges AB
and AC respectively (see Figure 2). We use the line DE to approximate the
interface in the triangle. Let M be the middle point of DE, and n is the unit
normal to DE.

Γ

A

B C

D
E

n

hA

Figure 2: An interface triangle.

Let φA(x), φB(x) and φC(x) be the three linear base functions defined on
this triangle:

φA(A) = 1, φA(B) = 0, φA(C) = 0. (12)

The same way to define φB(x) and φC(x). We construct uhs (x) as a linear
function on the two parts ∆ADE and BCED. Hence uhs (x) is the linear com-
bination of φA, φB and φC with different coefficients on the two parts. Another
condition for uhs (x) is: uhs (x) = 0 on A, B and C, thus uhs (x) should be in the
form:

uhs (x) =

{

c2φB(x) + c3φC(x) x ∈ ∆AED
c1φA(x) x ∈ BCED

(13)

We enforce the jump in u at the two end points D and E, and flux jump at the
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middle point M , which leads to the following equations for c1, c2 and c3:

c2φB(D) + c3φC(D)− c1φA(D) = v(D), (14)

c2φB(E) + c3φC(E)− c1φA(E) = v(E), (15)

n ·
(

c2 ▽ φB · β+ + c3 ▽ φC · β+ − c1 ▽ φA · β−
)

= w̃(M), (16)

where
w̃(x) = w(x) − [▽ur · β · n] . (17)

The relations of φA, φB and φC are

φC(D) = φB(E) = 0, (18)

φB(D) + φA(D) = φC(E) + φA(E) = 1, (19)

φA(x) + φB(x) + φC(x) = 1. (20)

The linear system of c1, c2 and c3 is




−φA(D) 1− φA(D) 0
−φA(E) 0 1− φA(E)

−n · β− · ▽φA n · β+ · ▽φB n · β+ · ▽φC









c1
c2
c3



 =





v(D)
v(E)
w̃(M)



 (21)

If this linear system can be solved, uhs can be constructed linearly dependent on
uhr which then results in a linear system for uhr using (7). Denote the coefficient
matrix in (21) to be P . We have the following theorem.
Theorem 3.1. If (1) β is a symmetric positive definite matrix and has no jump
across the interface, or (2) β > 0 is a scalar and the triangle is non-obtuse, the
coefficient matrix P is non-singular.
Proof.

Let λ1 = |AD|
|AB| , λ2 = |AE|

|AC| , and z be the unit vector perpendicular to the 2-D

plane pointing out of the paper, then

▽φB =

−→
AC × z

2S
, (22)

▽φC =

−−→
BA× z

2S
, (23)

and

det(P ) = λ1n · β+ · ▽φC + λ2n · β+ · ▽φB − λ1λ2n ·
(

β− − β+
)

· ▽φA

= n · β+ ·
(λ1

−−→
BA+ λ2

−→
AC)× z

2S
− λ1λ2n ·

(

β− − β+
)

· ▽φA

= −
|DE|

2S
n · β+ · n− λ1λ2n ·

(

β− − β+
)

· ▽φA. (24)

Using hA and ĥA to denote the distance from A to BC and DE respectively,
we can get

hA =
2S

|BC|
, (25)

ĥA = λ1λ2
2S

|DE|
, (26)
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and

▽φA =
1

hA
nA, (27)

where S is the area of ∆ABC and nA is the unit normal direction of the line
BC. The determinant of P can be simplified as

det(P ) = −λ1λ2

(

1

ĥA
n · β+ · n+

1

hA
n ·

(

β− − β+
)

· nA

)

(28)

If β is a matrix and has no jump, i.e., β+ = β− = β. The determinant of P is

det(P ) = −
λ1λ2

ĥA
n · β · n, (29)

While β is positive definite, we have

det(P ) < 0. (30)

If β > 0 is a scalar with jump cross the interface, the determinant of P is

det(P ) = −λ1λ2

(

β+

ĥA
−
(

β+ − β−
) n · nA

hA

)

(31)

Since ∆ABC is non-obtuse, we can find a point F on BC such that AF is
perpendicular to BC, thus |AF | = hA. There must exist an intersection point
G between AF and DE, see Figure 2. The distance from A to DE should be
smaller than or equals to |AG|, and |AG| ≤ hA, so

ĥA ≤ hA. (32)

The angle between n and nA equals to the angle between DE and BC, which
is an acute angle or right angle in ∆ABC. Thus 0 ≤ n · nA ≤ 1. By β+ >

(β+ − β−), we have det(P ) < 0.
By this theorem, c1, c2 and c3 can be solved uniquely and hence uhs (x) can

be constructed on the interface triangle ∆ABC. Another important issue is
whether this construction of jump function is stable with respect to the shape
of the triangle and interface cut. For the two cases stated in Theorem 3.1, we
have the formulae for the determinant (29) and (31). We can see the factor
λ1λ2

ĥA

is introduced by the interface cut which will be discussed in detail below.

The remaining term in (29) for case 1 has no dependence on the shape of the
interface triangle. The remaining term in (31) is

β+ − (β+ − β−)
n · nAĥA
hA

≥ β− (33)

if the triangle is not obtuse. If we consider another possibility of β+ and β−

arrangement with respect the cut, we have

| det(P )| ≥
λ1λ2

ĥA
min{β+, β−} (34)
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for case 2.
Now let us look at how the local construction is affected by the cut. Ac-

tually we can explicitly solve the linear system for c1, c2, c3. For simplicity
of discussion, we assume homogeneous jump conditions. Inhomogeneous jump
conditions will only add bounded terms in the numerator.

c1 =
∇ur · (β

+ − β−) · n
n·β+·n

ĥA

− n·(β+−β−)·nA

hA

, c2 =
1− λ1

λ1
c1, c3 =

1− λ2

λ2
c1,

When the cut tends to degeneracy, although det(P ) → 0, c1, c2, c3 are all
bounded uniformly.

1. λ1 → 0 and λ2 → 0,

c1 → 0, c2 →
∇ur · (β

+ − β−) · n

n · β+ · n
h1A, c3 →

∇ur · (β
+ − β−) · n

n · β+ · n
h2A,

where h1A = ĥA

λ1
= ĥA

|AD| |AB| ∼ O(h), h2A = ĥA

λ2
= ĥA

|AE| |AC| ∼ O(h).

2. λ1 → 0,

c1 → 0, c2 →
∇ur · (β

+ − β−) · n

n · β+ · n
h1A, c3 → 0,

3. λ2 → 0,

c1 → 0, c2 → 0, c3 →
∇ur · (β

+ − β−) · n

n · β+ · n
h2A.

In the degenerate cases, (1) λ1 = 0, λ2 6= 0, c1 is decoupled from c2, c3; (2)
λ1 6= 0, λ2 = 0, c2 is decoupled from c1, c3; (3) λ1 = λ2 = 0, e.g., vertex A just
touches the interface, then the numerical treatment becomes simply enforcing
the jump condition in u at A.

Remark 1. If one uses standard triangulation based on rectangular mesh,
which is the main point for this method, the non-obtuse triangle condition in
Theorem 3.1 is automatically satisfied. On a general triangular mesh, one can
solve the local linear system in the least squares sense which will not be discussed
here.

Now we look at the approximation error of our constructed piecewise linear
function for piecewise smooth functions in a triangle. Let ψ be a piecewise
smooth function on a non-obtuse and shape regular triangle ∆ABC. ψ is only
discontinuous across the smooth interface Γ, see Figure 2. Denote ψ+ and ψ− to
be the two pieces respectively. Denote v(D) = [ψ](D), v(E) = [ψ](E), w(M) =
[β∇ψ · n](M̃), where β is given , [·] denote jumps across the interface. Here we
use M̃ to denote some point on Γ. Denote ur to be the linear function that
interpolates ψ(A), ψ(B), ψ(C). Denote us to be the piecewise linear function
constructed by (13)-(16). Then ur+us is a piecewise linear function which can be
extended to two linear functions on ∆ABC denoted as u+ and u− respectively.
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Theorem 3.2. The constructed piecewise linear function ur + us with proper
extension (defined above) approximates the piecewise smooth function ψ to the
second order, i.e., ∀x ∈ ∆ABC, |ψ±(x)− u±(x)| = O(h2), where h denotes the
size of the non-obtuse and shape regular triangle ∆ABC.
Proof. Without loss of generality we assume ψ(A) = ψ(B) = ψ(C) = 0, i.e.,
ur = 0. Let ψ+

h be some linear approximation of ψ+ in ∆ADE and is extended
to ∆ABC, such as a linear interpolation through ADE, and let ψ−

h be some
linear approximation of ψ+ in BCED and is extended to ∆ABC, such as a
linear interpolation through BCE or BCD or a least square fitting of BCED,
such that ψ+

h (A) = ψ−
h (B) = ψ−

h (C) = 0, |ψ±(x) − ψ±
h (x)| = O(h2) and

|∇ψ±(x) −∇ψ±
h (x)| = O(h) ∀x ∈ ∆ABC.

It is obvious that both of the two piecewise linear approximations, u± and
ψ±
h satisfy the linear system (14)-(16) with v(D), v(E) differed by O(h2) and
w(M) differed by O(h). Solving the linear system (14)-(16), we have

c1 =

−ĥAw(M) + ĥAβ
+

[

v(D)n ·
−→
AE×z
2λ1λ2S

+ v(E)n ·
−−→
DA×z
2λ1λ2S

]

β+ − (β+−β−)n·nAĥA

hA

(35)

Moreover, we have

ĥA

[

n ·

−→
AE × z

2λ1λ2S
+ n ·

−−→
DA× z

2λ1λ2S

]

= (
−→
AE +

−−→
DA) ·

−−→
ED

|
−−→
ED|2

= −1, (36)

and hence |
−→
AE|

|
−−→
ED|

and |
−−→
DA|

|
−−→
ED|

are bounded since ∆ABC is shape regular. Let cu1

and c
ψ
1 be the coefficients for the two piecewise linear approximations respec-

tively, we have |cu1−c
ψ
1 | = O(h2). Since u−(x) = cu1φA(x) and ψ

−
h (x) = c

ψ
1 φA(x),

we have |u−(x)−ψ−
h (x)| = O(h2) and |∇u−(x)−∇ψ−

h (x)| = O(h), ∀x ∈ ∆ABC.
We also have

c2 =
1− λ1

λ1
c1 +

v(D)

λ1
, c3 =

1− λ2

λ2
c1 +

v(E)

λ2
(37)

which implies

c2φB(D) = (1 − λ1)c1 + v(D), c3φC(E) = (1− λ2)c1 + v(E). (38)

With u+(D) = cu2φB(D), ψ+
h (D) = c

ψ
2 φB(D), u+(E) = cu3φC(E), ψ+

h (E) =

c
ψ
3 φC(E), and u+(A) = ψ+

h (A) = 0, we have |u+(x) − ψ+
h (x)| = O(h2) and

|∇u+(x)−∇ψ+
h (x)| = O(h), ∀x ∈ ∆ABC. So we prove the theorem.

Similar results is true for 3D. The above theorem shows that the construction
of piecewise linear approximation near the interface can approximate a piecewise
smooth function to second order. Together with the use of linear elements in
our variational formulation, the numerical solution can potentially approximate
a piecewise smooth solution of the elliptic interface problem to the second order

10



pointwise in the whole domain. As a simple corollary, if the regular part of
our numerical solution, uhr , approximates the true solution at grid points to
second order, then the full solution uhr + uhs approximates the true solution to
second order at the interface cut too. Extensive numerical tests in 2D and 3D
demonstrate that our method does achieve second order accuracy.

Remark 2. Note that our local construction of the piecewise linear approx-
imation at interface triangles does not guarantee a match at the interface cut
point on a common edge of two adjacent interface triangles on the same side of
the interface, which is the case for the piecewise smooth solution to the PDE.
Numerical results show that our method is second order accurate in L∞ norm
at grid points which implies that our numerical solution is also second order ac-
curate at interface cuts from Theorem 3.2 which also implies that the mismatch
for our numerical solution at the interface cut point on a common edge of two
adjacent interface triangles on the same side of the interface is no more than
O(h2). The result is similar in three dimension.

3.2 The three dimensional case

Now we extend the above construction of uhs (x) to 3D. In 3D, the interface may
cut through a tetrahedron in two ways, see Fig. 3. For case 1, the intersection
of the interface with the tetrahedron T can be approximated by a triangle. Let
Ai be the point i, G be the barycenter of the interface triangle A5A6A7, and
φi, i = 1, 2, 3, 4, be the linear finite element basis on the tetrahedron,

φi(Aj) =

{

1, j = i

0, j 6= i
i, j = 1, 2, 3, 4 (39)

Similar to 2D case, uhs satisfies the following jump conditions:
[

uhs
]

(Ai) = v(Ai), i = 5, 6, 7, (40)
[

n · β · ▽uhs
]

(G) = w̃(G), (41)

where w̃(x) = w(x) −
[

n · β · ▽uhr
]

(x). Assume that point A1 belongs to Ω+

and the other three vertices Ai (i = 2, 3, 4) belong to Ω−. We have

uhr =

4
∑

i=1

uiφi, (42)

and

uhs =

{

c2φ2 + c3φ3 + c4φ4, in T ∩ Ω+,

c1φ1, in T ∩ Ω−.
(43)

Substitute (43) into (40) and (41), we can obtain the linear system for the
coefficients di (i = 1, 2, 3, 4)








−φ1(A5) φ2(A5) φ3(A5) φ4(A5)
−φ1(A6) φ2(A6) φ3(A6) φ4(A6)
−φ1(A7) φ2(A7) φ3(A7) φ4(A7)

−n · β− · ▽φ1 n · β+ · ▽φ2 n · β+ · ▽φ3 n · β+ · ▽φ4

















c1
c2
c3
c4









=









v(A5)
v(A6)
v(A7)
w̃(G)









(44)
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Again, using P to denote the coefficient matrix of the linear system (44), we
have the following theorem:

Theorem 3.3. For case 1, if (1) the coefficient β is a symmetric positive
definite matrix and has no jump across the interface, or (2) β > 0 is a scalar
and the angles between any two faces of the tetrahedron are non-obtuse, the
matrix P is invertible.

Proof. By the definition of φi (i = 1, 2, 3, 4), they have the following
relations

φ2(A6) = φ2(A7) = 0,

φ3(A5) = φ3(A7) = 0,

φ4(A5) = φ4(A6) = 0,

φ2(A5) = 1− φ1(A5),

φ3(A6) = 1− φ1(A6),

φ4(A7) = 1− φ1(A7),
4

∑

i=1

φi ≡ 1.

The matrix P can be simplified as

P =









−φ1(A5) 1− φ1(A5) 0 0
−φ1(A6) 0 1− φ1(A6) 0
−φ1(A7) 0 0 1− φ1(A7)

−n · β− · ▽φ1 n · β+ · ▽φ2 n · β+ · ▽φ3 n · β+ · ▽φ4









(45)

Let λ5 = |A1A5|
|A1A2|

, λ6 = |A1A6|
|A1A3|

, λ7 = |A1A7|
|A1A4|

, then the determinant of P is

det(P ) = [1− φ1(A5)] [1− φ1(A6)] [1− φ1(A7)]n · β− · ▽φ1

−φ1(A5) [1− φ1(A6)] [1− φ1(A7)] n · β+ · ▽φ2

−φ1(A6) [1− φ1(A5)] [1− φ1(A7)] n · β+ · ▽φ3

−φ1(A7) [1− φ1(A5)] [1− φ1(A6)] n · β+ · ▽φ4

= λ5λ6λ7

[

n ·
(

β− − β+
)

▽ φ1 − n · β+

(

▽φ2
λ5

+
▽φ3
λ6

+
▽φ4
λ7

)]

Let V be the volume of the tetrahedron. We can calculate the gradient of the
basis function as

∇φ2 =

−−−→
A1A4 ×

−−−→
A1A3

6V
,

∇φ3 =

−−−→
A1A2 ×

−−−→
A1A4

6V
,

∇φ4 =

−−−→
A1A3 ×

−−−→
A1A2

6V
.
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Using these relations, we can get

det(P ) = λ5λ6λ7n ·
(

β− − β+
)

▽ φ1 −
1

6V
n · β+ · (

−−−→
A7A6 ×

−−−→
A7A5)

=
Ŝ

3V
n · β+ · n− λ5λ6λ7n ·

(

β+ − β−
)

· ▽φ1

where Ŝ is the area of the triangle A5A6A7. This formula is similar to Eq. (24).

Let h1 and ĥ1 be the distance from A1 to A2A3A4 and A5A6A7 respectively,
and n1 be the unit normal direction of the plane A2A3A4. We also have the
relations

▽φ1 =
1

h1
n1, (46)

ĥ1 = λ5λ6λ7
3V

Ŝ
. (47)

The determinant of P can be simplified as

det(P ) = λ5λ6λ7

[

1

ĥ1
n · β+ · n−

1

h1
n ·

(

β+ − β−
)

· n1

]

. (48)

If β is positive definite and has no jump, the determinant of P is

det(P ) =
λ5λ6λ7

ĥ1
n · β+ · n, (49)

which is positive. Therefore P is invertible.
If β+ = β− = β > 0 is a scalar with jump cross the interface ,the determinant

of P is

det(P ) = λ5λ6λ7

[

β+

ĥ1
−

(β+ − β−)

h1
n · n1

]

. (50)

Similar to the 2D case, since the angles between any two faces of the tetrahedron
are non-obtuse, there must be ĥ1 < h1 and 0 ≤ n ·n1 ≤ 1. By β+ > (β+ −β−),
we have det(P ) > 0.

Note that the condition ‘the angles between any two faces of the tetrahedron
are acute angles’ is a sufficient condition for case 1, not necessary. It can be
weakened to ’the distance from the vertex A1 to the interface A5A6A7 is smaller
than to the opposite face A2A3A4. Cartesian grid based tetrahedrons satisfying
this angle condition are used in our numerical tests.

For simplicity of discussion, we assume homogeneous jump conditions. In-
homogeneous jump conditions will only change the numerator and will not in-
troduce extra singularities. Using the same computation as in 2D, one can find
explicit expression for c1, c2, c3, c4

c1 =
∇ur · (β

+ − β−) · n
n·β+·n

ĥ1

− n·(β+−β−)·n1

h1

, c2 =
1− λ5

λ5
c1, c3 =

1− λ6

λ6
c1, c4 =

1− λ7

λ7
c1,

13
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Figure 3: Interface tetrahedron, left: case 1, right: case 2

and show that they are bounded even when the interface cut tends to degenerate.
For a true degenerate case, the simple treatment as in 2D can be used.

For the case 2 (Figure 3) the difference is that the intersection of the interface
with the tetrahedron is approximated by a quadrilateral instead of a triangle.
We still enforce [u] at the four vertices labeled as 5, 6, 7, 8 and [∇u · β · n]
at the centroid location 9,10 of two triangles. There are more equations than
unknowns. We use the least squares method to solve the local system. In this
case it is non-conforming. Extensive numerical examples show our construction
work nicely in both cases. As in 2D, if one uses regular tetrahedralization based
on cubic mesh, like in our implementation, the angle condition in Theorem 3.3
is automatically satisfied. On a general tetrahedron mesh, one can solve the
local linear system in the least squares sense for both case 1 and case 2.

3.3 Further discussion

In this section we discuss a few issues about the numerical solution uhr and the
corresponding fully discretized linear system from the weak formulation (7).
Since we are using piecewise linear finite element space, our construction of
the singular part uhs and regular part uhr is equivalent to (1) piecewise linear
approximation of the interface, (2) piecewise linear approximation of the jump
condition in u, (3) piecewise constant approximation of the jump condition in
flux, and (4) piecewise linear finite element approximation of the regular part.
Assume enough regularity of the interface Γ, the jump conditions v(x), w(x)
along Γ, and β±(x) in Ω±, our numerical algorithm can achieve second order
accuracy in L∞ which is verified by our numerical tests.

Another important issue is the behavior of the full linear system for uhs
resulting from the weak formulation (7). We already showed that the local
linear system for the construction of the singular par uhs is stable with respect
to the interface cut. Further, it is desirable to have the full linear system
behaves similarly to that of a standard elliptic problem with no interface , i.e.,

14



the linear system is positive definite and the condition number of the the full
linear system only depends on β±(x) and the underlying mesh size h but not on
how the interface cut through the mesh. If β is continuous, it is obvious that the
discretized linear system for uhr (x) from the weak formulation (9) is obviously
symmetric positive definite and behaves the same way as elliptic problem with
no interface since the singular part uhs (x) can be constructed independent of
uhr (x). However, if β is discontinuous across the interface Γ, the construction of
uhs (x) depends on u

h
r (x) linearly. Define the bilinear form

B [u, v] =

∫

Ω

∇u · β · ∇vdx+

∫

Ω+∪Ω−

∇L0(u) · β · ∇vdx, (51)

where L0(u) = u0s(x) is a jump function satisfying homogeneous jump condition,
i.e.,

[

u0s
]

(x) = 0, x ∈ Γ, (52)
[

▽u0s · β · n
]

(x) = − [▽u · β · n] , x ∈ Γ. (53)

The matrix A for the full linear system comes from the discretization of this
bilinear form. For any vector c ∈ Rn, define uhr =

∑n
i=1 ciφi and φ =

∑n
i=1 ciφi,

where φi, i = 1, . . . , n are the piecewise linear nodal basis corresponding to a
triangulation of the domain, then

cTAc = B[uhr , φ] =

∫

Ω

∇uhr · β · ∇φdx +

∫

Ω+∪Ω−

∇L0(uhr ) · β · ∇φdx, (54)

where L0(uhr ) comes from the local reconstruction of the singular part on inter-
face triangles/tetrahedrons. Hence the linear system for uhr (x) using the weak
formulation is not symmetric in general. In 1D one can prove the following
result.

s

0 1

ur

θ

u=u r + u

Figure 4: 1D case.

Theorem 3.4. If β± are positive, then the discretized linear system for the
above bilinear form in one dimension is positive definite. Further, the condition
number is of order O(h−2).

Proof. One only has to look at the weak formulation in a cell cut by an
interface. Suppose the interface cuts through the cell I = [0, 1] at , θ, 0 < θ < 1,
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see Figure 4. Let u(x) = ur(x)+us(x) be the piecewise linear function in I and
ur,x = dur

dx = γ in I.
From [u(θ)] = 0, [βux(θ)] = 0, where β± > 0, we have β+u+x = β−u−x .

Therefore u+x = β−

β+ u
−
x . Let u−x = α, then αθ + β−

β+α(1 − θ) = γ, α =
β+

β+θ+β−(1−θ)γ. We have

B[ur, ur] =

∫ θ

0

β−u−x ur,x +

∫ 1

θ

β+u+x ur,x =
β−β+

β+θ + β−(1 − θ)
γ2

In another word, β can be regarded as a harmonic average of β− and β+ in the
cell I.

In higher dimensions, we can not prove a similar result although numerical
tests strongly suggest so. We will present numerical examples to demonstrate
both order of convergence and condition number of the matrix resulted from
the weak formulation in next section.

4 Numerical Experiments

Since extensive 2D numerical results have been provided in previous work [16, 17]
for this method, we present numerical results in 3D in this Section. All the errors
are measured in the L∞ norm. We consider the following standard elliptic
interface problem in 3D

−∇ · (β∇u) = f, in Ω±,

[u] = v, on Γ,

[(β∇u) · n] = w, on Γ,

u = g, on ∂Ω,

on the rectangular domain Ω = (xmin, xmax)× (ymin, ymax)× (zmin, zmax).
We assume that β and f are smooth on Ω+ and Ω−, but they may be dis-

continuous across the interface Γ, which is assumed to be Lipschitz continuous.
We a level-set function φ on Ω to represent Γ, i.e., Γ = {φ = 0}, Ω− = {φ < 0}
and Ω+ = {φ > 0}. n = ∇φ

|∇φ| is a unit normal vector of Γ pointing from Ω−

to Ω+. β is a 3 × 3 matrix that is uniformly elliptic in each subdomain. In
our numerical tests, the mesh are all based on Cartesian grid. We cut every cu-
bic cell [xi, xi+1]× [yj , yj+1]× [zk, zk+1] into six tetrahedrons, see Fig.5. These
tetrahedrons satisfy the angle condition in Theorem 3.3. The interface cut is
approximated using linear interpolation of the level set function.

In all numerical experiments below, the level-set function φ(x, y, z), the co-
efficient matrix β±(x, y, z) and the solutions

u = u+(x, y, z), in Ω+,

u = u−(x, y, z), in Ω−

16



Figure 5: Cubic mesh and the tetrahedralization

are given. Hence

f = −∇ · (β∇u),

v = u+ − u−,

w = (β+∇u+) · n− (β−∇u−) · n

on the whole domain Ω. g is obtained as a proper Dirichlet boundary condition,
since the solutions are given. All errors are measured in L∞ norm in the whole
domain Ω.

Example 1. We use this simple example, where β is piecewise constant,
to demonstrate that the condition number for the fully discretized system only
depends on β± but on on the interface. The level-set function φ, the coefficients
β± and the solution u± are given as follows:

φ(x, y, z) = 0.25− x2 − y2 − z2,

β+(x, y, z) = 1,

β−(x, y, z) = 1, 50, 100, 150, 200, 250, 300,

u+(x, y, z) = 5− sin(x3) + 3y2 + z,

u−(x, y, z) = − cos(x) + 3y + z3

We plot the condition number VS the ratio between β− and β+ for 48-
by-48-by-48 grid in Figure 6. The correlation coefficient for 12-by-12-by-12,
24-by-24-by-24, 48-by-48-by-48 grids are 0.99997, 0.99998 and 0.99995, which
are clearly linear relations.

Example 2. We test both order of convergence and the condition number
for the discretized linear system for a piecewise smooth scalar β. The level-set
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Figure 6: Example 1: condition number VS the ratio between β− and β+

function φ, the coefficients β± and the solution u± are given as follows:

φ(x, y, z) = 0.25− x2 − y2 − z2,

β+(x, y, z) = x2 + 2y2 + 1,

β−(x, y, z) = x2 + 3y2 + 1,

u+(x, y, z) = 5− sin(x3) + 3y2 + z,

u−(x, y, z) = − cos(x) + 3y + z3

Table 1 shows the error and condition numbers on different grids. Second
order accuracy is achieved. The condition number grows approximately with
the rate of O(h−2), just like the case for elliptic problem without interface.

nx × ny × nz Err in U Order Condition Numbers
6× 6× 6 0.02384 31.55259

12× 12× 12 0.00759 1.6506 1.81615e+002
24× 24× 24 0.00202 1.9118 8.76619e+002
48× 48× 48 0.00051 1.9716 3.98244e+003

Table 1: Example 2: Sphere interface, scalar β

Example 3. In this example, β is a piecewise smooth tensor. The level-set
function φ, the coefficients β± and the solution u± are given as follows:

φ(x, y, z) = 0.25− x2 − y2 − z2,

18



β+(x, y, z) =





4x2 + 6 sin(y + x) yx

sin(y + x) 2z2 + 3 0.5 sin(x)
yx 0.5 sin(x) cos(xy + z)2 + 5



 ,

β−(x, y, z) =





cos(x+ y)2 + 3 z 0.2 sin(z − x)
z z2 + 5 y

0.2 sin(z − x) y sin(z)2 + 2



 ,

u+(x, y, z) = 5− sin(x3) + 3y2 + z,

u−(x, y, z) = − cos(x) + 3y + z3

Table 2 shows the error and condition number on different grids. Again sec-
ond order accuracy is achieved and the condition number grows approximately
with the rate of O(h−2).

nx × ny × nz Err in U Order Condition Numbers
6× 6× 6 0.01579 31.02191

12× 12× 12 0.00512 1.6243 1.34866e+002
24× 24× 24 0.00140 1.8742 5.55680e+002
48× 48× 48 0.00035 1.9884 2.25701e+003

Table 2: Example 3: Sphere interface, matrix β

Example 4. In this example β is a piecewise smooth tensor while the
interface is only Lipschitz. The coefficients β± and the solution u± are given as
follows:

β+(x, y, z) =





4 sin(x)2 + 6 sin(y + x)z yx

sin(y + x)z 2z2 + cos(x2)2 + 3 0.5 sin(xy)
yx 0.5 sin(xy) cos(xy + z)2 + 5



 ,

β−(x, y, z) =





xz + cos(x+ y) + 3 x 0.2 sin(y − x)
x z2 + 5 yz

0.2 sin(y − x) yz sin(z)2 + 2



 ,

u+(x, y, z) = 10− x3 + 2y2 − 2z + sin(x+ y + z) + sin(x) + z,

u−(x, y, z) = z3 + y2 − 2x

The level-set function φ is given as:

φ(x, y, z) = min(x2 + y2 + (z + 0.5)2 − 0.25,min(min((x − 0.4)2 + y2 + z2 − 0.25,

(x+ 0.3)2 + y2 + z2 − 0.25), x2 + (y + 0.5)2 + z2 − 0.25)),

which is a the boundary of four intersected balls.
Figure 7 shows the numerical solution (the value from outside at the inter-

face) with our method using 24 grid points in both x, y and z directions. Table
3 shows the error on different grids.

Example 5. In our last example, the solution is chosen to be singular, i.e.,
the second derivative blows up. The level-set function φ, the coefficients β± and
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Figure 7: Example 4: Four Balls

nx × ny × nz Err in U Order
6× 6× 6 0.04193

12× 12× 12 0.01426 1.5556
24× 24× 24 0.00370 1.9467
48× 48× 48 0.00100 1.8939
96× 96× 96 0.00025 2.0183

Table 3: Example 4: Four Balls

the solution u± are given as follows:

φ(x, y, z) = (x− 0.4)2 + y2 + z2 − 0.16,

β+(x, y, z) =





4x2 + 6 sin(y + x) yx

sin(y + x) 2z2 + 3 0.5 sin(x)
yx 0.5 sin(x) cos(xy + z)2 + 5



 ,

β−(x, y, z) =





cos(x+ y)2 + 3 z 0.2 sin(z − x)
z z2 + 5 y

0.2 sin(z − x) y sin(z)2 + 2



 ,

u+(x, y, z) = (x2 + y2 + z2)5/6,

u−(x, y, z) = sin(x+ y)

Figure 8 shows the numerical solution (the value from outside at the inter-
face) with our method using 24 grid points in both x, y and z directions. Table
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4 shows the error on different grids.
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Figure 8: Example 5: singularity

nx × ny × nz Err in U Order
6× 6× 6 0.02227

12× 12× 12 0.00722 1.6262
24× 24× 24 0.00225 1.6816
48× 48× 48 0.00069 1.6951
96× 96× 96 0.00019 1.8700

Table 4: Example 5: singularity
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