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We reproducethe generalbehaior of complicatedbubble and droplet motions
using the variationallevel setformulation introducedby the authorsearlier Our
approachereignoresinertial effects;thusthemotionis only correctasanapproxi-
mationfor very viscousproblems. However, the steadystatesaretrue equilibrium
solutions.Inertial forceswill be addedin future work. The problemsinclude:soap
bubblescolliding andmemging, dropsfalling or remainingattachedo a (generally
irregular) ceiling, andliquid penetratinghrougha funnelin bothtwo andthreedi-
mensionsEachphaseis identifiedwith a particular‘level set” function. The zero
level setof this functionis thatparticularphaseboundary Thelevel setfunctionsall
evolve in time througha constrainedyradientdescenprocedureso asto minimize
an enegy functional. The functionsare coupledthroughphysicalconstraintsand
throughtherequirementshatdifferentphasesio notoverlapandvacuunregionsdo
not develop. Both boundaryconditionsandinequality constraintsare castin terms
of (eitherlocal or global)equalityconstraintsThegradientprojectionmethodeads
to a systemof perturbed(by curvature,if surfacetensionis involved) Hamilton—
Jacobiequationscoupledthrougha constraint.The couplingis enforcedusingthe
Lagrangemultiplier associatedvith this constraint.The numericalimplementation
requiresmuchof themodernlevel settechnologyin particular we achieve asignifi-
cant speedup by using the fastlocalizationalgorithm of H.-K. Zhao, M. Kang,
B. Merriman,D. Peng,andS. Osher «© 1998AcademicPress

1. INTRODUCTION

In thisarticlewe shalldevelopaclassof algorithmsto capturehebehaior of multiphase
bubblesanddropsin two andthreespacedimensionsWe include somevery interesting
andrecentlyanalyzedsteadystatecases—e.d8], where“double bubblesminimize” This
generaklassof problemshasrecentlyreceved alot of attention[19].
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We shall usethe level set method,first developedin [15], which hasbeensuccess-
fully appliedto a variety of problems,in orderto capturethe evolution of complex inter-
facesin fluid dynamicsand elsavhere (see,e.g.,[13, 14] and the referencegherein).
Topological changesand the developmentof singularitiespose no difficulties for this
method.

Asinitially designedn [15], thelevel-setmethodappliednaturallyto problemsn which
thereis acleardistinctionbetweerfinside” and“outside”of a(possiblymultiply connected)
region. Two phaseflow problemscouplingthe motionto the full Navier—Stolkesof Euler
equationg2, 21] orto heatreleasd3], aswell asunstablevortex sheemotion[5] andother
unstabldronts[6], wererecentlysolvedusingthis method extendingits utility beyondthe
geometry-diren motion of the original paper[15]. For two-phasemmiscible problems,
thezerolevel setof asinglefunctionevolvesastheinterface(perhapsnducingtopological
changes).

In the general(at leastthreephase)multiphasecasea new methodologyis neededIn
[12], Merriman,Bence andOsheffirst extendedhelevel setmethodto computehemotion
of multiphasgunctions.Also in thatpaperandin [10, 11] a simplemethodbasedon the
diffusionof characteristifunctionsfollowedby asimplereassignmergtepwasshavntobe
appropriatéor themotionof multiple junctionscorrespondingo puremeancurvatureflow.
More generalmotioninvolving ratherarbitraryfunctionsof curvature perhapdifferentfor
eachinterfacewas developedin [12] aswell. While the methodin [12] was not restricted
to gradientflows, it lacks(sofar) a cleartheoreticabasis.

In [18] anotherapproachwas suggestedih which aninfluencematrix betweereachpair
of phasesasto bebuilt apriori. In realproblemsthis matrix canbe very complicatecand
may not be determinecbeforehandThe normalvelocity may dependon local quantities
suchas curvature,normal direction,aswell as global quantitiesand constraintssuchas
incompressibilityvortex sheestrengthetc.Moreover, themethodn [18] requiren(n — 1)
level setfunctions.

Our methodis basedn thevariationallevel setapproacthdevelopedin [22]. Asin [12],
we needn level setfunctions—asnary as therearephasesWe associatéhe systemwith
a physically meaningfulenegy functional.A gradientflow is defined;this determineghe
normalvelocity attheinterface.Then level setfunctionsarecoupledthroughlocalandor
global constraintg(usually both). This formulation gives us the ability to associateeach
phasewith its differentphysicalpropertiesge.g.,surfacetension,density bulk enegy, etc.
Also, boundaryconditionsandinequalityconstraintcanbeturnedinto equalityconstraints
which we incorporateeasilyinto the algorithm.

We usethis formulationherein orderto modelseveralinterestingmultiphasephenom-
enain bothtwo andthreedimensionsTheseinclude: seseral soapbubblescolliding and
meiging, dropsfalling from a ceiling andpinchingoff, dropssitting on a table,andfluid
flowing throughanarrav funnel.Ournumericakesultsvalidatecertainexpectedifferences
betweenwo andthreedimensiong19].

We notethatthemotionis thatinducedby usinggradientdescenbnthepotentialenegy;
inertial forcesare not included.Neverthelesssteadystatescomputedthis way involving
complicatedmultiphaseconfigurationsare correct,asis the motion for unsteadyiscous
dominatedflows. Inertial forceswill be includedthrougha level setbasedHamilton’s
principleformulationin our futurework; seealso[9].

We alsonotethat Chopp[4], in relatedwork, hasconstructedninimal surfacesin R®
attachedo given curvesby evolving via level setsandmeancurvatureflow. He enforceghe
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boundaryconditionsby repeatedlyeattachinghe surfaceto theboundaryThis methodis
differentfrom our presentapproactwhich usesconstraineaptimization.

2. PRELIMINARIES: REVIEW OF THE VARIATIONAL LEVEL
SET FORMULATION

In this approachwe expressthe potentialenegy of the systemhaving n phasesn terms
of then level setfunctions.

Let ¢ (X) be the level setassociatedvith the phasewhich occupiesregion ;. Here
X'= (X1, X2) OF X = (X1, X2, X3), i mightbemultiply connectedandd; = {x/¢; (x) = 0}.

Exampleof quantitiesvhichmake up theenegy associatedvith thisphaseare:thebulk
enegy,

£y = / p(X)H (¢ (X)) dX, (2.1a)

wherep > 0isadensityfunctionand H (x) for x ¢ R? is the Heaviside function; the gravi-
tationalpotentialeneny;,

£ = - / g- Xp(OH (g1 () dX, (2.1b)

whereg is the magnitudeanddirectionof the gravitationalforce;the surfaceeneny,

0 = / (¢ ()| Ve ()| () I, (2.1¢)

wheres (x) = (d/dx) H (x) istheDiracdeltafunction,andy; theinterfacialsurfacetension.

As mentionedabove, the phase®volve o as to satisfy certainconstraintsThe central
constraintfor level setbasedmultiphasemotion is that the phasesdo not overlap, and
vacuumregionsdo notdevelop. This canbe expresseds

> H@( ) -1=0 v (2.2)

i=1

This is an uncountablyinfinite setof pointwiseconstraintsandis, thus,impracticalto
enforce.Insteadwe try to replace(2.2) by a singleconstraint:

n 2
1 _ _
> // (Z; H (g1 (X, 1)) — 1)) dx =0. (2.3)

This was shavn in [22] to resultin a degenerateconstraint;i.e. the gradientof the
constraintfunctionalvanisheson the constraintset. This makesit unsuitablefor usewith
Lagrangemultipliers.Insteadwe requirethat

n 2
;//(Z H(mzt))—l) dX = ¢ (2.4)
i=1
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for e > 0 assmallaswe canmanageumerically Inthetriple pointmotionof [22] wefound
€ correspondedb the area(or volume)of onegrid cell. In this papere correspondso, at
most,thearea(or volume)of afew grid cells.

Inthecaseof incompressiblduids,theareavolume)of eachbubbleordropis consered.
Thisamountgo requiring

/Q p(RH (91 (%)) dX = C. (2.5)

(Throughoutthis paper € will denoteary small positive constantand C will denoteary
O(2) positive constant.)

The variationallevel setformulationof ary of our multiphaseproblems,is thusof the
form:

Minimize
£ = / (1), 23, - . .. n(3) AX (2.6a)

subjectto the constraints

/gi (@1(X), 200, ..., XN AX=Cj, i=1,...,m. (2.7a)

Using the gradientprojection methodof Rosen[17], we obtain the coupledsystemof
evolution equations,

n

S oS =, (2.8)
ot dgi 0w

whereeachyj is aLagrangemultiplier.
The constraintsatisfy

d _ .
a/gj((ﬂl,§02a---,(ﬁn)d><:0, les---,m, (29)
Q

which determineshe Lagrangemultipliersassolutionsof thelinearsystem

m
> [ (V0 Vg0 dx = - [ (9,7, DK, (2.10)
k=1 Q

j=1...,m, for¢ = (¢1, ..., om)- (2.12)

It is easyto seethat (a) this systemof equationsdefinedin (2.11) is nonsingularif
(Vy01, ..., V,0m) arelinearly independeniand(b) theenepy functionalis nonincreasing
in that caseand, furthermore,is strictly decreasingf (V,01, ..., V,0On, V, ) arealso
linearly independent.

This systenof evolution equation®ftencontaindHamilton—Jacobéquationsoupledio
cunatureandstiff sourceterms.Singularitiesmay developin the solution. The numerical
implementatiorrequiresmuchof the modernlevel settechnology See[22] andSection4
belaw for details.Thecrucialingredientsare:
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(i) High orderaccurateessentiallynonoscillatoryschemegoriginatingin the study of
hyperbolicconserationlaws[7, 20]) developedfor Hamilton—Jacobéquationsn [15, 16].

(i) Reinitializationof eachof the level setfunctionsto be the signeddistanceto the
appropriateinterface. This can be easily done by interspersinga few iterationsof the
following nonlinearpartial differentialevolution equation,

(@) +sigN@)(Vdi| —1) =0, i=1...,m, (2.12)

with the evolution procedureandthenreplacingy; by d;. Thisideaoriginatedin [21].
(i) Usingthedistancefunctionto definecunvatureon or nearthe front in the defining
Egs.(2.11)for the Lagrangemultipliersvia

ki = trace[]l — d D?d]~1D?d], (2.13)

whereD?2d is theHessiarof d|.

This formulayields a constantvalueof x; normalto thefront and,of course|s correct
onthefront.

To speedup thelevel setmethodsparticularlyin threedimensionsyve have developed
arohustlocalizationtechniquewhich only requirescomputationin avery narrov tube(at
mosttwo grid pointswide) nearthe front [23]. An earlierapproachwas developedin [1].
Oursworkseasilyfor multiphaseproblemsn two andthreedimensionsandin thepresence
of topologicalchangesThe computationakostis linearly proportionalto the numberof
pointson the front, which is optimal. This methodessentiallyconsistsof moving thetube
with the motion of the front andreinitializing the level setfunctiononly in thetube.(See
Fig. 1). Everythingis donein termsof the valuesof d; for |d;| < €, wheree is < 2AXx. No
“exploring” in x spaces required.We usean upwind scheman the reinitializationstep,
thusavoiding ary needfor numericalboundaryconditionsat the boundaryof thetube.

To summarizeThevariationallevel setformulationusingthegradientprojectionmethod
is applicableto awide variety of complicatedporoblemsof both physicalandmathematical
interest.lts virtuesare:

(a) Themethodis quite stablesincethe associate@negy diminishesin time.

(b) Thelevel setmethoddealswith topologicalchangeskinks, cuspsandthecomputa-
tion of geometricpropertiesof thefront, suchascurvatureandunit normal,very naturally
in bothtwo andthreedimensions.

N Va4

(a) initial signed distance (b) motion of the front and tube () after reinitialization in the tube

;\]

fropt

boundary of the tube in which level set Is updated
1
1 boundary of the tube in which level set Is reinitialized
| Jevel set function

FIG.1. Locallevel setmethod.
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(c) Constraintgincludingboundaryconditions)areeasilyincorporated.

(d) Recentlydevelopedaccuratendnonoscillatorynumericamethodsrenow available
for solvingtheresultingequationsof motion.

(e) The fastlocalizationtechnique[23] speedsup the calculationsand makes three-
dimensionaproblemsaccessibl@n workstations.

3. VARIATIONAL FORMULATIONSFOR MULTIPHASE FLUID PROBLEMS

3.1. SoapBubbles

Supposewe have (n — 1) nonoverlappingbubblesB;,, By, ..., By_1 in the region €.
EachB; is associateavith afunctiong; (X) with ¢; (X) > 0if X ¢ Bj, ¢ (X) <0if X ¢ (B U
0Bi), ¢ (X) =0if X ¢ 0B;. We definegg(X) to betheleve setfunctionassociatedavith the
region exterior to all bubbles:

n—-1
Q- J®Buas:
i=1

i.e.,@o(X) > 0for X in theinterior of thatregion, ¢o(X) < 0 for X in arny oneof thebubbles,
@o(X) = 0 for X ontheboundaryof ary oneof thebubbles.

Wefirstignoregravity andconsideionlytheenegy dueto surfacetensionWeassumehat
eachbubbleconseresits area(volume).Togethemith ourgeneramultiphaseequirement
(2.3) or (2.4), we have the following variationallevel setformulation(which is identical
with thatusedin ourwork on optimaldomaindecompositiorj24]):

Minimize thesurfaceenegy

n—-1 n-1
£=3¢&"= Z/msm ()| Vi ()] dX, (3.1)
i=0 i=0

subjectto nonoverlapandconseration of volumeconstraints,

n—1 2
}/ (Z H(‘/’i()?))—1> dx =, (3.2a)
2Ja {5
/H((pi()?))dX=Ai, i=12,...,n—1 (3.2b)

In this formulation,at theinterfaceT’;; betweerphasd and j, thetotal surfacetension
is 1 + ;. Differentsetsof {y }i“;%) give differentphysicalproblems.f, for example,we
takeall  =0fori=1,...,n— 1andyy=1, thenall the bubbleswhich touchinitially
will mege into onebig circle (sphere)andthe steadystatewill be a family of circlesor
spheresThis is a problemfor which the surfacetensionbetweenary two bubblesis zero
andthatbetweerarny bubbleandtheairis 1.

Anotherapproacho this special,interestingproblemwas takenin [9] usingonly one
level set, thus requiring somedecisionsat meiging. However, that paperalso included
inertial forcessothatthe dynamicswas time accuratecausingbubblesto vibrate,asthey
should.We shallhandlethis situationin thefuturethroughalevel setversionof Hamilton’s

variationalprinciple.
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Anotherinterestingcaseoccurswhenyy = y; = y» = 0.5 for two bubbleswhichinitially
touch.Thentheinterfacebetweernthe two bubblesandtheinterfacebetweeneachbubble
andthe air hassurfacetensionone.In the three-dimensionalersionof two bubbleswith
the samevolume,along standingconjecturewas proven in [8], i.e. thattwo sphereswith
a disc asthe commoninterfacearethe global minimizer. This solutionis realizedin our
calculationsasseenin Figs.7 and9.

Weusetheprojection-gradienmnethodyescaldasin [22]), andarriveatthetimeevolution
equations

g — _
— (X, t) = |[Vgi (X, t
8t( ) =1Vgi(X, D)

v (W‘(Y’t)> = niH( (xty—1|, (3.33
VI |V(/)| ()T, t)| I‘LI j:O 90] ’ 5 .

i=0,1,...,n— 1, uo=0,with boundaryconditions

%(Y) =0 onQ. (3.3b)

an

ThelLagrangamultipliersareui,i =1, ..., n—1,correspondingo (3.2b),and corres-
pondingto (3.2a).They aredeterminedrom (2.11),properlyscaledby thelinearsystem

A by
w1 by

Ml | . | = . |- (3.30)
Mn-1 bn

where
n-1 n—1 2
mi=3 /Q 56 (%, )| Vehi (K. t)>|<z H(¢,—<(x,t>>>—1> dx (330
i=0 j=0
m =/a<¢i,1<>?,t>>|V¢i,1<>?,t>|di, i=2...n, (3.39
Q

n-1
Mg = my = /Qa(mo?, )IVei-1(X, )] (Z H($j(X.1) — 1) dx,
j=0

(3.3f)
i=2...,n,
mjj = 0, otherwise (3.39
n—1 n-1
by = Z/Qawio?, D)V (X, t>|<z H(gj (X, 1) — 1)
i=0 =0
Vi (X, 1) =
|7 (s on) o
. B _ Vi 1(X, t N
b = / 3(¢i-1(X, D) Vi1 (X, )] {v : m(wﬂ dx,
Q |V¢i_1(X, t)| (33|)

i=2...,n
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Thesymmetricmatrix[m;;] is positive definiteif (2.4)is satisfied(not (2.3)—thatgives
adegenerayg). We seethatthe Lagrangemultiplier correspondingo the minimal overlap
andor vacuumconstraini(3.2a)actsto couplethe ¢; soasto satisfythis crucialproperty

For uj # 0 andy; > 0 andconstantthen,exceptfor the couplingconstraintsye have a
Hamilton—-Jacobequationcorrespondindo motion by a constantspeedu;, perturbedoy
1 timesthecurvature.This familiar problemariseshroughouthelevel surfaceworld and
numericaltechniqguesndanalyticalresultsdo exist [15].

We notethatin thespecialone-lubblecaseasinglelevel setis adequate—s€g@]. In the
presentramework, if we consider(3.1)—(3.3)with any two nonn@ative constants, 1,
sothatyy + y1 =1, we have the samemotion asin the singlelevel setcaseupto atrivial
time scaling.The proof of this factis illuminating. We presentt here:

dpo(K ) Veo(X, 1) SN

Tt [Vgo(X, D] [ voV - <m) — A(; H(¢j(X, 1)) — 1)] (3.4a)
XD Vei(X, 1) L

—— = Ve Dl v - (m) —py — A(% H (¢ (X, 1) — 1)]

(3.4b)
We assumethatzil:0 H (¢i (X, 1)) — 1=Db 0 on theinterfaceanddenotefor i =0, 1,
f98(¢i)|v¢i |dx = A = aredlength of theinterface

fQ 8|V l[V- (Vi /IVi )] dx =K =total mean curvature of the interface, then
(3.3(c)—(i)) herebecomes

(2AP)L 4+ Abuy = (y1 — y0)bK

(Ab)A + Aus = nK (3.4c)

from which we find A = —yo/ Ab and,moreimportantly ©; = K/A=k = averagemean
curvature.

If we have initialized sothatthe ¢'s arereplacedby distancefunctions,thengg= —¢;
in this caseandwe getfor eachg;, i =0, 1,

doi 1 (Ve
W(x,t>—§|w.(x,t>|{v (7|wi<>7,t)|> K]. (3.4d)

Thisis thesinglelevel setformulationwith one-halfthe speed.

3.2. DropsFalling and Pinching Off fromthe Ceiling

We considerawaterdropinitially in contactwith the ceiling. The surfacetensionforce
tendsto keepit attachedwhile gravity pullsit down. A steadystateshapeattachedo the
ceiling may be obtained,or the waterdrop may fall. The geometricshapeof the steady
statesolutionsandthe topologicaltransitionsasit leaves the ceiling arequite interesting
and challengingproblems—seee.g. [19] for an interestingapproachto the latter The
variationallevel setformulationallows usto computethe steadystateqif ary) accurately
andalsogives us areasonablenotionif acceleratioraffectsarenegligible.
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[11) s [)11)]

drop

air

gravity
1: surface tension

FIG.2. Dropontheceiling.

In Fig. 2 we show the liquid drop, the ambientair, andthe ceiling, all in contact.The
total enegy is the surfaceenengy plus the gravitational potentialenegy of the drop. The
line (point) of contactof the threephasesds subjectto the surfacetensionof the three
surfaces Sinceit is masslesghe vectorresultantof thethreetensionamustaddto zeroin
ary direction.Thecontactanglesatisfiesr; — t, = 73 C0S6.

We have two constraintsThefirst is justthatthe volume(area)of thedropis presered.
The otheris the boundaryconditionat the ceiling; i.e., the drop cannotpenetrateéhe wall.
We turnthisinto anequalityconstraintusingthelevel setformulation.We first construcia
level setfunction, (x), whichis the signeddistancefrom the ceiling. Thusthe zerolevel
setcoincideswith the surfaceof the ceiling (seeFigs. 2, 3). Thenwe constructa surface
tensionfunctiont (/) definedonthezerolevel setof ¢:

It — 2| if ¥(X) >0,

T = {rg if ¥(x) <O.

(3.5)

Next we considertwo cases:

Casel. 7; < 1y 0r0 > /2. SeeFig. 3(a). Theliquid wetsthe solid with the amount
of wettingincreasingasé increaseso . We initialize the configurationfor thedropasin
Fig. 3(a). It is easyto seethatthe enegy functionalto be minimizedis composedf the
surfaceenegy of thedrop,

/8(¢(>7))IV¢(>7)II(W)d>? (3.6a)
Q
andthegravitationalenegy of thedrop,
/ H (@ ())H (= (X)) h(x)g dX, (3.6b)
Q
T+ T+ / >0
° N ¥<0
>0
T —
a b c
level set function for the drop level set function for the ceiling

FIG. 3. Level setsfor thedrop-on-ceilingproblem.
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funnel

¥>0 ¥>0

FIG. 4. (a)Liquid in afunnel;(b) funnelwall.

whereg is the gravity constantandh(x) is the altitude. The volume (area)conseration

constraintfor thedropbecomes

/Q H@)H(=y () dx= A

(3.7a)

and the no penetrationboundarycondition at the ceiling surface can be written as the

constraint
/Q H(=¢(x))H (¥ (X)) dx = 0.

Thevariationallevel setformulationof the problemthusbecomes:
Minimize

£ = /Q [8(6(R)IVe (R (¥) + H (6 () H (— ¥ (R)h(Dg] dX.
Subjectto
/Q H (= (0)H (4 () dX = 0

/Q H@))H (¢ (X)) dx = A.

Usingthe gradientprojectionmethod we getthe evolution equationfor ¢ (X, t)

AP (X, 1) _ 3 VOO
= VoK. b) {V' <f(1/’)|V¢(>?,t)|>

— H(=y (x)h0g + uH @ (X)) — KH(—W(Y))} :

(3.7h)

(3.8a)

(3.8h)

(3.8¢)

(3.9)
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t=0 1=0.002
100 100
80 80
60 60
40 40
20 20
20 40 60 80 100 20 40 60 80 100
t=0.02 t=0.08
100 100
80 80
60 60
40 40
20 20
20 40 60 80 100 20 40 60 80 100

FIG.5. Fourbubblesmegingin2D.y,=1, 1=y, =y3=y,=0.

=0 1=0.002
100 100
80 80
€0 60
40 40
20 20
20 40 60 80 100 20 40 60 80 100
t=0.02 t=0.05
100 100
80 80
60 60
40 40
20 20
20 40 60 80 100 20 40 60 80 100

FIG. 6. Doublebubbleminimizerin 2D. yo =y, =y, =0.5.



506 ZHAOET AL.

t= 0.01025
t=0.04 t=0.075

FIG. 7. Doublebubbleminimizerwith equalsurfacetension.

where 1, A arethe Lagrangemultipliers for the boundaryconstraintand volume (area)
constraintrespectrely. Usingthefactthat

H@WCO)H (=¥ (X)) =0, (3.10a)

H2(Y (%) = H(y (X)), (3.10b)

we getthefollowing decoupledinearsystemfor the Lagrangemultipliers i, u:

Ve

|V¢|) H@ (x))dx  (3.10c)

M/$25(¢)|V¢>IH(10(>7)) dx = —/g25(¢)|V¢>IV- (T(l//)

— = \% — — =
)»/S)5(¢)IV¢IH(—¢(X)) dx = /QS(d))IV(bI[V- (t(lﬂ)—¢> - h(X)Q]H(—lh(X)) dx.

Vol
(3.10d)
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t=0.02

t=0.04

FIG. 8. Doublebubbleminimizerwith unequakurfacetension.

We have obtainednumericalresultsfor the steadystateshapewvhengravity is smallor the
differenceof thesurfacetensionsslarge(notshovn here) In theoppositecasevhengravity
is largeor thedifferenceof thesurfacetensionds small,thedropfalls. In threedimensions,
pinchof canoccurdueto gravity andthe curvatureeffect—seeFig. 11—whichis what
happensn reallife. In two dimensionspinchof occursduesolelyto gravity—Figs. 10,12,
and 16. This requiresa largerratio betweengravity andthe differenceof surfacetension
thanin threedimensions.

Remarl3.2. We notethat(3.9)and((3.10)(d))indicatethatat steadystatethe shapeof
thedropsatisfiegshewell-known Laplace—vungequation,

Vo _
Vo[ ~2 ) = h®g:
<|V<p|> 009



508 ZHAOET AL.

(surfacetension (curvature = (altitude (gravitational constant.

Case2. 1, <1 0rf <m/2.(SeeFig. 3(b).) Thiscasecanoccurfor certainliquids, e.g.
mercury Herewe useadifferentlevel setconfiguratiorfor thedrop;seeFig. 3(b). Now the
constrainedninimizationproblembecomedormally exactly asabove. Note carefullythe
differentregionsfor which ¢ > 0 in Figs. (3a)and(3b). In this case the drop eitherstays
ontheceiling or falls down without pinchof. SeeFigs.12,13,and17.

In both casesthe boundaryconstraintmay be degeneratevhich meanghat(3.10c)just
reads0= 0 andwe maysetu =0in (3.9).

Also the geometricshapeof the ceiling canbe quite arbitrary e.g.adropfalling from a
wedge Theonly modificationneededomedn thedefinitionof v (x) —thesigneddistance
function.Numericalresultsareshovn in Figs.16 and17.

3.3. DropsSittingon the Floor

If we reversethedirectionof thegravity andturnthe picturein Section3.2 upsidedown
anddo the samefor Figs.3aandb, we canpreciselymodeltheliquid dropsitting on the
floor case SeeFigs.14 and15. Of coursejn theunwettedwall, thedrop spreadswhile in
thewettedwall casethedroprisesto a stationaryconfiguration.

3.4. Liquid Penetating througha Narrow Funnel

Supposeve have anarrav funnelshapedsin Fig. 4. Certainfluids flow slowly through
the funnel dueto gravity or someother gradientinducedforce. Becauseof the surface
tension,roundsurfaces(arcs)are formedboth on the top andbottom. The liquid may or
may not go throughthe fluid dependingon the curvatureon the top and bottom, surface
tensionconstanaindweightof fluid. This modelproblemcanbeformulatedalmostexactly
asin Section3.2exceptamorecomplicatedarrierfunction,(x) hasto beconstructedor
thefunnelasin Fig. 4, wherey (X) < 0 in the opencomplemenbf the region shavn for
which v (X) > 0:

Minimize
E = [ 56 ()IV401 (0 + H@ ()N &,
subjectto
/S; H(@ (R)H () dX = 0
/Q H (@ () H (- ¥ () dX = A,

Somenumericalcalculationsareshowvn in Figs. 18,19, 20,and21.
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4. NUMERICAL IMPLEMENTATION AND RESULTS

In all theseexampleswe haveto usenumericabpproximationgor theHeavisidefunction
andDirac functionwhich aredefinedas

1, X > «,

Hy (X) = 0, X < —a,

1 X 1 . /nXx
1+ =4+ Zsinf = )|, X <a;
2 a 7 o

x| > a,

Oa
_dH(x)
8o (X) = dx i{ +Cos<n—x>}, IX| < a,
20 @

wherea is the numericalwidth of our §(x) and H (x), which we take to be the grid size
o = AX.

The numericalmethodsdevelopedin [22] Section3 aredirectly applicableto the four
problemsdescribedn SectiorB above, exceptfor theimplementatiorof thenew constraints.
For the soapbubble problem,the systemof Egs.(3.3c) hasto be solved for the uj—this
was alsomentionedor the optimaldecompositiorof domainproblemin [22, Egs.(2.20)—
(2.21)].No new difficultiesareencountered.

For thefalling dropproblemwe have asimpledecoupledystem(3.10c),(3.10d)for the
two Lagrangemultipliers,andthe systencanbecomealegeneratdecauseheleft andright
sidesof (3.10c)will (andshould)vanishif thedropfalls. A similar situationarisesin the
liquid throughfunnelcase.

Thismeanghatthenopenetratiortonstrainloesottake effectuntil penetratioroccurs;
thentheconstraintstopsits progressin our numericalcalculationswe have foundthatthe
sizeof thatpenetratioris atmostonegrid cell, asin the casefor theno overlappingandno
vacuunconstraintSincethevaluesof surfacetensioraredifferentfor theinterfacebetween
theliquid andair andfor theinterfacebetweenliquid andwall (wettedvs unwetted)we
first definedour surfacetensionas

(X)) =t(¥) =t +3tH(—¢¥ X)), Xxe€Q,

wheredz is thedifferencebetweerthetwo surfacetensionsin our numericalcalculation,
we usethe numericalapproximationH, (x) and,thus,causea smoothecbut transitionin
surfacetension,within a boundarylayer We found someimprovementin the numerical
results,i.e. reductionof the thicknessof penetratiorand a somavhat smootherlinterface
whenwe usedthefollowing shift in the algumentof the numericalHeaviside function,

T(X) =1(¥) =T +8THe (=¥ (X) — @), X € Q.

Thisis probablybecausghestiffestchangedn thesurfacetensionis now shiftedaway from
theboundaryThuswe usedhisapproximatiorto H (—v) in thecalculationsvhichfollow.

In Fig. (5) four two-dimensional(2D) bubblesmeige while the areaof eachbubble
is presered. We take yp =1, y1 = » = y3 = ¥4 =0. This is areal memging casesincethe
interfacelengthbetweerary two bubblesdoesnot affectthe enegy. We seethattheinner
bubblesdo not becomea circle. This shavs that we have very little numericalviscosity
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t=0.0 t=0.1
t=0.2 t=0.3

FIG. 9. Doublebubbleminimizerwith equalsurfacetension.

Figure6isa2D double-lubbleminimizercasewherey, = y1 = y, = 0.5;i.e.,eachinterface
hasthe samesurfacetension We seethe 120’ anglesform atthetriple point.

Wenext calculatebubblesmergingin 3D. Figure7 shavsadumbbelin adoughnutvhich
is alocal minimizerfor the doublebubbleminimizercasein [8]. Hereyy = y1 =y, =0.5.
If we let the surfacetensionof the dumbbellbe smallerthanthe surfacetensionof the
doughnutthenwe seethatthe doughnutcutsthe dumbbellin two in Fig. 8. Figure9isan
interestingdoublebubbleminimizer casewherethe smallerball emegesfrom theinterior
of abiggerball.

In Fig. 10, a 2D liquid (e.g.,water)droplettriesto stay on the ceiling by wetting the
ceiling surfaceasmuchaspossible.Sincegravity is large enoughrelative to the surface
tension,we seepinchof. Figurellis asimilar 3D dropletcalculation but the gravity can
be considerablysmallerthanin the 2D calculationfor pinchof to occur Figures12 and
13 shaw respectiely 2D and 3D calculationscorrespondingo case2 (e.g.,mercury)in
Section3.2.Figuresl4 andl5arecomputationdor thesteadystateshapedor dropssitting
onthefloorin 2D, correspondingo wetted(water)or unwettedmercury)casesAgainthe
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FIG. 10. Falling dropin 2D. Surfacetensionwith unwettedwall = 0.1, air= 1, andgravity = 400.
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FIG.11. Falling dropin 3D. Surfacetensionwith unwettedwall = 0.5, air=1, andgravity = 100.
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dx=0.005, dt=0.00001
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FIG. 12. Falling dropin 2D. Surfacetensionwith wettedwall = 0.2, air= 0.5, andgravity = 100.
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FIG. 13.
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FIG. 14. Surfacetensionwith unwettedwall = 0.2, air= 0.3, andgravity = 50.
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FIG. 15. Dropsitting onfloorin 2D. Surfacetensionwith wettedwall = 0.5, air= 0.6, andgravity = 1.
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dx=0.005, dt=0.00001
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FIG. 16. Drop falling from wedge in 2D. Surface tension with unwetted wall=0.1, air=0.2, and
gravity =100.

balances betweerthe surfacetensionforcesandgravity. Figures16 and17 shov how the
dropsfall from thetip of awedgein 2D. Figure16 correspondso thewettedcaseFig. 17
correspondso theunwettedcase.

Figures18 and19 shaw liquid flowing througha narrov funnelin 2D. Figure18 shawvs
the fluid going throughthe funnel. Due to the degenerag of the boundaryconstraints,
our numericalresultsshav theliquid slightly penetratinghe wall. By refiningthegrid in
Fig.19,wecanseehatthesizeof thepenetrations alsoreducedThesizeof thepenetration
is aboutonegrid cell. In Fig. 20, we showv aliquid atrestin a2D funnel.Finally, in Fig. 21,
we shav aliquid goingthroughanasymmetridunnel.

In Figs. 18 and 19 we print out the areaat varioustimes.We lose around13% on the
200 x 200grid calculation,9% on the 300 x 300grid calculation.However, we notethat
mostof the loss (and occasionabjain) occursvery early For example,if we pick up the
calculationatt = 0.02 thelossis zeroup to threedecimalplacesin therefinedcalculation
and0.4%onthecrudergrid. Thisis typical for our method.

5. CONCLUSIONS

We have developeda variationallevel setapproachto capturethe behaior of bubbles
anddropletmotionsinvolving several phasesThe method,as usual,handlestopological
changesasilyandautomaticallyandis relatively easyto program.The approactignores
inertial effects. Thesewill beincludedin futurework. The methodis fast(overnighton a
workstationfor athree-dimensiongroblem)andlocal boundaryconditionsaretreatedvia
apenaltymethod.
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FIG. 17. Dropfalling from wedgein 2D. Surfacetensionwith wettedwall = 0.1, air= 0.2, andgravity = 100.
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FIG. 18. Liquid flowsthroughfunnelin 2D. Surfacetensionwith wall = 0.1, air = 0.2, andgravity = 100.
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FIG. 20. Liquid atrestin funnel.
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dx=0.005, dt=0.00001
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FIG. 21. Liquid flowing throughasymmetridunnel. g =50, surfacetensionwith the funnel= 0.1, surface

tensionwith theair=0.2.

Our resultsseemto reproducethe essentiaphysicsof the problemsstudied.Arealoss
for demandingproblemsis essentiallynil, after the (dynamic)calculationsettlesdown.
Overall,weloseasmuchas9% ona300x 300grid calculationWewill addresshisissue,
usingamoresophisticatedeinitializationschemein futurework.
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